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Zusammenfassung Viele wichtige elektronische Eigenschaften in der Festkörperphysik, wie magnetis-
che Ordnung und Hochtemperatursupraleitung, entstehen durch starke elektronische Korrelationen.
Seit den späten 1990er Jahren hat die Beschreibung stark korrelierter Systeme im Rahmen des Hubbard-
Modells, dank der Einführung der dynamical mean-field theory (DMFT), enorme Fortschritte gemacht.
Die Art dieser Näherung limitiert die Beschreibung der Korrelationen jedoch auf die rein lokale Ebene.
Obwohl viele Fortschritte vorgeschlagen wurden, um diese Einschränkung zu überwinden, hat sich
bisher kein klar überlegener Ansatz durchgesetzt. In dieser Arbeit diskutiere ich jüngste Verbesserun-
gen an einem dieser Ansätze, der sogenannten Ladder Dynamical Vertex Approximation (lDΓA ).
lDΓA gehört zur Familie der Feynmanschen diagrammatischen Erweiterungen von DMFT und nutzt den
Parquet-Formalismus, um verbesserte Propagatoren zu konstruieren, die Nichtlokalität durch höhere
Korrelationsfunktionen mittels der Schwinger-Dyson-Bewegungsgleichung einführen. Es ist jedoch all-
gemein bekannt, dass Theorien dieser Art inhärent nicht in der Lage sind, sowohl thermodynamische
als auch Zwei-Teilchen-Konsistenz gleichzeitig zu erfüllen. In dieser Arbeit argumentieren wir für
eine Behandlung dieses Nachteils auf einem effektiven Nivau, indem wir eine effektive Reskalierung
der Korrelationslänge in der thermodynamischen Suszeptibilität einführen, die aus der Zwei-Teilchen-
Konsistenz abgeleitet wird. Die resultierenden Vorhersagen zeigen, dass die Prognosegenauigkeit im
Vergleich zu früheren Ansätzen dieser Klasse von Näherungen für das Hubbard-Modell mit abstoßender
Wechselwirkung, in zwei und drei räumlichen Dimensionen verbessert wird.
Um ein klares Bild von der Funktionsweise, den Vorteilen und den potenziellen Einschränkungen dieses
Ansatzes zu vermitteln, diskutiere ich zunächst die notwendigen technischen Details des Formalis-
mus der Greenschen Funktionen und deren Anwendung zur Bestimmung magnetischer Eigenschaften
des Hubbard-Modells. Anschließend werden Erhaltungssätze und die Zwei-Teilchen-Konsistenz zuerst
allgemein und dann im Detail für die vorgeschlagene Verbesserung von lDΓA erörtert. Um diese Meth-
ode in den Kontext aktueller diagrammatischer Erweiterungen von DMFT einzuordnen, werden kurz
einige eng verwandte Methoden beschrieben, bevor Vorhersagen für das abstoßende Hubbard-Modell
in drei Dimensionen bei Halbbesetzung sowie für das zweidimensionale Hubbard-Modell mit Parame-
tern präsentiert werden, die bekannte Supraleiter auf Basis von Cupraten nahe der Fermi-Oberfläche
modellieren.
Abschließend wird eine detaillierte Diskussion der numerischen Details der Methode gegeben. Dies
umfasst einen sehr allgemeinen Ansatz zur verbesserten Summation von Greenschen Funktionen sowie
spezifische Details zu den Herausforderungen der lDΓA Methode.
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Abstract Many important electronic properties in solid-state physics, such as magnetic ordering and
high-temperature superconductivity, arise from strong electronic correlations. Since the late 1990s,
the description of strongly correlated systems using the Hubbard model has experienced tremendous
advances with the introduction of dynamical mean-field theory (DMFT). However, the nature of this
approximation limits the description of correlations to the purely local level. While many advance-
ments to alleviate this limitation have been proposed, a clearly superior approach among them has yet
to be established. In this thesis, I discuss recent improvements to one of these approaches, the ladder
dynamical vertex approximation (lDΓA ).
lDΓA belongs to the family of Feynman diagrammatic extensions to DMFT, utilizing the parquet for-
malism to construct improved propagators that introduce nonlocality from higher-order correlation
functions via the Schwinger-Dyson equation of motion. It is, however, known on general grounds
that these types of theories are inherently unable to simultaneously satisfy both thermodynamic and
two-particle consistency. Here, we argue for an effective treatment of this deficiency by introducing
an effective correlation length rescaling in the thermodynamical response function, derived from two-
particle consistency. The resulting predictions are demonstrated to improve the predictive power over
previous approaches in this class of approximation on the repulsive Hubbard model in two and three
spatial dimensions.
In order to present a clear picture of the workings, advantages, and potential limitations of this ap-
proach, I will first discuss the necessary technical details of Green’s function formalism and the applica-
tion thereof to obtain magnetic properties of the Hubbard model. Subsequently, conservation laws and
two-particle consistency are discussed, first in general and then in detail for the proposed improvement
to lDΓA . To provide additional context, abbreviated descriptions of some closely related methods
are also provided before presenting predictions for the repulsive Hubbard model in three dimensions
at half-filling and for the two-dimensional Hubbard model with parameters that are known to closely
model cuprate superconductors close to the Fermi surface.
Finally, a detailed discussion of numerical details for the method is given. This includes a very general
approach for the improved summation of Green’s functions and specific details for challenges of lDΓA .
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1 Introduction

In the pursuit of describing physical systems with a macroscopic number of particles, one must in-
evitably simplify the microscopic details of the theory. What may seem like a concession at first glance
can be seen as an opportunity to investigate a system’s driving physical mechanism systematically. In
fact, many macroscopic effects are more suitably described by effective models, which explicitly con-
sider the collective behavior of the particles. For example, what looks like a cloud of randomly moving
water molecules on one scale can possibly be well described as a wave on another. A generalization
of this principle, in the sense that we cannot construct qualitative descriptions of all phenomena from
microscopic principles but discover new physics emerging, has been most incisively put into the phrase
“more is different” by P. W. Anderson [10]. However, the scale on which new physics emerges will
not be the same for different phenomena. Therefore, one task in theoretical solid-state physics can be
formulated as identifying and describing the correct scale and corresponding driving mechanism for
physical phenomena. Additional complications may arise if competing scales contribute to the descrip-
tions. This is, for example, the case in cuprate high-temperature superconductors and heavy-fermion
systems in which strong electronic interactions give rise to various low-energy states around the Fermi
level.
The goal of this thesis is to systematically derive and investigate a method for the description of strongly
correlated electron systems, including collective phenomena, in particular long-range charge and spin
fluctuations. Strong correlations imply that a description of electrons by means of a single particle in
an effective potential is not possible because the influence of this single electron on the constituents of
the potential is nonnegligible. Long-range fluctuations mean that particles far apart can influence each
other, i.e. the correlations between spatially distant electrons become important. This is, however,
neither a prerequisite nor a consequence of strong correlations because a spontaneous transition in an
effective medium description may well describe these long-range effects.
Both of these conditions are present in electronic systems where the valence electrons occupy narrow
orbitals, typically partially filled d or f shells (leading to strong correlations in these orbitals), and
the system itself has a low spatial dimension or is in the vicinity of a second-order phase transition.
We will investigate two systems that meet both of these conditions. (i) The three-dimensional Hub-
bard model at half-filling, where strong correlations are extremely important, manifests in the Mott
insulating phase, and long-range fluctuations emerge close to the antiferromagnetic phase transition.
(ii) Cuprate high-temperature superconductors, where the quasi-two-dimensional nature of the copper-
oxygen planes induces long-range spin fluctuations, while the superconducting state and the pseudogap
phenomena can be, in large part, attributed to strong correlation effects between electrons.
There have been numerous attempts to describe these kinds of systems, none of which have been able
to capture all aspects of the observed phenomena.
A well-established pathway for obtaining numerical results for the electronic structure of a solid-state
system is ab initio calculations, using density functional theory (DFT) [103], which employ a one-to-one
mapping between the interacting electron system and an effective one-particle system [140], described
by a density functional. In practice, this mapping cannot be made exact because of the forced choice
of an approximation to the exchange-correlation potential. It was established very early on that the
DFT formalism is not suited to describe certain effects in semiconductors, leading to a gap of the
exchange-correlation potential [191, 229, 87], such as the strong correlation effects we want to investi-
gate. Among the many proposed improvements that aim to solve this issue is the mapping states close
to the Fermi surface to a low-energy model that can be treated with a higher degree of microscopic
detail. In this thesis, we will investigate a newly extended method for the solution of such a low-energy
model. It is based on a diagrammatic extension of the dynamical mean-field theory (DMFT) [172].
DMFT is able to capture strong correlations but fails to incorporate long-range fluctuations. Diagram-
matic extensions of DMFT are able to reintroduce these effects again. Our approach aims to improve
on earlier attempts in this direction by incorporating consistency relations that arise either from the
Pauli principle or conservation laws as a consequence of Ward-Takahashi identities [286, 258]. Our
construction introduces an effective renormalization of correlation functions obtained from a diagram-
matic perturbation theory around the non-perturbative DMFT starting point that preserves some of
the thermodynamic consequences of these identities without the explicit construction of a conserving
set of diagrams.
In addition to the detailed discussion of this method, this thesis also aims to provide a link to the
existing literature for the numerous mathematical and physical concepts involved and an in-depth dis-
cussion of numerical details.

Structure In chapter 2, we recall the most important points of the Green’s function formalism rel-
evant to this thesis. Here, the most important concepts from the literature are reiterated, and a
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1 Introduction

coherent notation is established. Besides an introduction to Green’s functions for many-particle sys-
tems, an emphasis is placed on susceptibilities and 4-point correlators, which are important for the
methods discussed later in the thesis.
In chapter 3, we give an introduction to the Hubbard model, which serves as the low-energy model.
This chapter aims specifically at the most important aspects of magnetic ordering and strong electronic
correlations on the two-particle level.
In chapter 4, we discuss aspects of thermodynamical and two-particle consistency. This chapter builds
the foundation for the newly introduced extension to the ladder dynamical vertex approximation. We
derive Ward identities for the Hubbard model and describe the effective renormalization scheme for
susceptibilities that we employ to restore consistency relations in the parquet-based approaches. These
are based on finding two effective parameters (called λm and λd) that renormalize the physical sus-
ceptibilities according to consistency relations between thermodynamical quantities on the one- and
two-particle levels. Furthermore, we also discuss the Luttinger-Ward function as a basis for thermody-
namical consistency in this chapter.
In chapter 5, we present the ladder dynamical vertex approximation (lDΓA ), the recent developments
towards the achievement of an effectively two-particle consistent description, and the dynamical mean-
field theory as its foundation. In addition, closely related methods are also presented here to provide
a context for the lDΓA method.
In chapter 6, we address the numerical challenges and their solutions, which we encountered during
the development of the new lDΓA scheme. We also discuss aspects that are not critical but closely
related in the hope that the proposed solutions will help future extensions of this work. There are also
two less closely related numerical projects discussed here. A general series acceleration technique and
a machine learning model that was designed to learn features of the Luttinger Ward functional.
In chapter 7, we demonstrate the improved predictive power of the effective inclusion of consistencies
through the λ parameters over the non-two-particle consistent variants by discussing two systems that
exhibit strong electronic correlations in conjunction with long-range fluctuations. For one, we discuss
already published results on the three-dimensional Hubbard model at half-filling, close to the antifer-
romagnetic phase transition. Here, we find substantial improvements in the quantitative description of
the model, in particular with respect to a previous, non-self-consistent, lDΓA description in the weak
to intermediate coupling regime. Finally, we discuss preliminary results on the two-dimensional Hub-
bard model with parameters that are known to represent cuprate superconductors sufficiently close
for a qualitative description. Here, we neglect certain aspects, like the charge-transfer character that
requires a multi-band Hubbard model, but nevertheless see a significantly improved qualitative descrip-
tion. Specifically, the influence of non-local charge fluctuations on the emergence of the superconducting
dome even matches quantitative values from the literature.
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2 Green’s functions

This chapter serves as a reference for calculations done throughout the thesis and as a
bridge to textbooks. Readers familiar with Green’s functions or the usual notation in
publications such as in Chapter 7 may want to skip it.
However, since Green’s functions and the functional integral formalism are not standard
knowledge for all students in solid-state theory, this chapter aims to connect the notation
in later chapters to the appropriate textbooks and give a very brief introduction to the
most important topics.
We introduce Green’s functions in the imaginary time and frequency domain, then
discuss susceptibilities in some more detail, as they will be central to our methods.
Subsequently, we motivate the core quantities of the functional integral formalism and
finally give a detailed introduction to the two-particle Green’s function. The last section
connects the discussions here with notations and derivations in the thesis of Georg
Rohringer [205]. This reference specifically should be seen as complementary, and
many important points from it will not be repeated here.
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2 Green’s functions

2.1 Definitions and Identities

This section summarizes basic identities and well-known results from textbooks. It serves as a reference
for the rest of this thesis and is a bridge to the literature for readers who are not familiar with the
notation in this thesis.

2.1.1 Notation

The following gives a brief summary of common notions throughout this thesis.
Indices for frequencies and momenta will be placed as superscripts and subscripts respectively. With ω
for bosonic and ν for fermionic frequencies. We will typically omit Matsubara indices when the context
permits it to shorten the notation:

fν
k ∶= f(iνn,k) (2.1)

The following abbreviations for integrals over imaginary times, summations over the first Brillouin
zone, and Matsubara frequencies will be used to shorten the notation:

∫ dτf(τ) ∶= ∫
β

0
dτf(τ) (2.2)

∑
k
fk ∶=

1
VBZ

∫
1.BZ

dkf(k) (2.3)

∑
ν

fν
∶=

1
β

∞
∑

n=−∞
f(iνn) (2.4)

The appropriate normalizations for integrals and sums are always implied when they are trivial.
Occasionally, the following combined notation for indices is used when many free indices (for example,
in 2-particle Green’s functions) have to be summed over. A bar over an index means summation and/or
integration:

(1) = (ν1,k1, σ1) (2.5)
f(1; 2)g(2; 3) ∶= fσ1,σ2,α1α2(τ1, τ2)gσ2,σ3,α2α3(τ2, τ3) (2.6)

f(1; 2̄)g(2̄; 3) ∶= ∫ dk2 ∑
n′,σ2

fν1ν2
σ1σ2,k1k2

gν2ν3
σ2σ3,k2k3

(2.7)

Usually, however, a more explicit notation is preferred. We will repeatedly need a small regularization
parameter to avoid singularities. We will denote this by η and implicitly assume a limit that can only
be carried out if it exists, for example:

nσ = Tr [Gν
σ,ke

−iνn(−η)
] = ∑

νk
Gν

σ,ke
−iνn(−η)

∶= lim
η→0
∑
ν

Gν
σ,ke

−iνn(−η) (2.8)

In the previous shorthand notation, this is indicated by a + superscript: f(1+).

2.1.2 Fock basis and coherent states

A commonly used basis for Hilbert spaces for many-particle systems is the Fock basis. It is defined by
the occupation numbers ni for each state ∣i⟩.

∣ψ⟩ = ∣n1, . . . , ni, ...⟩ (2.9)

The creation and annihilation operators on these states i are defined as follows:

ĉ†
i ∣. . . , ni, . . .⟩ = (1 − ni) ∣. . . , ni + 1, . . .⟩ (2.10a)
ĉi ∣. . . , ni, . . .⟩ = n̂i ∣. . . , ni − 1, . . .⟩ (2.10b)

b̂†
i ∣. . . , ni, . . .⟩ =

√
1 + ni ∣. . . , ni + 1, . . .⟩ (2.10c)

b̂i ∣. . . , ni, . . .⟩ =
√
ni ∣. . . , ni − 1, . . .⟩ (2.10d)

The eigenstates of the annihilation operators are called coherent states:

âi ∣φ⟩ = φ ∣φ⟩ (2.10e)

â†
i ∣φ⟩ = ζ∂i ∣φ⟩ (2.10f)

We adopt the notation from [111, Chapter 1], fermionic operators are written with the letter ĉ ,
bosonic ones with b̂ and â as a placeholder for both. The construction from the vacuum state also
yields the unity operator and matrix element of operators needed, for example, for the construction of
path integrals:

∣φ⟩ = eζ∑i φiâ
†
i ∣0⟩ (2.11)
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2.1 Definitions and Identities

1 = ∫ dµζe
−∑i φiφi ∣φ⟩ ⟨φ∣ (2.12)

The necessary details for the measure and Grassmann algebra for fermions can also be found in [111,
Chapter 1].
Starting from Chapter 4, we will discuss consistency relations that can be expressed in terms of conti-
nuity equations. There are two possibilities to formulate these, both of which will be employed. The
first makes use of the operator formalism, and the second uses functional integrals. We will introduce
the former here and then give a brief introduction to the latter in Sec. 2.6.
To obtain continuity equations, the time dependence of operators is expressed using the Heisenberg
equation of motion.

Definition 2.1.2.1 (Time evolution and Heisenberg equation of motion)
The general time evolution operator is defined as:

Û(t, t′) = T e−i ∫ t
t′ dsĤ(s) (2.13)

In this thesis, we only consider time-independent Hamiltonians and will therefore use the accord-
ingly simplified version without the time ordering operator (defined below) T :

Û(t) = e−itĤ (2.14)

The time evolution for time-dependent operators is then given according to the Heisenberg equation
of motion. Here, we also assume no explicit time dependence in the Hamiltonian.

d
dt
Ô(t) = i[Ĥ, Ô(t)] (2.15)

d
dτ
Ô(τ) = −[Ĥ, Ô(τ)] = [Ô(τ), Ĥ] (2.16)

To emphasize the notation used here, we quickly go through a proof of the equivalence between
Eq. (2.15) and the Schrödinger equation. The definition Eq. (2.14) is clearly a formal solution of the
time-dependent Schrödinger equation. We also recall that the operators OH(t) in the Heisenberg picture
are time-dependent (and the wave functions are time-independent) and relate to a time-independent
operator in the Schrödinger picture OS.

OH(t) = U
†
(t)OSU(t),

dU(t)
dt

= −iHU(t),
dU†
(t)

dt
= iU†

(t)H (2.17)

We can, therefore, evaluate the time derivative of an operator in the Heisenberg picture:

dOH(t)

dt
=

dU†

dt
OSU +U

† ∂OS

∂t
U +U†OS

dU
dt

= iU†HOSU + 0 +U†OS(−iHU) = iU
†HUU†OSU + −iU

†OSUU
†HU

= i [H,OS(t)]

The subscripts, indicating the Heisenberg and Schrödinger picture, are omitted in all other places since
the operator and state character are evident from the context.

Commutator Relations We recall the usual commutator relations for the density and fermionic cre-
ation/annihilation operators. These are, of course, well-known but are restated here since they will be
used repeatedly in calculations throughout the thesis.

[AB,C] = A[B,C] + [A,C]B (2.18)
[A,BC] = B[A,C] + [A,B]C (2.19)
[A,BC] = {A,B}C −B{A,C} (2.20)

The fermionic commutation relations then read:

{ĉ†
i , ĉ j} = δij , {ĉ i, ĉ j} = {ĉ

†
i , ĉ

†
j} = 0 (2.21)

[n̂iσ, ĉ
†
jσ′] = ĉ

†
iσ{ĉ iσ, ĉ

†
jσ} − {ĉ

†
iσ, ĉ

†
jσ}ĉ iσ = ĉ†

iσδijδσσ′

[n̂iσ, ĉ jσ′] = ĉ
†
iσ{ĉ iσ, ĉ jσ} − {ĉ

†
iσ, ĉ jσ}ĉ iσ = −ĉ iσδijδσσ′ (2.22)

Expectation Values The ground state and the thermal expectation values are defined with the ground
state ∣Ψ0⟩ and the grand canonical ensemble.
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2 Green’s functions

Definition 2.1.2.2 (Expectation Values)
The ground state and thermal expectation values of an operator O are defined as:

⟨Ô⟩
T=0 = ⟨Ψ0∣ Ô ∣Ψ0⟩ (2.23)

⟨Ô⟩
T>0 =

1
Z

Tr(Ôe−β((Ĥ−µN̂))
) , Z = Tr(e−β(Ĥ−µN̂)

) (2.24)

This work almost exclusively discusses finite temperature results. We will, therefore, omit the
subscript T > 0 in most cases.

We will be working with operators in the second quantization form, specifically Green’s functions.
These intrinsically respect fermionic and bosonic statistics1, which is encapsulated by constructing
the operator in terms of creation and annihilation operators for occupied states with all permutations
included. A shorthand notation for this is the time-ordering operator.

Definition 2.1.2.3 (Time Ordering)
The time ordering operator Tζ — for bosonic/fermionic, ζ ± 1 statistics — is defined as the time-
ordered product over all permutations.

Tζ [Ô1(t1) . . . Ôn(tn)] = ∑
σ∈Sn

ζP(σ)
n−1
∏
i=1

Θ(tσ(i) − tσ(i+1))
n

∏
j=1

Ôσ(j)(tσ(j)) (2.25)

Where Sn is the symmetric group over {1, . . . , n}, P(σ) =
⎧⎪⎪
⎨
⎪⎪⎩

1 if σ even
0 otherwise

.

ζ = ±1 for bosonic/fermionic operators is typically omitted when it is clear from the context that
we use fermionic operators.
The analogous definition for imaginary time operators is implied here.

For example, Def. 2.1.2.3 expands as follows for just two fermionic annihilation operators:

T−1[â1(t1)â2(t2)] = θ(t1 − t2)â1(t1)â2(t2) − θ(t2 − t1)â2(t2)â1(t1).

General n-particle operators can be written in terms of creation and annihilation operators for arbitrary
states α as follows:

V̂ =⊗
ij

⟨αi∣V ∣α
′
j⟩∏

ij

â†
αi
â αj (2.26)

Following the notation from [111, Chapter1] one can shorten the notation occasionally, by defining
(anti-) symmetrized overlaps:

{αβ∣v̂∣α′β′} = ζ{αβ∣v̂∣β′α′} (2.27)

2.2 Green’s functions

Our tool of choice to describe and analyze properties of strongly correlated electron systems will be
the Green’s function formalism. They not only allow the calculation of physical observables but also
formulate approximations incorporating many-body interactions. Furthermore, they can be intuitively
understood as propagation operators. Parts of this section have been adapted from Chapter 3 of my
Master’s thesis [246].

2.2.1 Motivation

Mathematics has established a solid foundation for (what in our case amounts to a special case of)
Green’s functions under the name of Fredholm theory. Here, the Green’s function takes the role of a
fundamental solution of a partial differential equation. The following paragraph aims to give a brief
introduction of Green’s functions from the perspective of differential equations in order to motivate
their subsequent formal definition.
For a linear differential operator L and f, g ∶ R→ R (see [33, Chapter 8]):

Lf(x) = g(x), (2.28)

1By this, we mean the minus sign a fermionic wave function picks up under the exchange of two particles. This is the
well-known but deceptively hard-to-fathom spin-statistics theorem [60]

6



2.2 Green’s functions

the fundamental solution G is given as:

LG(x,x′) = δ(x′ − x) (2.29)

The full solution f(x) for the boundary value problem can be constructed via a convolution with G.
This can be seen by integrating Eq. (2.28) on both sides and using the linearity of L.

f(x) = ∫ dx′g(x′)G(x,x′)f0(x) (2.30)

Eq. (2.30) implies that knowledge of the Green’s function and the homogeneous solution provides
us with full information about the solution to the boundary value problem. The formal integral
type is known as the inhomogeneous Fredholm equation, for which an extensive amount of literature
is available. Of particular interest are the resolvent operator formalism2 and its value in defining
mathematically rigorous perturbation series for linear operators, such as L. As an introduction, we
will motivate a solution of the single-particle Schrödinger equation in terms of Green’s functions. The
argument follows part (I) of [184]. We define our differential operator by rearranging the Schrödinger
equation with a Hamilton operator of a free particle. For this brief motivation, we consider only one
spatial dimension.

i
∂

∂t
ψ(x, t) = Ĥψ(x, t)

It is useful to emphasize the operator character with a hat since Green’s function can take on two
different roles. Next, we reorder the Schrödinger equation to bring it in line with our previous definition.

L̂ = i
∂

∂t
+

1
2m
∇

2

L̂ψn(x, t) = V (x, t)ψn(x, t) (2.31)

L̂Ĝ(x, t;x′, t′) = δ(x − x′)δ(t − t′) (2.32)

This introduces the notation for the physical Green’s function with x′, t′ being the initial and x, t the
outgoing positions and times. For this example, we ignore the complications that arise from the fact
that the wave function ψ(x, t) appears on the right and the right side3. Using the definition of the
time evolution operator Eq. (2.14), we expand the wave function of Eq. (2.31):

Θ(t − t′)ψ(x, t) = ⟨x∣Θ(t − t′)Û(t, t′) ∣ψ(t′)⟩

= i∫ ⟨x∣ − iΘ(t − t
′
)Û(t, t′) ∣x′⟩ ⟨x′ ∣ψ(t′)⟩dx′

= ∫ GR
(x, t;x′, t′)ψ(x′, t′)dx′ (2.33)

With Eq. (2.33) defining the retarded Green’s function, the Heaviside function enforces causality in
the retarded propagator. The factor of −i has been introduced to ensure consistency with the upcom-
ing definition of the many-particle Green’s function. Furthermore, we observe from Eq. (2.30) and
Eq. (2.31) that the Green’s function can be used to introduce a potential into the solution for a free
system. This will become especially important when approximations around small interactions are
made since perturbations are naturally suited to be formulated with Green’s functions, for example
in Sec. 2.4.
The advanced Green’s function, while not causal, is also often useful and defined with the opposite time
ordering. For example, one may describe the propagation of electron holes with this time ordering. We
can easily verify that Eq. (2.32) is fulfilled and that the Green’s function can be formally written as:

(i
∂

∂t
− Ĥ) Ĝ(x, t;x′, t′) = δ(x − x′)δ(t − t′)

Ĝ(x, t;x′, t′) “=” [i ∂
∂t
− Ĥ]

−1

The quotation marks are necessary since only the homogeneous solution is captured and the Green’s
function is only the resolvent kernel, i.e. we need Eq. (2.33) as well.

As is often the case, we may rewrite the differential equation as an algebraic one by utilizing Fourier
transforms. This will be done in Sec. 2.3 after extending the definition of the single-particle Green’s
function to many-particle systems and finite temperatures. However, before moving on, let us restate
the formal definitions obtained in this section.

Definition 2.2.1.1 (Real time single particle Green’s function)
We define the Green’s function as the retarded (measuring the response of a system after a pertur-

2A particularly formal approach is presented in [126] (for example chapter 5) and [138].
3This eigenvalue problem has been investigated with Fredholm theory, and the resulting formal solution will appear

in the section on the spectral representation of Green’s functions, see [36, 126].
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2 Green’s functions

bation) or advanced propagation amplitude between two positions and times.

GR
(x, t;x′, t′) = −iΘ(t − t′) ⟨x∣ e−iH(t−t′)

∣x′⟩ (2.34)

GA
(x, t;x′, t′) = −iΘ(t′ − t) ⟨x∣ e−iH(t−t′)

∣x′⟩ (2.35)

Alternatively, we can understand the Green’s function as a resolvent kernel to the Hamiltonian
operator:

(i
∂

∂t
− Ĥ) Ĝ(x, t;x′, t′) = δ(x − x′)δ(t − t′) (2.36)

We denote the resolvent operator character by explicit inclusion of the hat symbol.

The definition in Eq. (2.34) emphasizes the role of the Green’s function as propagation of a state
from one position x′ and time t′ to a different position and state x and t. The Heaviside function forces
the retarded Green’s function to be 0 if the initial time lies before the final one, enforcing causality.
These are the main features we want to retain for a generalized definition of Green’s functions that are
better suited to formulate collective excitations in many-particle systems. From this definition, it is also
immediately clear that systems without explicit time-dependent potentials lead to a Green’s function
only dependent on the difference in times t − t′. The same is true for positions r⃗ and r⃗′ in systems
with translational invariance. Both symmetries are present in our version of the Hubbard model, and
we will, therefore, often write Green’s function with only a single time and position argument. The
advanced Green’s function is especially useful as a tool in the context of spectral functions Sec. 2.3
and, therefore, included in the definitions here.

2.2.2 Many-Body Green’s Function
Having motivated the concept of Green’s functions in the previous section, we now immediately jump
to the most general definition for many-body Green’s functions and then work our way back and discuss
all necessary properties.

Definition 2.2.2.1 (Many particle Green’s function)
The general n-point correlator time-ordered in the real and imaginary time domain for states αi,
real/imaginary times ti/τi and bosonic/fermionic statistics ζ = ±1

GR/A
α1α2(t; t

′
) = −iΘ(t ∓ t′) ⟨[ĉ α1(t), ĉ

†
α2(t

′
)]−ζ⟩ (2.37)

Gα1,...α′n(t1, . . . , tn; t′1, . . . , t′n) = (−i)n ⟨Tζ [â α1(t1)⋯â αn(tn)â
†
α′n
(t′n)⋯â

†
α′1
(t′1)]⟩ (2.38)

Gα1,...α′n(τ1, . . . , τn; τ ′1, . . . , τ ′n) = ⟨Tζ [â α1(τ1)⋯â αn(τn)â
†
α′n
(τ ′n)⋯â

†
α′1
(τ ′1)]⟩ (2.39)

G
ν1,...νnν′1...ν′n
α1,...αnα′1...α′n

= FGα1,...α′n(τ1, . . . , τn; τ ′1, . . . , τ ′n) (2.40)

This specifically impacts the spin index convention in Sec. 2.7.2.1.
We are exclusively concerned with fermionic Green’s functions and, therefore, define T = Tζ=−1.
For the frequency representation, we routinely use frequency and spin index conventions to shorten
the notation. These are discussed in Sec. 2.7.2 and Sec. 2.7.1. Furthermore, we omit the subscript
for Matsubara indices (see Sec. 2.2.5 below).
△! The index conventions and ordering of operators are inconsistent in the Literature. Here, we
follow [111], which is different from [205].

The extension to the previous concept of Green’s function arises naturally from the change of per-
spective introduced by the second quantization. Eq. (2.37) extends our previous definition in Eq. (2.33)
by also considering the propagation of holes through the introduction of the commutator. Note that
we now have three definitions of Green’s functions: retarded, advanced, and time-ordered. However,
they contain the same information (compare Eq. (2.41) and definitions). As an additional insight, the
relationship between the retarded and advanced Green’s function is also investigated in the calculation
preceding Eq. (2.69).
To illustrate the role of the commutator in the definition of the retarded and advanced Green’s function,
we verify that it selects the appropriate time ordering in the single-particle case:

Gα1α′1
(t; t′)2.38

=− i ⟨Tζ [â α1(t)â
†
α′1
(t′)]⟩

2.37
=− iΘ(t − t′) 1

Z
⟨â α1(t)â

†
β(t

′
)⟩ + ζiΘ(t′ − t) 1

Z
⟨â†

α′1
(t′)â α1(t)⟩ (2.41)
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2.2 Green’s functions

2.2.3 Symmetries
All Hamiltonians in this thesis are invariant under the following three transformations [205, p. 33-44]:

Re t

Im t

t1 t2

−iτ1

−iτ2

Figure 2.1: Illustration for the mapping of points
from the real to the imaginary time
axis, under the Wick rotation. The red
crosses mark examples of poles that
need to be considered when transform-
ing integration paths under this trans-
formation.

Ŝi: We only consider the paramagnetic case of
the Hubbard model (i.e. no external magnetic
field). This implies symmetry under a global rota-
tion of the spins (the Hamiltonian is SU(2) sym-
metric) and from that conservation of the total
spin. For single-particle Green’s functions we will,
therefore, omit the redundant spin index.

T̂t: Systems at equilibrium, without spin-orbit
coupling or inside an external magnetic field, usu-
ally experience time-reversal symmetry. This man-
ifests in a time-independent Hamiltonian (Ĥ(t) ≡
Ĥ), which allows us to write the time evolution
operator Eq. (2.14) in a simplified form:

Û(t) = e−iĤt (2.42)

Furthermore, the time dependence of the Green’s
function can be rewritten in terms of differences,
removing one time/frequency dependency.

G(τ1, τ2) = G(τ1 − τ2,0) → G(τ) (2.43)

For the single-particle case, a short proof is given,
preceding Eq. (I8.1) in Sec. 1. For the general n-
particle case, we then only need 2n − 1 time argu-
ments; a proof is given in [205, Chapter 2.2.2.1].

T̂R: Invariance under translation by a lattice vector R analogously yields a reduction of the spatial/k-
dependence by one. Similar to the time-reversal symmetry, space inversion symmetry would then imply
one less momentum index.

Symmetry considerations play a vital role in this thesis in the form of implied conservation laws
through Ward identities, see Sec. 4.2. There is one much more direct way in which they have been
exploited: Numerical values of functions related by simple operations (e.g. f(x, y) = f∗(y, x) are com-
pletely symmetric functions (g(x, y) = g(y, x)) need to be computed only once per equivalent point in
the sample set. Specifically, the symmetries listed in table 2.1 and table 2.2 from [205] have been used
to reduce the amount of computation needed. We will discuss an algorithm that has been developed
for this thesis in order to make use of this minimal representation in Sec. 6.4.

2.2.4 Imaginary Time and Finite Temperature
First, we want to motivate the introduction of imaginary times in Eq. (2.39).
We will work in the grand canonical ensemble. To shorten the notation, the additional term, which
fixes the density, is absorbed into the definition of the Hamiltonian:

Ĥ ∶= Ĥ − µN̂ (2.44)

This term can sometimes lead to additional contributions and will be expanded in calculations if needed.
A very important concept in finite-temperature calculations is the Wick rotation. Since we are only
concerned with a 0 + 1 dimensional field theory, some conceptual obstacles present in the mapping
between Euclidean and Minkowski space can be circumvented. The functions we are considering are
meromorphic, giving us the opportunity to view this rotation as an analytic continuation. By extending
the Green’s functions from real to complex functions Gα1α2(t) → Gα1α2(z), we can write

z = t − iτ (2.45)
f(τ) ∶= f(0 − iτ) (2.46)

The continuation from real to imaginary times leads to a natural formulation of finite temperatures,
as one could speculate by the similarity of the Fokker-Planck and Schrödinger equation under vari-
able transformation4. The conceptual advantage becomes clear with the observation that the time

4In some setups, the transition may also help transform oscillatory integrals into exponentially decaying ones. In
general quantum field theories, similar methods transform the integral measure of the associated path integral into
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2 Green’s functions

evolution operator for a time-independent Hamiltonian takes the role of the Boltzmann factor in the
thermal Green’s function. Furthermore, the imaginary-time formalism takes the periodicity (see prop-
erty (1) Sec. 1) into account naturally. This motivates the identification of an imaginary time since
perturbation in the Boltzmann factor, and the interaction term can then be treated with a single
imaginary time evolution operator:

Z = U(β,0) = e−Ĥβ (2.47)

2.2.5 Matsubara frequencies
The β (anti-) periodicity of the imaginary time Green’s function (property (5), Eq. (I8.5)) leads to a
Fourier expansion with discrete coefficients.

∫

∞

−∞
f(ν) →

1
β

∞
∑

n=−∞
f(iνn) (2.48)

These are called Matsubara frequencies and are denoted by νn (ωm) for fermionic (bosonic) statistics
throughout this thesis. We will give a very abbreviated overview of this formalism here, mostly to
precisely define the notation, which is not consistent throughout the literature.

Definition 2.2.5.1 (Fourier transformations for imaginary times)
We define Matsubara frequencies for bosons and fermions as follows

νn =
(2n + 1)π

β
(2.49)

ωn =
2nπ
β

(2.50)

Furthermore, we abbreviate the notation of the Fourier transforms of imaginary times and frequen-
cies due to their frequent repetition in calculations:

∫ dτf(τ) ∶= ∫
β

0
dτf(τ) (2.51)

∑
ν

fν
∶=

1
β

∞
∑

n=−∞
f(iνn) (2.52)

The (inverse) Fourier transformations are given as follows.

Gν
αα′ ∶= G

iνn
αα′ =

1
2 ∫

β

−β
dτeiνnτGαα′(τ) = ∫

β

0
dτeiνnτGαα′(τ) (2.53)

Gαα′(τ) = ∑
ν

e−iνnτGν
αα′ (2.54)

△! The symbols for fermionic and bosonic frequencies are not consistent throughout the literature!
In many references, ω instead refers to the fermionic frequencies.

The Fourier transform of the general n-particle imaginary time Green’s function is then (for a detailed
discussion on the domain and symmetries, see [205, Sec. 2.2.1.1]):

G
ν1,...,ν′n
i1,...,i′n

= ∫ e−i(ν1τ1+⋅⋅⋅−ν′1τ ′1){dτi}Gi1,...,i′n(τ1; . . . ; τ ′n) (2.55)

Gi1,...,i′n(τ1; . . . ; τ ′n) = ∑
{νi}

ei(ν1τ1+⋅⋅⋅−ν′1τ ′1)G
ν1,...,ν′n
i1,...,i′n

(2.56)

The relationship between Heisenberg and Schrödinger picture of the operators for time-independent
Hamilton operators becomes:

ÔH(τ) = e
τĤÔSe

−τĤ (2.57)

We will drop the subscript for Heisenberg and Schrödinger picture, as before.
As an important implication of the imaginary time formalism, the time evolution operator is no longer
unitary. We will make repeated use of the following properties:

eiνnβ
= −1, eiωmβ

= 1, ∑
n

1
iνn
=

1
2

(2.58)

the Wiener measure [81, Chapter 3]. The Fokker-Planck equation describes diffusion processes, i.e. the time evolution
of densities under Brownian motion or stock price evolution in financial mathematics [247]. The integrated form
of this stochastic differential equation, using the Feynman-Kac formula, leads to a stochastic Îto integral, directly
linked to path integrals [138].
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2.3 Spectral Representation

2.3 Spectral Representation

Our next goal is to give a short introduction to the Green’s function formalism in frequency space. In
the process, we will isolate the spectral function as the central quantity containing all information for
the different finite- and zero-temperature representations of the single-particle Green’s function. This
quantity is also central to this formalism because it is experimentally accessible. We will, therefore,
also give a short overview of experimental techniques that have been developed to probe electronic
systems.
△! in the following, we will often use En as the eigenstate of the grand-canonical Hamiltonian, Eq. (2.44),
to shorten the notation. The energy eigenstates, therefore, have an additional term and should be
understood as

En ∶= Ẽn − µN, with Ĥ ∣n⟩ = Ẽn ∣n⟩ (2.59)

We first compute the Lehmann representation of a general correlator, serving as a building block for
the subsequent spectral representation.

χC
Ô1Ô2

(t, t′) ∶= ⟨Ô1(t)Ô2(t
′
)⟩ = Tr[e−βĤeiĤtÔ1e

−iĤte−Ĥt′Ô2e
−iĤt′

]

= ∑
nm

e−βEn ⟨n∣ eiĤtÔ1e
−iĤt

∣m⟩ ⟨m∣ eiĤt′Ô2e
−iĤt′

∣n⟩

= ∑
nm

e−βEneiEnt
⟨n∣ Ô1 ∣m⟩ e

−iEm(t−t′)
⟨m∣ Ô2 ∣n⟩ e

−iEnt′

= ∑
nm

e−βEnei(En−Em)(t−t′)
⟨n∣ Ô1 ∣m⟩ ⟨m∣ Ô2 ∣n⟩ (2.60)

Equivalently in imaginary time using Eq. (2.57), we obtain:

⟨Ô1(τ)Ô2(τ
′
)⟩ = ∑

nm

e−βEne(En−Em)(τ−τ ′)
⟨n∣ Ô1 ∣m⟩ ⟨m∣ Ô2 ∣n⟩ (2.61)

These are extremely useful identities for many solid-state theory calculations (whenever the Hamil-
tonian is time-independent and the time evolution operator in the first line can be written in this
simple form), but especially in the context of this thesis. The value lies in the decomposition of the
expectation value for the time-dependent operators into expectation values of static correlators and
a phase factor. We now use this to obtain the so-called spectral or Lehmann representation for the
Green’s function. Other applications in this thesis are the explicit calculation of observables in the
atomic limit Sec. 3.3.1 and the implementation of an exact diagonalization solver for the Dynamical
Mean Field Theory (DMFT) method Sec. 6.6.
The Lehmann representation of the real- and imaginary time single-particle Green’s functions given by

G
R/A
αα′ (t, t

′
) = −iΘ(t ± t′)⟨T ĉ α(t)ĉ

†
α′(t

′
)⟩

= −iΘ(t ± t′) 1
Z
e−βEn

∑
nm

[ei(En−Em)(t−t′)
⟨n∣ ĉ α ∣m⟩ ⟨m∣ ĉ

†
α′ ∣n⟩

+ ei(En−Em)(t′−t)
⟨n∣ ĉ†

α′ ∣m⟩ ⟨m∣ ĉ α ∣n⟩] (2.62)

Analogously for the imaginary time Green’s function using Eq. (2.61):

Gαα′(τ) =
1
Z
e−βEn

∑
nm

[e(En−Em)τ ⟨n∣ ĉ α ∣m⟩ ⟨m∣ ĉ
†
α′ ∣n⟩ − e

−(En−Em)τ ⟨n∣ ĉ†
α′ ∣m⟩ ⟨m∣ ĉ α ∣n⟩] (2.63)

The two terms suggest that this procedure becomes much more cumbersome for higher-order correlators,
whith the 4-point correlator already has 3! = 6 possible permutations of time arguments in addition to
4 state summations from the insertion of unit operators. Next, we will discuss the real and imaginary
frequency versions of this representation.

Real frequencies

We will shorten the following derivation by assuming a time independence of the Hamiltonian.
Following from Eq. (2.33), we can omit one argument since G(x, t− t′;x′) = G(x, t;x′t′) (see Eq. (I8.1)
for the proof in imaginary time). We start with the original definition of the single-particle Green’s
function, Eq. (2.36), but now already for generalized states instead of the special case of a position
basis (in that case, the overlaps become wave functions ⟨α ∣n⟩ → ψn(x)). Here, our goal is to isolate the
real part from the imaginary part before considering the full spectral representation. In the following,
we use the integral representation of the Heaviside function

Θ (±(t − t′)) = i

2π ∫
dν e

∓iν(t−t′)

ν ± iη
, (2.64)
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<{ν}

={ν}

iη

−iη

× × × × × × × ×

νN−1
k

× × × × ×

νN+1
l

G(k, ν)

Re{ν}

Im{ν}

× × × × × × × × × × × ×

GR(k, ν)

Re{ν}

Im{ν}

× × × × × × × × × × × ×

GA(k, ν)

Figure 2.2: Singularities of Green’s function with energies relative to the chemical potential. Red
Crosses mark poles of the time-ordered, retarded, and advanced Green’s functions [246].

and Eq. (2.60), to write the Fourier transform of the Lehmann representation as:

F [G
R/A
αα′ (t)] (ν) = ∫

∞

−∞
eiνs
(−iΘ(±s)) ∑

n,m

⟨α ∣n⟩ ⟨n∣ e−iĤs
∣m⟩ ⟨m ∣α′⟩ds

= −i∫
∞

0
eiνs
∑
nm

δmn ⟨α ∣n⟩ e
−iEns

⟨m ∣α′⟩d(±s)

= −i∑
n

⟨α ∣n⟩∫
∞

0
eiνse−iEnsd(±s) ⟨n ∣α′⟩

= −i∑
n

⟨α ∣n⟩∫
∞

0
ei(ν−En)sd(±s) ⟨n ∣α′⟩ (2.65)

= ∑
n

⟨α ∣n⟩
ei(ν±iη−En)s

i(ν ± iη −En)
∣
∞

0
⟨n ∣α′⟩ (2.66)

= ⟨α∣ [(ν ± iη)1 − Ĥ]
−1
∣α′⟩

⇒ Ĝ
R/A,ν

αα′ = [(ν ± iη)1 − Ĥ]
−1 (2.67)

Here, a small shift η is usually introduced to avoid mathematical complications of dealing with the δ
distribution, which would otherwise arise from the Fourier transformation of a plane wave. A more
comprehensive derivation is given in [298, p. 23].
In the next step, we isolate the real and imaginary parts of the Green’s function, where the difference
between both one-sided limits recovers the Lorentzian representation of the delta distribution. First,
we use the Green’s function in the eigenbasis Eq. (2.65), after evaluating the integral.

G
R/A,ν

αα′ = ∑
n

⟨α ∣n⟩ ⟨n ∣α′⟩

ν ± iη −En
(2.68)

Next, we use the following identity linking the Dirac delta distribution to the limit of the Cauchy-
Lorentz distribution.

lim
η→0∫

∞

−∞
f(x)

η

x2 + η2 dx ηu=x
= lim

η→0∫
∞

−∞
f(ηu)

1
u2 + 1

du = lim
η→0

f(ηu)π = πf(0)

With f(x) a test function (f ∈ C∞ and compact support).
We can now calculate the limit of η → 0 of the retarded and advanced Green’s functions:

lim
η↘0

G
R/A,ν

αα′ = ∑
n

⟨α ∣n⟩ ⟨n ∣α′⟩ lim
η↘0
[
(ν ∓ iη) −En

(ν −En)2 + η2 ]

= ∑
n

⟨α ∣n⟩ ⟨n ∣α′⟩ lim
η↘0

ν −En

(ν −En)2 + η2 + i∑
n

⟨α ∣n⟩ ⟨n ∣α′⟩ lim
η↘0

∓η

(ν −En)2 + η2

= ∑
n

⟨α ∣n⟩ ⟨n ∣α′⟩

ν −En
+ ∓πi∑

n

⟨α ∣n⟩ ⟨n ∣α′⟩ δ(ν −En) (2.69)

This means the retarded and advanced Green’s functions have poles at the eigenvalues of the Hamil-
tonian, which also define the difference between them. In fact, the difference between both has a
straightforward physical meaning, as it encodes the generalization of the density of states to interact-
ing systems, called the spectral function.

Important 2.3.0.1 (Spectral Representation In Real Frequencies)

Following from Eq. (2.68), the Green’s function then reads in the Lehmann representation:

G
R/A,ν

αα′ =
1
Z
∑
nm

(e−βEn + ζe−βEm)
⟨m∣ ĉ α ∣n⟩ ⟨n∣ ĉ

†
α′ ∣m⟩

ν +En −Em ± iη
(2.70)
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&

⇒ GR,ν
αα′ −G

A,ν
αα′ = −i(e

βν
+ ζ)Aν

αα′ = −2nν
ζ ImGR,ν

αα′ (2.71)

With the usual Fermi/Bose distribution

nν
ζ = [e

βν
+ ζ]

−1
(2.72)

We make two observations here: (i) From the results above, it follows that the (advanced) retarded
Green’s functions have singularities in the (upper) lower half of the complex plane. These positions
correspond to the energy states of the many-particle system. In Fig. 2.2 the poles are illustrated for
causal, retarded and advanced Green’s function. (ii) From Eq. (2.103) and Eq. (2.104), we observe
that the spectral function exactly captures that excitation spectrum of the many-particle system. This
provides insight into the role of the spectral function as a measure of available states (determined by
the overlap term between the energy states m and n), which have particle numbers differing by one.
In fact, in Sec. 2.4.3, we will discuss that the spectral function is best viewed as the generalization of
the density of states to interacting many-particle systems.

2.3.1 Observables from Green’s Functions

One important property of Green’s functions is the ability to obtain observables from them. For single
particle operators we can write [70, Chapter 7]:

⟨Ô(1)(t)⟩ = iζ ∑
α1α2

⟨α1∣ Ô ∣α2⟩Gα1α2(t; t
′
) (2.73)

= ζ ∑
αα2

⟨α∣ Ô ∣α2⟩Gα1α2(τ ; τ ′) (2.74)

Specifically for this thesis, we will obtain the density, kinetic, and potential energies from the interacting
Green’s function.

Density Sums over Green’s functions have to be carried out carefully by considering convergence
factors. As an example, we show the sum over one-particle Green’s functions to obtain the electron
density. This is specifically important in our context since we aim to restore the consistency of this
quantity throughout the method discussed later. A derivation of an improved numerical sum formula
for the density, is given in Sec. 6.3.6.
Instead of computing the total electron density from the density operator via

n̂i = n̂i↑ + n̂i↓, (2.75)

we can obtain this quantity in terms of the single-particle Green’s function. From the definition of the
imaginary time Green’s function in Eq. (2.39) (here ∑σ Gσ(τ) = Θ(τ)⟨ĉ σ(τ)ĉ

†
σ⟩ −Θ(−τ)⟨ĉ†

σ ĉ σ(τ)⟩),
the Fourier transform in Eq. (2.53) and the definition of the density n = ∑σ⟨ĉ

†
σ ĉ σ⟩ we obtain the

following:

lim
η↘0

G(τ + η) = 1 − n
2
= ∑

n

e−iνnηGν (2.76)

lim
η↘0

G(τ − η) =
n

2
= ∑

n

e−iνnηGν (2.77)

⇒
n

2
= lim

η↘0
∑
n

eiνnηGν (2.78)

Throughout this thesis, the last definition will be implicitly assumed whenever the precise limit is not
given.
The argument above is given without momentum dependence. Non-local Green’s function pick up an
additional integration over k-space:

n = 2 lim
η↘0
∑
k,n

eiνnηGν
k (2.79)

Energies The kinetic and potential energies can be obtained from Eq. (2.74) (for a derivation see [70,
Chapter 7]):

Ekin = Tr [εkG
ν
k] (2.80)

Epot =
1
2

lim
η↘0
∑
k
[−∂τ − εk + µ]TrGk(τ) = Tr [Σν

kG
ν
k] (2.81)
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2 Green’s functions

2.4 Susceptibilities and Linear Response

In this section, we discuss the application of the Green’s function formalism to the responses of the
system. We focus on the effective single particle responses; generalization to the 4 point correlator
functions is deferred to Sec. 2.7.3. First, we give a brief reminder of linear response theory, as found in
most textbooks, in order to motivate susceptibilities as response functions. subsequently

2.4.1 Linear Response
A typical method to study physical systems is to apply some external perturbation and subsequently
observe its response. Here, we will discuss the simplest approach to model the response, namely, by
limiting ourselves to linear order.
Let us start by imagining a system described by a Hamiltonian Ĥ0 in equilibrium that is disturbed
by an external time- and space-dependent perturbation f(r, t). Examples of such disturbances are a
magnetic field applied to the system, single high-energy photons, or neutrons. The system will react
in different ways, depending on the energy scale and the type of disturbance. This is described on
a microscopic level by different operators coupling to the perturbation. These observables can then
be used to probe the system behavior under certain effects and, thereby, gain insight into the driving
dynamics. Examples of observables could be magnetization, spectral function, and spin susceptibility.
We give a brief overview of some experimental techniques and their relation to the Green’s function
formalism in Sec. 2.4.4.In an experiment, we will measure the expectation value of this observable:

⟨Â(r, t)⟩ (2.82)

With a coupling of the perturbation to the observable given as an external Hamiltonian:

Ĥext = ∫ drÔ(r, t)f(r, t) (2.83)

The perturbation stemming from a magnetic field, for example, would look like this (see also Sec. 2.4.6
for further examples and the definition of the spin operator Ŝi):

Ĥext = −µB∑
i

Ŝi ⋅ B̂(t), (2.84)

Where the integration over the position space collapsed into a sum over positions of spins. The
full Hamiltonian is now given as the sum of the Hamiltonian for the equilibrium system and the
perturbation.

ĤP = Ĥ0 + Ĥext (2.85)

We continue by considering weak perturbations of the system, which allow us to take only the leading
(i.e. linear) Taylor term of the response into account. The usual time evolution from Eq. (2.14) is then
given by:

Ûext(t, t0) = T e
−i ∫ t

t0
dsHext(s) = 1 − i∫

t

t0
dsHext(s) +O(f

2
(r, t)) (2.86)

The system was unperturbed initially, i.e. t0 → −∞, lets us assume limt0→−∞ ĤP(t) = Ĥ. Using this
ansatz and that the time evolution of the full (perturbed) system is a product of the equilibrium and
external system, ÛP(t, t0) = Û(t, t0)Ûext(t, t0), yields for the total time evolution operator:

ÛP(t) = Û(t) − i∫
t

−∞
dsÛ(t, s)Ĥext(s)Û(s) (2.87)

With this result, containing the linear approximation, we are able to evaluate the observable Eq. (2.82)
under some state ψ:

⟨Â(r, t)⟩ = ⟨ψ(t)∣ Â(r, t) ∣ψ(t)⟩ = ⟨ψ∣ Â(r, t) ∣ψ⟩ + i∫
t

−∞
ds ⟨ψ∣ [Ĥext(s), Â(r, t)] ∣ψ⟩ (2.88)

We can then write the deviation of the observable Â from its equilibrium value due to the perturbation
in terms of response functions χ:

⇔ δ⟨Â(r, t)⟩ = ⟨Â(r, t)⟩P − ⟨Â(r, t)⟩0 = i∫
t

−∞
ds ⟨ψ∣ [Ĥext(s), Â(r, t)] ∣ψ⟩ (2.89)

= i∫ dr∫
t

−∞
ds ⟨ψ∣ [Ô(r, s), Â(r, t)] ∣ψ⟩ f(r, t) (2.90)

=∶ −i∫ dr∫
∞

−∞
dsχR

ÔÂ(r, s; r′, t)f(r′, t) (2.91)

The last line defines the retarded linear response susceptibility χR
ÔÂ
(r, s; r′, t) of an observable Â(r, t)

stemming from an external perturbation f(r, t) that couples to Ô (see also Def. 2.4.2.1). This is the
well-known Kubo formula for time-dependent perturbations [149].
In general, we can then write the time-dependent expectation value of an observable Â to a perturbation
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2.4 Susceptibilities and Linear Response

Ô in linear response as:
⟨A⟩t = ⟨A⟩ + ∫

∞

−∞
dsχR

ÔÂ(r, s; r′, t)f(r′, t) (2.92)

2.4.2 General Correlation Functions
In general, we consider correlation functions as the difference between their connected and unconnected
parts.

CÔ1...Ôn
(τ1, . . . τn)⟨TζÔ1(τ1) . . . Ôn(τn)⟩ = C

C
Ô1...Ôn

(τ1, . . . τn)⟨TζÔ1(τ1) . . . Ôn(τn)⟩

−C0
Ô1...Ôn

(τ1, . . . τn)⟨TζÔ1(τ1) . . . Ôn(τn)⟩ (2.93)

Here, we defined two commonly encountered quantities, the connected susceptibilities and unconnected
susceptibilities. The latter are typically called bare susceptibilities.

χC
Ô1Ô2

(t, t′) ∶= ⟨Ô1(t)Ô2(t
′
)⟩ (2.94)

χ0
Ô1Ô2

(t, t′) ∶= ⟨Ô1(t)⟩⟨Ô2(t
′
)⟩ (2.95)

The meaning of the full susceptibility can be motivated in the statistical analog of the quantum me-
chanical correlator, which is also discussed around Sec. 2.6.2. From this identification, we understand
that the two-operator correlator with a single time argument is equivalent to the covariance or, more
generally, joint cumulant 5:

χÔ1Ô2
(t) = ⟨(Ô1(t) − ⟨Ô1(t)⟩) (Ô2 − ⟨Ô2⟩)⟩

= ⟨Ô1(t)Ô2⟩ − ⟨Ô1(t)⟩⟨Ô2⟩ − ⟨Ô1(t)⟩⟨Ô2⟩ + ⟨Ô1(t)⟩⟨Ô2⟩

= ⟨Ô1(t)Ô2⟩ − ⟨Ô1(t)⟩⟨Ô2⟩

= χC
Ô1Ô2

(t) − χ0
Ô1Ô2

(t) (2.96)

This quantity should be zero for uncorrelated observables. In this case, the connected susceptibilities
decouple into the unconnected ones, and one can, therefore, understand this to be the proper definition.
Comparing with the definition of the real-time Green’s function in Eq. (2.37), we clearly see the
relationship to Green’s functions and may also add the definition of the retarded susceptibility and the
equivalent to the spectral function here.

Important 2.4.2.1 (Susceptibility)
We define the retarded susceptibility χR as follows:

χ̃Ô1Ô2
(r, t; r′, t′) = 1

2
⟨[Ô1(r, t), Ô2(r′, t′)]⟩ (2.97)

χR
Ô1Ô2

(r, t; r′, t′) = iΘ(t − t′)χ̃Ô1Ô2
(r, t; r′, t′) (2.98)

χα1...α4(τ1 . . . τ4) = G
(2)
α1...α4(τ1 . . . τ4) −G

(1)
α1α2(τ1, τ2)G

(1)
α3α4(τ3, τ4) (2.99)

Furthermore, the susceptibility χ̃ takes on a role similar to the spectral function for Green’s func-
tions.

χ̃ω
=

1
2i
(χR,ω

− χA,ω
) (2.100)

Eq. (2.116) demonstrates its role as a measure of dissipation in the system.

Lehmann Representation The Lehmann representation in Matsubara space can be obtained analo-
gously to the Green’s function; see also Sec. 2:

χω
Ô1Ô2,q =

1
Z
∑
nm

e−β(En−Em)

Em −En − iωm
⟨n∣ Ô1(q) ∣m⟩ ⟨m∣ Ô2(−q) ∣n⟩ (2.101)

This representation can be used to obtain numerical values with the Exact Diagonalization (ED)
method.

2.4.3 Spectral functions
The two main textbook quantities for the description of non-interacting electron systems are the band
structure εn,k and the Density Of States (DOS). Bloch’s theorem justifies the former and is typically

5Note, that this definition corresponds to correlation functions (or autocorrelation functions if Ô1(t) = Ô2(t)) if one
reinterprets the operator as a stochastic process in time t.
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2 Green’s functions

justified in systems with Fermi liquid behavior (see Sec. 2.5, where quasiparticles with renormalized
electron masses and velocities take the role of bare electrons). The latter has a more well-defined
generalization for interacting systems called spectral function. Similar to the DOS, the spectral function
measures excitations in the energy spectrum and can be measured by photoemission spectroscopy (the
best known of which is probably Angle-resolved photoemission spectroscopy (ARPES). We discuss
further experimental setups below).

Important 2.4.3.1 (Spectral Functions)
Following Eq. (2.69) and [70, p295], we define the spectral function as the difference between the
imaginary part of the advanced and retarded Green’s function

Aν
k = Im[GA,ν

k −GR,ν
k ] = −2 tanhζ

(
1
2
βν) Im[Gν

k] (2.102)

This identifies the spectral function as the central object, connecting the retarded, advanced, and
causal Green’s functions.
Following our discussion of the spectral representation of the real-time Green’s function, we also
have the spectral representation of the Green’s function

Aν
αα′ =

1
Z
∑
nm

e−βEn(eβE
− ζ) ⟨m∣ ĉ α ∣n⟩ ⟨n∣ ĉ

†
α′ ∣m⟩ δ(ν − (En −Em)) (2.103)

Furthermore, the spectral function also connects real and imaginary frequencies:

G
R/A,ν
k =

1
2π ∫

Aν′

k

ν − ν′ ± iη
dν′ (2.104)

Gνn
k =

1
2π ∫

∞

−∞

Aν′

k

iνn − ν′
dν′ (2.105)

The spectral function fulfills properties of a probability distribution and is therefore positive and
normalized [162]:

Aν
k ≥ 0 (2.106)

∑
ωk
Aν

k = 1 (2.107)

The spectral function is of great special importance to Green’s function formalism because it is directly
measurable in experiments, which we will discuss next.

2.4.4 Experimental Techniques
This thesis is focused on method development for a theoretical model far removed from real materials
calculations. However, no theoretical setup can claim validity without connection to experiments. In
fact, the thermodynamical consistency discussed in Sec. 4 specifically aims to improve two of these
measurable quantities. Specifically, we have the following observables linked to experiments [180,
Sec. 4.3]: The spectral function, which is, for example, measurable by ARPES or Scanning Tunneling

Name Observable Technique
Spectral Function Aν

k ARPES, STS, ERS
Magnetic Susceptibility χω

m,q NMR, INS
Charge Susceptibility χω

d,q IR, EELS

Table 2.1: Experimental techniques, adapted from [180, Sec. 4.3].

Spectroscopy (STS), is able to probe the available states of the system around the Fermi surface. In
STS, by measuring tunneling through a metallic tip close to the surface [180, Sec. 4.3.2] and [190,
Chapter 14]

∫ ρ(ω) (nω
F − n

ω−Vbias
F )dω (2.108)

with a bias voltage Vbias. In ARPES, the photoelectric effect is used to directly probe the available
states in Eq. (2.103).
Electronic Raman Scattering (ERS) is also used for probing systems with vastly differing energy scales
of gaps as a function of k, such as in the pseudogap region of cuprates [260]. While, from the theory
side, ARPES certainly seems to be the more prominent experimental technique, it is inherently under-
stood as a single-particle method, while ERS is not [57]. In Sec. 3, we try to argue on the example
of the atomic limit that this poses a problem when trying to determine the strong correlation effects
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of a system. However, careful investigation seems to indicate that ARPES is indeed applicable for the
measurement of the bulk spectral function in cuprates [297].
To obtain magnetic susceptibilities, inelastic neutron (X-Ray) scattering (INS)/(RIXS) and Nuclear
Magnetic Resonance (NMR) are regularly used techniques [180, Sec. 4.3.3-4.3.4]. The former, again,
probes the available states directly, as given in the Lehmann representation. This is possible because
neutrons carry a spin but no charge and, therefore, interact with bulk magnetic moments. NMR probes
magnetic moments by aligning them in an external field (typically a strong constant bias and a weak
perturbation) and measuring radiation emitted when excited states return to their ground state when
the magnetic field switches off.
Especially for cuprates, the (dynamic, i.e. ω and q dependent) charge susceptibility is of importance
because charge density waves play an important role in understanding the phase diagram around the
superconducting dome Sec. 7.2. Direct measurement techniques of the dynamical charge susceptibility
seem to be far less established than for optical conductivity in the q → 0 measurement through Infrared
Reflectivity (IR) measurements. In order to directly measure the momentum-resolved charge suscep-
tibility, more recently, a technique to directly probe the momentum-resolved absorption spectrum of
electrons (M-EELS) has been proposed [276].

2.4.5 Positivity of the Susceptibility

Because the physical susceptibility plays a central role in the Sec. 5.4 method, we derive the positiv-
ity property here. However, comprehensive derivations are left for the literature, for example [266,
Chapter 10] and [61, Chapter 3.4].

We will make repeated use of the strict positivity of the physical susceptibility. In fact, this was
the driving motivation for the development of improved Matsubara summation formulas in Sec. 6.1.
Numerically unstable or poorly approximated quantities can violate this property and lead to severe
qualitative discrepancies in the lDΓA method that relies on a renormalization of this quantity.
Due to its importance for this thesis, the argument is presented here but can also be found here in
expanded form [266, Chapter 10.6]. The power dissipation of the external perturbation from Eq. (2.83)
is given by the work done per unit of time. We use the Kubo formula to evaluate the expression:

dW
dt
=

dĤext(t)

dt
(2.109)

= ∫ dr(iĤÔ(r)e−iĤtf(r, t) − ieiĤtÔ(r)Ĥf(r, t) + eiĤtÔ(r)Ĥe−iĤt df(r, t)
dt

) (2.110)

= −[⟨H0⟩ + ⟨Ĥext⟩]
df(r, t)

dt
(2.111)

Computing the total energy W = ∫
T /2

T /2 dtW (t), which must be positive, we obtain after Fourier trans-
formation using Eq. (2.92) (here we also use a general basis as in Sec. 2.4.2.1 instead of real space):

−∫
dω
2π
f−ω

i χR,ω

Ô1Ô2
(iω)fω

j > 0 (2.112)

The same expression, except for a global minus sign, can be obtained under exchange of variables
ω → −ω and i → j. Adding both expressions together still leaves us with a positive value. Finally, we
use the spectral representation from Eq. (2.70) and obtain

0 <W = −1
2 ∫

dω′

π
f−ω

i [
χ̃ω

Ô1Ô2

ω′ − (ω + iη)
−

χ̃ω
Ô2Ô1

ω′ − (−ω + iη)
] (iω)fω

j (2.113)

⇔W = ∫
dω
2π
(fω

i )
∗
ωχ̃ω

Ô1Ô2
fω

j (2.114)

⇒ 0 <W = ω (fω
i )
∗
χ̃ω

Ô1Ô2
fω

j (2.115)

⇒ 0 <W = ωχ̃ω
Ô1Ô1

(2.116)

The last two lines follow since the frequency dependence of the external field is arbitrary.
We will use this property of the analog of the spectral function of the retarded susceptibility, for
example, in Sec. 5.2.1.
Even more important is the strict positivity for magnetic and charge susceptibility (see below). From
the spectral representation in Matsubara frequencies, Eq. (2.101), we get for hermitian operators Ô1
and Ô2:

χω
Ô1Ô2,q = [χ

ω
Ô1Ô2,−q]

∗ (2.117)

⇒ χω
Ô1Ô2

= Reχω
Ô1Ô2

(2.118)

The usual fraction expansion trick (multiply Ô1 by (En −Em + iωm)Ô2 and the analog for Ô2 to make
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the denominator real values) gives the very important property:

Reχω
Ô1Ô2,q

∣m∣→∞
∼

1
(iωm)2

(2.119)

In fact, for the most important susceptibilities we will encounter, the charge and spin susceptibilities
(see next section), the coefficient of this tail is the kinetic energy. Both identities hold for real and
imaginary frequency-valued susceptibilities.

2.4.6 Important Definitions for Susceptibilities
Having introduced the susceptibilities from a linear response point of view, we will now introduce the
common variants of these response functions used in this thesis. As motivated above, the two operator
susceptibilities χÔ1Ô2

describe responses of one observable Ô1, while Ô2 changes. Or, more generally,
the generalized covariance of two operators. Consequently, the equal operator susceptibility χÔ(τ) =
χÔÔ(τ) is a generalization of the autocorrelation function, which is a measure for spin fluctuations in
the system. We first define the pseudospin operators:

Ŝj =
1
2 ∑σσ′

ĉ†
σσ

σσ′

j ĉ σ′ (2.120)

σj = (
δj3 δj1 − iδj2

δj1 + iδj2 −δj3
) (2.121)

⇒ Ŝx =
1
2
(ĉ†
↑ ĉ ↓ + ĉ

†
↓ ĉ ↑) , Ŝy = −

i

2
(ĉ†
↑ ĉ ↓ − ĉ

†
↓ ĉ ↑) , Ŝz =

1
2
(ĉ†
↑ ĉ ↑ − ĉ

†
↓ ĉ ↓) (2.122)

SU(2) symmetry implies that [Ĥ, Ŝp,i] = 0, see [205, Sec. 2.2.2.6], with:

Ŝp,X =
1
2
(ĉ†
↑ ĉ

†
↓ + ĉ ↓ĉ ↑) , Ŝp,Y = −

i

2
(ĉ†
↑ ĉ

†
↓ − ĉ ↓ĉ ↑) , Ŝp,Z =

1
2
(ĉ†
↑ ĉ ↑ + ĉ

†
↓ ĉ ↓ − 1) (2.123)

These can then be used to define the spin and charge susceptibilities. We call the response of the
system, which is defined through the spin operators Eq. (2.121), magnetic response, χm:

χω
m = χ

ω
Ŝj

(2.124)

More generally, we define the magnetic and density response in terms of the spin indices of the gener-
alized susceptibility, here already written with the shorthand spin index notation from Sec. 2.7.2.1.

Important 2.4.6.1 (Magnetic and Density Susceptibilities)
Later we will often use the charge and spin channels instead of actual spin combinations. These
are conveniently defined in matrix notation as follows:

χ = (
χ↑↑ χ↑↓
χ↓↑ χ↓↓

) , Bd = (
1
1) , Bm = (

1
−1) (2.125)

χd = B
T
d χBd (2.126)

χm = B
T
mχBm (2.127)

△! The terms charge and density, as well as the terms spin and magnetic channel, are used inter-
changeably. This holds for many references given in this thesis and even codes in Sec. 6.

A comprehensive introduction to this notation and symmetry properties can be found in [180, Chap-
ter 4] or [205, Sec. 2.2.2.6].
The relationship between the static susceptibilities (limq→0 limω to0 χ

ω
q) and observables of the system

is also important for this thesis. These are the magnetization and compressiblity of the system, see
also Sec. 4.4.2.

−χω=0
m,q=0 = −σ

d⟨m⟩
dh
∣
h=0

(2.128)

χω=0
d,q=0 = κ (2.129)

2.5 Fermi Liquid and Quasi Particles

This section introduces the concept of quasiparticles from the perspective of Fermi liquid theory. Al-
though not applicable in the arguably most interesting parts of the phase diagram for the Hubbard
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EF

2ζk

k+ q

k′ − q

(a) Two-particle scatting around the noninteract-
ing surface, adapted from [39, Figure 14.1].
The Fermi surface is shifted by the quasipar-
ticle energy ξk (here drawn without k depen-
dence) through scattering processes.

0 ξk
0

τkZk

1
τk

ν

A
(k
,ν

)

(b) Illustration of spectral function, adapted
from [39, Figure 14.2]. The peak of the spec-
tral function is interpreted as the excitation
of a quasiparticle with energy ξk with lifetime
τk. Zk gives the spectral weight, with 1 − Zk
being the background, to fulfill the condition
∫ dνAν = 1.

model, the strong coupling regime, the breakdown of Fermi-liquid behavior is in itself a useful tool
for the analysis of the Mott phase because precisely this fact indicates the onset of a non-perturbative
phase transition6. Especially the phase diagram of the cuprate high TC superconductors shows signs
of Fermi liquid breakdown in the critically doped regime [273]. We will give a very broad overview of
the conditions that govern the applicability of Fermi-liquid theory and the concept of quasiparticles
and parameter renormalizations.
The Fermi-liquid theory describes metallic systems based on the assumption that the ground state of an
interacting system is adiabatically connected to the noninteracting one, known as the Gell-Mann-Low
theorem [78]. The core insight of Landau was that small excitations can be described as deformations
of the Fermi surface, and the newly obtained Fermi surface can be characterized as containing quasi-
particles (for example, electrons with renormalized mass) with similar properties as the real particles
of the noninteracting system [153, 156, 155]. The physical picture is that interactions excite electrons
from the previously noninteracting system above the Fermi surface, keeping the quantum numbers such
as spin and charge conserved. This excitation leads to a change in the density distribution functions
δnσ(k) = nσ(k)−n0

σ(k). In Fig. 2.3a, an illustration of this two-particle scattering is depicted, leading
to a deformation of the Fermi surface, proportional to the lifetime of the quasiparticle. The important
conditions here are that the quasiparticle excitation energy is much larger than a fluctuation introduc-
ing it and the lifetime is sufficiently long. We can see this through the consideration of a perturbed
Hamiltonian, acting on a noninteracting system, over a short time period (we need the time-dependent
version of Eq. (2.14) here) [39, Chapter 14]:

Ĥξ = Ĥ0 + Ĥinte
−ξt (2.130)

Bringing in the adiabatic connection

lim
t→∞
⟨ψkσ(t) ∣ψ

′
kσ(t)⟩ = ⟨ψkσ ∣ψ

′
kσ⟩ , (2.131)

We can deduce two conditions: (i) the quasiparticle excitation energy must be small on the scale of the
rate of change of the system; (ii) the lifetime of the excitation must be large, compared to the inverse
excitation energy:

τk

h̵
≫

1
ξk
≫ β (2.132)

Before moving on, we want to give a very brief glimpse into the mechanism by which the Fermi-liquid
theory accomplishes the computation of renormalized quantities, such as masses, for the quasiparticles7.
For this purpose, the ground state can be assumed to be a Fermi gas with density n0

σ(k) = Θ(k − kF).
Then, an energy functional of the electron density is minimized to find the quasiparticle energies and
states:

E[nσ(k)] = E0 + ∑
k,σ

εσ(k)δnσ(k) +
1
2 ∑

k,σ,k′σ′
ϕσ,σ′(k,k′)δnσ(k)δnσ′(k′) (2.133)

6It is also known, that in the case of the two-dimensional Hubbard model, which we will be concerned with in7.2, the
Fermi-liquid description is valid away from half-filling [25].

7This is meant as an illustration and uses a semi-classical formulation. It does, however, emphasize the assumption
that quasiparticles can only be well-defined when their excitation is close to the Fermi-surface and well described in
an effective mean-field [1, Chapter 1.2.2] and for further discussions in the context of Green’s functions [1, Chapter 4].
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Here we make the two Fermi-liquid assumptions explicit by including the variation of densities (i.e. mean-
field excitations) into account. The function ϕ is a mean-field-like interaction function, coupling density
fluctuations to each other. This functional yields the properties of the quasiparticles via the functional
derivative. For example, the quasiparticle energy can be obtained in this way:

ε∗k = (
δE

δnσ(k)
)

RRRRRRRRRRRnσ(k)=n
(0)
σ (k)

= εσ(k) + ∑
k′σ′

ϕσ,σ′(k,k′)δnσ′(k′) (2.134)

Instead of applying this to various interactions and observables (see, for example [39, Chapter 14] for
a discussion), we instead move directly to a description of this principle in terms of Green’s functions.
Here, the density variation is microscopically introduced by excitations of single electrons above the
Fermi surface. To this end, we use Eq. (2.102) (i.e. the spectral function as the difference between
the retarded and advanced Green’s function) and Eq. (2.60), giving us the interpretation of Aν

k as a
collection of excitations. We now study the excitation of one additional mode, appearing as a pole
at ξk − iγk with residue Zk in the spectral representation. Carefully considering the integration path
(originally [199], see also [70, Fig. 7.2]) to avoid the pole and applying the residue theorem, one is left
with the following:

Ak(t) = Zke
−it(ξk+iγk) + ∫

0

−i∞

dν
2π
e−iνt

[GA,ν
k −GR,ν

k ] (2.135)

The remaining integral can be approximated if the real part of the pole is much larger than the
imaginary one, which means (in accordance with our illustration in Fig. 2.3b), that the quasiparticle
weight Zk is much larger than the background noise [1, Eq. 7.35 ff] and [199]:

Ak(t) ≈ Zke
−it(ξk+iγk) if γk ≪ ξk (2.136)

This already gives an intuition of the quantities in the quasiparticle excitation: γ−1, the inverse distance
to the real axis, governs the lifetime, Zk gives the weight and ξk acts as an energy. We can make this
argument a bit more convincing for a many-body system by involving the self-energy. To do so, we
consider the definition of the spectral function (Sec. 2.4.3) and retarded Green’s function in this limit.
Following the idea of small excitations, we expand the Green’s function around wave vectors close to
kF, where [39, Chapter 14.4]:

ξ0,k ≈ εk − µ ≈ −Re Σ0
kF (2.137)

This leads us to the expression of the retarded Green’s function [1, Eq. 21.28]:

GR,ν
k = [ν − εk + µ −ΣR,ν

k ]
−1
= [ν − (ξ0,k −Re ΣR,ν

k ) − i Im ΣR,ν
k ]

−1
(2.138)

One can then Taylor expand around small energy deviations around the Fermi surface to obtain:

≈ [ν − (ν − 0)∂ν Re ΣR,ν
kF
∣
ν=0
− (k − kf)∇k(ξ0,k +Re ΣR,ν

k )∣
k=kF

− i Im ΣR,ν
kF
]
−1
= Zk [ν − ξk + i

1
τν

k
]

−1

(2.139)
where we defined the quasiparticle lifetime τk, energy ξk and spectral weight Zk:

τν
k = −2Zk

γk
≈ −[Zk Im ΣR,ν

k ]
−1
, ξk = (k−kf)Zk∇k (ξ0,k +Re Σν=0

k ) ∣
k=kF

, Z−1
k = 1−∂ν Re ΣR,ν

k ∣
ν=0

(2.140)
Finally, we can also express the renormalized mass using ξk ≈

(k−kF)kF
m∗ [39, Chapter 14]:

m

m∗
= Zk [1 +

m

kF
∇k Re Σν=0

k ∣
k=kF
] (2.141)

The spectral function is the central quantity connecting the Green’s function formalism to experi-
ments. In the Fermi liquid picture, it furthermore provides an intuitive understanding of the excitation
spectrum for collective modes in the electronic system. We know that the Green’s function for free
fermions without spin has exactly two poles, resulting in the corresponding spectral function having
only two delta peaks. From Eq. (2.135) we can also follow a δ like shape for infinite quasiparticle
lifetimes γk = τ

−1
k . Therefore, the following heuristic expression for the spectral function in the form of

a Lorentzian seems appropriate8:

Aν
k =

1
π

− Im ΣR,ν
k

(ν − εk + µ −Re ΣR,ν
k )

2
+ (ΣR,ν

k )
2 (2.142)

This corresponds to the form of Fig. 2.3b, where the δ-like peak is broadened by the inverse of the
lifetime. The corresponding spectral function will have a sharp peak at ξk with height proportional
to Zk/γk and width proportional to γk. The incoherent background takes up the remaining spectral

8Using Eq. (2.136), it follows that GR(t) ∝ iΘ(t)e−itξke−t/τk . Fourier transform gives the familiar Lorentzian shape
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weight 1 −Zk.
Restating the necessary condition for a Fermi-liquid:

lim
ν→0

k→kF

Im Σν
k = 0, (2.143)

we can use this concept as a tool to investigate the onset of Mott physics, where the condition is violated
and the spectral density at the Fermi surface is suppressed. This encapsulates strong correlation physics
in which the adiabatic connection to a metal-like state is disrupted. Zk can, for example, be measured
by Compton scattering as it is proportional to the distribution function at the Fermi level.

2.6 Diagrammatic Perturbation Theory and Functional Integrals

Many concepts and methods in this thesis are much more conveniently formulated in the functional
integral formalism. They are also very convenient, in conjunction with functional methods, for the
construction of conserving theories such as Two-Particle Self-Consistent Approach (TPSC), using the
Luttinger-Ward functional in Sec. 4.3.
Since this formalism is not too common in solid-state theory, we will motivate it from two perspectives.
The Feynman path integral point of view briefly connects our notation to that of [111], where an excel-
lent introduction can be found. We will then also briefly connect the notion of generation functionals
to the analog concept from probability theory before introducing the necessary quantities for the rest
of this thesis.
Some of the following texts are taken from my master’s thesis [246].

2.6.1 Feynman Path Integral

Although not strictly necessary, a very good motivation for the functional integral formalism used
in this thesis is Feynman path integrals. Here, we give a very brief introduction, jumping directly
ahead into the definition of coherent state (i.e. a formulation in creation and annihilation operators
instead of a spatial basis) path integrals, following the notation from [111, chapter 2]. These integrals
naturally arise from the decomposition of the time evolution operator Eq. (2.14) where the Hamiltonian
is expressed in terms of the creation and annihilation operators Eq. (2.10), i.e.

U(τf − τi) = e
−(τf−τi)Ĥ({â†

αi
,â αi

}) (2.144)

To construct the path integral for many-particle states, the propagation is subdivided into N slices,
using insertions of the unity operator of coherent state eigenstates Eq. (2.12) at imaginary time intervals
ε = τf−τi

N
. The number of slices N is then taken to the limit ∞, where we assume the existence of

the appropriate integral measure. The k-the insertion of the component α for a coherent state (see
Sec. 2.1.2) is written as φα,i

9.

U(φf , τf ;φi , τi) = ⟨xf ∣ e
−Ĥ(τf−τi) ∣xi⟩ (2.145)

= lim
N→∞∫

N−1
∏
k=1
∏
α

dµ(φα,k, φα,k)e
−∑N−1

k=1 ∑α φα,kφα,k

× e−∑
N
k=1(∑α φα,kφα,k−1+εH(φ∗α,kφα,k−1)) (2.146)

We can transition to a smooth trajectory, following the arguments preceding [111, Eq. 2.61], using

limε→0
φα,k−φα,k−1

ε
= ∂τφα(τ), and H(φα,k, φα,k−1) = H(φα(τ), φα(τ)), to arrive at the coherent path

integral formulation used in our setting:

U(φf , τf ;φi , τi) = ∫
φα(τf )

φ α(τi)
D[φα(τ), φα(τ)]

× exp

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

−∑α φα(τf )φα(τf )−∫
τf

τi
dτ (∑α φα(τ)∂τ φα(τ)+H(φα(τ),φα(τ)))

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸ ¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
L(φα(τ)φα(τ))

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(2.147)

= ∫

φα(τf )

φ α(τi)
D[φ(τ), φ (τ)] e−∑α φα(τf ),φα(τf )e−S[φα(τ),φα(τ)] (2.148)

With the Lagrangian density L and the action S.
The way in which different evaluations of the action contribute to overall propagation is illustrated
in Fig. 2.4. The factor 1/h̵ illustrates that only the stationary action contributes to the classical
temperature limit.
As before (Eq. (2.47)), we can write the partition function, using the trace over the time evolution

9Note, that we skip the normal ordering argument which can be found leading up to [111, Eq. 2.60]
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operator. Here, the boundary value term involving τf in Eq. (2.148) vanishes:

Z = ∫
φ

α(0)=ζφα(β)
D[φ(τ), φ (τ)] e∫

β
0 dτ(∑α φα(τ)(∂τ−µ)φα(τ)+H(φα(τ),φα(τ))) (2.149)

Note, that the −µ term obtained from the grand canonical ensemble in Eq. (2.44) has also been included
here. Furthermore, the trace leads to the (anti-) periodic boundary condition for (fermionic) bosonic
statistics.

e
−S

1
/h̄

e −S
2/h̄

e
−S

3
/h̄

e
−S

4
/h̄

τ

φ

τi

τf

φi φf

Figure 2.4: Cartoon of paths through the config-
uration space. The weight of 1/h̵ is
supposed to illustrate that in the clas-
sical limit only the stationary action
contributes.

The usefulness of this formulation in our setting
stems from the fact that we can apply functional
generalizations of derivatives as formal operations.
This either shortens derivations compared to the
operator formalism or makes certain reasoning
even possible in the first place. For example, the
Φ derivability in Sec. 4.3.
This paragraph only serves as a very broad moti-
vation for the functional integrals, and details are
left to the literature. Our notation specifically fol-
lows [70] and [111].

2.6.2 Generating Functionals

Connection to Thermodynamics

The previously introduced path integral formalism
lends itself well to further generalization. When
coupling the fields to external source fields ⟨φ,J⟩
and ⟨φ, J̄⟩, we obtain the so-called generating
functionals. These resemble generalized generat-
ing functions of probability distributions in that
functional derivatives generate all possible correla-
tion functions, whereas derivatives of characteristic
functions generate moments and cumulants of the
distribution. We can make use of this analogy to
illustrate the thermodynamic role of the quantities and derive some computational rules in a simpler
form along the way10.
Following the argument in [118, 233], we first remember that the characteristic function of a probability
distribution is defined as its Fourier transform of and the moment-generating function is its extension
to complex numbers (we assume existence for this short illustration):

φX(t) = E[eitX
], MX(t) = φX(−it) (2.150)

with moments defined as:

µn = E[Xn
] =

∂n

∂tn
MX(t)∣

t=0
= i−n ∂n

∂tn
φX(t)∣

t=0
(2.151)

The cumulants are then defined as the derivatives of the cumulant-generating function.

KX(t) = ln E[etX
] = lnMX(t), κn =

∂n

∂tn
KX(t)∣

t=0
(2.152)

While indirectly defined through the logarithm of the moment-generating function, cumulants turn out
to be the more intuitive objects. The first 4 are (up to a normalization of a lower order cumulant) the
mean, variance, skewness, and kurtosis of a distribution. The thermodynamic interpretation can be
obtained by considering the probability of a classical particle in an energy state Ei. Then, the classical
partition function Z[β], and the associated moment-generating function are defined as follows:

p(Ei) =
e−βEi

Z[β]
, Z[β] = ∑

i

e−βEi (2.153)

⇒ME(t) = ∑
i

pie
tEi =

Z[β − t]

Z[β]
(2.154)

⇒KE(t) = ln(Z[β − t]) − ln(Z[β]) (2.155)

10This analogy is purely meant as an illustration of the core objects in the functional integral formalism. The value
here is to emphasize the role of the functionals in analogy to thermodynamic quantities. However, there is an actual
connection via the Martin–Siggia–Rose formalism, connecting stochastic differential equations to path integrals out
of equilibrium [34]. A detailed argument for the role of moments and cumulants in many body theory and thermo-
dynamics can be found in [148] for complex valued functions. Generalizations for operators [27] and applications to
DMFT have also been studied [41].
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2.6 Diagrammatic Perturbation Theory and Functional Integrals

With a probability pi of an energy state Ei. We have deliberately introduced a functional-looking
notation for the partition function Z here already, to make the connection to the functionals in the
next section clear.

The particular use of cumulants (in our case) and the associated functional W [J] below is the
systematic generation of connected “groups” (Feynman diagrams), while moments are made up of
these connected building blocks. For Feynman diagrams, this is known as the linked-cluster theorem
(connecting Eq. (2.164) and Eq. (2.165)), see Sec. 2.6.2. We can sketch this here (similarly to the
replica trick used in the diagrammatic case) by assuming the existence of a Taylor expansion for the
cumulant generating function:

MX(t) = e
KX(t) = exp [

∞
∑
n=1

tn

n!
κn] =

∞
∏
n=1

exp [ t
n

n!
κn]

=
∞
∏
n=1

∞
∑

pn=0
exp [ t

n⋅pn

(n!)pn

κpn
n

pn!
] (2.156)

When obtaining the m-th moment, all powers smaller and larger than n will vanish, according to
Eq. (2.151). We can therefore rearrange in terms of powers of t, transforming the product of sums into
a sum over all groups with m = ∑pn

n:

⇒ κm = ∑
[pn]
∏
n

[
m!κpn

n

pn!(n!)pn
] = ∑

[pn]
∏
n

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

(
m

n, . . . , n
´¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¶

pn

)
1
pn!

κpn
n

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(2.157)

This means the m-th moment can be understood as composed of all possible groupings of m cumulants
into groups of n. Similarly, but without proof, we will use the composition of general Green’s functions
from connected ones, as generated by the functional analogs. The second line can be interpreted as
copies of the system Zn, using Eq. (2.154). A derivation starting with the thermodynamical partition
function followed by a functional generalization is given in the lecture notes of A. M. Tremblay [266,
Chapter 80], where a number of pitfalls and subtleties when dealing with functional derivatives are
also discussed. Readers unfamiliar with practical calculations will find all the necessary mathematical
details for this chapter in [111] and applications to our specific context with many helpful remarks
in [266].
Both Eq. (2.154) and Eq. (2.155) will be generalized to functionals in Eq. (2.164) and Eq. (2.165).
The last generating functional is that of the effective action, obtained through functional Legendre
transformation of Eq. (2.165). A statistical analog of Γ does exist in the form of rate functions (a
concept from the theory of large deviations). The connection to statistical physics does not seem clear
enough to justify a further discussion in this context. Instead, we will now give a very brief introduction
to generating functionals, by reminding the reader of the most important concepts.

Definitions and Basic Properties

For the construction of generating functionals, we introduce source fields J and J coupling to creation
and annihilation fields. In our case of fermionic operators, these are Grassmann fields. These serve as
a tool to allow the functionals to generate desired quantities. In our case, the source fields will be set
to zero after the functional derivative acts on the functional. We start with the generating functional
of Green’s functions Z:

Z [J, J] = ∫ D[φ,φ] e
−S[φ,φ]

× e−∑α ∫
β

0 dτ[Jα(τ)φα (τ)+φα(τ)Jα(τ)] = ⟨e−⟨J,φ⟩−⟨φ,J⟩
⟩ (2.158)

With the generalized inner product

⟨J,φ⟩ = ∑
γ
∫ dτ ′Jγ(τ

′
)φ γ(τ ′) (2.159)

Here we also used the action S, as the integral of the Lagrangian density L:

S[J(τ), J(τ)] = ∑
α
∫

β

0
dτL[Jα, Jα] =∫ dτ [∑

α

Jα(τ)(∂τ − µ)Jα(τ) +H[Jα(τ), Jα(τ)]] (2.160)

For example, the actions for the Hubbard and Anderson impurity model (Sec. 3.2 and Sec. 3.7) are:

Important 2.6.2.1 (Action For Hubbard and Anderson Impurity Model)
The actions for Hubbard and Anderson impurity model can be computed from Eq. (3.12) and
Eq. (3.99):

SHubbard =∫ dτ∑
ijσ

(φiσ(τ) [δij(∂τ − µ) − tij]φiσ(τ) +Uδijφi↑(τ)φi↑(τ)φi↓(τ)φi↓(τ)) (2.161)
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SAIM = ∑
σ
∫ dτdτ ′φσ(τ)G

−1
iσ (τ − τ

′
)φσ(τ

′
) +U∫ dτφ↑(τ)φ↑(τ)φ↓(τ)φ↓(τ) (2.162)

with

G
−1
iσ (τ − τ

′
) = δ(τ − τ ′)(∂τ − µ) + ∣Vi∣

2
(Θ(τ − τ ′) − nF(εi)) (2.163)

For this thesis, we will use three different functionals, corresponding to generalizations of momentum,
cumulant, and rate generating functionals, according to the considerations in the previous paragraph.

G[J, J ] =
1

Z[0,0]
Z [J, J ] (2.164)

W [J, J ] = ln (G[J, J ]) (2.165)

Γ [φ,φ] = sup
J,J

{−W [J, J ] − ⟨φJ ⟩ − ⟨φ J⟩} (2.166)

In reference to statistical physics, we understand Z and W as generalizations of the partition function
and grand-canonical potential, specifically motivated by the analogy with generating functions from
probability theory in the previous section.
In Eq. (2.166), we have used the functional generalization of a Legendre transformation. The details
of which are left to the literature, for example [274].
G[J, J ] and W [J, J ] generate full and connected Green’s functions, while Γ [φ,φ] is the generating
functional for irreducible diagrams, called effective action. Especially the effective action and the role
of irreducible diagrams will be discussed below in Sec. 2.6.3. △! Note that we do not specify which types
of irreducible diagrams are generated by Γ. This depends on the type of source field. We will elaborate
on this in Sec. 2.6.3.
One can express expectation values of the fields φα = ⟨0∣ φ̂α ∣0⟩ and φ as functional derivatives. This is
done similarly to the moment trick for the n-th moment of Gaussian integrals, where one writes the
moment as partial derivatives of some auxiliary variable (source field), setting it to 0 afterward.

φαe
−⟨J,c⟩

↔ (
δ

δJα
) (2.167)

We can readily verify this for the single-particle Green’s function:

G
(1)
α1α′1
(τ1; τ ′1) = ⟨Tζ [ĉ α1(τ1)ĉ

†
α′1
(τ ′1)]⟩ = ζ

δ2G[J, J]

δJα1(τ1)δJα′1
(τ ′1)
∣

J=J=0
(2.168)

This method is central to diagrammatic perturbation theory as the above and similar generating func-
tionals can be used in conjunction with Wick’s theorem to systematically generate Feynman diagrams.
Similarly, derivatives of the functional W [J, J] with respect to the sources yield the (complex conju-
gate) fields, which gives this functional its name of effective potential:

δ

δJα

W [J, J] = ⟨â α⟩J,J = φα (2.169)

δ

δJα
W [J, J] = −ζ⟨â†

α⟩J,J = φα (2.170)

Explicit differentiation and comparison with the cumulant generating function from the last paragraph
motivates that this functional generates all connected Green’s functions11.

Definition 2.6.2.2 (Green’s functions as functional derivatives)
We can generate (connected) Green’s functions in this way:

G
(n)
α1...αnα′1α′n

(τ1, . . . , τn; τ ′1, . . . , τ ′n) =
1
ζn

δ2nG[J, J]

δJα1(τ1)⋯Jαn(τn)Jα′n(τ
′
n)⋯Jα′1

(τ ′1)
∣

J=J=0
(2.171)

G
c,(n)
α1...αnα′1α′n

(τ1, . . . , τn; τ ′1, . . . , τ ′n) = ζn δ2nW [J, J]

δJα1(τ1)⋯Jαn(τn)Jα′n(τ
′
n)⋯Jα′1

(τ ′1)
∣

J=J=0
(2.172)

For now, we focus on the most important details of the functional integral formalism that is required
11Note, that the will only consider fermionic non-symmtry breaking Green’s functions in this thesis and, therefore,

derivatives only occur in pairs of J and J.
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2.6 Diagrammatic Perturbation Theory and Functional Integrals

for this thesis. △! When comparing to [266] one should be careful to not confuse source fields (for us J ,
in that reference φ) and Grassmann fields. We follow the notation of [111].

Important 2.6.2.3 (Functional Integral Identities)
The following identities will be used for calculations later. A generalization of the Gaussian integral
identities for fermionic (and for completeness also bosonic) fields:

∫ D[φ,φ] exp ( −∑
αβ

φαMαβφ β + Jαφ α + φαJα) = [Nζ det(M)]−ζ e
∑αβ Jα[M−1]

αβ
Jβ (2.173)

Nζ =

⎧⎪⎪
⎨
⎪⎪⎩

1, ζ = −1
2πi, ζ = 1

(2.174)

The expectation value of an observable Ô:

⟨Ô⟩ =
1
Z ∫

D[φ,φ] Ôe−S[φ,φ ] (2.175)

We will now connect the functional integral formalism with Feynman diagrams by considering small
perturbations. The goal is to introduce the notation for this thesis; details are again left to the
literature.

Small Perturbations

Green’s functions play an important role in the development of perturbative expansions, which can be
seen from the following argument.
Let Ĥ = Ĥ0 + γV̂ such that Ĥ0 ∣εk⟩ = εk ∣εk⟩ is exactly solvable and V a small perturbation. We write
the usual Dyson series in imaginary time as

Uint(τ) = T exp [−∫
τ

0
dτ ′V (τ ′)] (2.176)

Z

Z0
=

Tr [e−β(H0−µN)Uint(β)]

Tr [e−βH0−µN ]
≡ ⟨Uint(β)⟩0 (2.177)

Explicit expansion yields:

=
∞
∑
n=0

(−1)n

n! ∫

β

0
dτ1 . . .dτn⟨T V (â†

α1 (τ1),⋯â αk
(τ1))⋯V (â†

α1 (τn)⋯â αk
(τn))⋯⟩0, (2.178)

with the partition function of the non-interacting system:

Z0 = ∫ D[φ,φ] exp

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

−∑
α
∫ dτφα(τ) (∂τ − µ)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¶
G−1

0,α(τ)

φα(τ)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(2.179)

This leads to an expanded form of the interacting Green’s function in terms of the perturbation:

⇒ G
(n)
α1...α′n

(τ1 . . . τ
′
n) =

⟨Tζ [Uint(β)â α1(τ1) . . . â
†
α′1
(τ ′1)]⟩

0
⟨Uint(β)⟩0

(2.180)

The notation ⟨⋅⟩0 stands for the average with respect to a zero potential Hamiltonian H0 with partition
function Z0.

Wick’s Theorem

A tool for the evaluation of expectation values under the non-interacting Hamiltonian (such as in
Eq. (2.180)) is Wick’s theorem. A pair of creation and annihilation operators is called a contraction
and can be visualized using brackets in the following way:

⟨a?
α1(τ1)a

?
α2(τ2)⋯a

?
αn
(τn)⟩0 = ∑

π∈K

n

∏
i=1
ζsgn(π)

⟨â απ(1)(τπ(1))â
†
απ(2)(τπ(2))⟩

0

⋯⟨â απ(n−1)(τπ(n−1))â
†
απ(n)(τπ(n))⟩

0
(2.181)

With K ∈ Sn (Sn is the symmetric group) such that no permutations with two creation/annihilation
operators occur. The minus sign for fermions can be obtained by counting the number of times lines
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cross each other. For example:

⟨aα1(τ1)aα2(τ2)a
†
α3(τ3)a

†
α4(τ4)⟩

0
=ζδα1α3G0,α1α3(τ1 − τ3)δα1α4G0,α1α4(τ1 − τ4)

+ δα2α3G0,α2α3(τ2 − τ3)δα2α4G0,α2α4(τ2 − τ4)

Feynman Diagrams

We will simplify the notation for many of the following calculations by using Feynman diagrams.
Creation (field) operators for a state α at time τ are represented by an outgoing arrow that originates
at a point labeled τ . Annihilation operators are defined in the same way but with an incoming arrow.
Equal times are connected at a single point, called a vertex. This means that the propagation of a
state α2 to α1 from time τ2 to τ1 is written as follows:

α2τ2 α1τ1 = Gα1α2(τ1; τ2) (2.182)

An instantaneous two-particle interaction with a potential v̂ at time τ is written in second quantization
form as:

V̂ (â†
(τ), â(τ)) = ∑

αβγδ

{αβ∣v̂∣α′β′}â†α(τ)â†
β(τ)â β′(τ)â α′(τ) (2.183)

This is graphically represented as follows:

γ

α

δ

β

= ⟨αβ∣ v ∣γδ⟩ (2.184)

The rules governing these diagrams are too lengthy to define in this context. The notation and example
below directly connect to [111, Chapter 2.3] and [61, Chapter 1.5].
In order to remind the reader of the most important properties and for reference in a later chapter,
we will, however, give the diagrammatic construction for the 2-particle interaction from Eq. (2.180).
Using Eq. (2.178) we obtain the two first-order diagrams:

V̂ (â (τ), â†
(τ)) =

1
2 ∑αβγδ

⟨αβ∣ v̂ ∣γδ⟩ â γ(τ)â δ(τ)â
†
α(τ)â

†
β(τ)

[
Z

Z0
]

n=1
= −

1
2 ∫

β

0
dτ ∑

αβγδ

⟨αβ∣ v̂ ∣γδ⟩ ⟨â†
α(τ)â

†
β(τ)âγ(τ)âδ(τ)⟩

0

= −
1
2 ∫

β

0
dτ∑

αβ

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

(⟨αβ∣ v̂ ∣αβ⟩ + ζ ⟨αβ∣ v̂ ∣βα⟩)G0,α(0)
´¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¶
=nα

G0,β(0)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(2.185)

= −
1
2

βα −
ζ

2

α

β

(2.186)

These are also often referred to as the Hartree and Fock diagrams. Taking only these two diagrams
into account is equivalent to neglecting fluctuations of quadratic and higher order. An example of this
is given in the context of the Stoner mean-field Hamiltonian for the Hubbard model in Eq. (3.70)12.

2.6.3 Irreducible Diagrams

As mentioned before, irreducible diagrams are central objects in the construction of the diagrammatic
extensions to DMFT, which are discussed in this thesis. We begin with the definition of irreducibility.

Definition 2.6.3.1
n particle irreducibility Diagrams that decompose into two disconnected diagrams of a lower
order by cutting n lines are called n particle irreducible (nPI). For example, the diagram

is One particle irreducible (1PI), while s is not. Ex-

12The link here is that we can insert the mean-field Hamiltonian into the free energy functional and find the stationary
value via δ2

δnαδnβ
WMF = ... = V̂ nα − V̂ nβ .
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amples for Two particle, two-particle irreducible (2PI) diagrams are given in the context of the
parquet decomposition in Eq. (2.244).

There exists an analog to the generating functional for Green’s functions for 1PI diagrams. This
is the effective action Γ (introduced in Eq. (2.166)). As the Legendre transform of W [J], functional
derivatives with respect to the (Grassmann) fields φ generate the source:

δΓ[φ,φ]
δφα

= −ζJα (2.187)

The 2 × n-th derivative, with the appropriate boundary conditions, yields the n-particle 1PI vertex13

Γ(n)
α1...αnα′1α′n

(τ1, . . . , τn; τ ′1, . . . , τ ′n) =
1
ζn

δ2nΓ[J, J]
δJα1(τ1)⋯Jαn(τn)Jα′n(τ

′
n)⋯Jα′1

(τ ′1)
∣

J=J=0
(2.188)

Let us first tackle the concept of one-particle irreducibility by summarizing the three most important
points (for this thesis) of [111, Chapter 2.4], before considering the implications and construction of
full Green’s functions (in the form of the Dyson and Bethe-Salpeter equation). We will demonstrate
that the effective action acts as the functional inverse of the connected Green’s functions, that it can be
used to generate the full Green’s function via tree diagrams, and finally, use it to construct the Dyson
equation.
We may also use this opportunity to introduce a more compact notation, where we indicate a set of
corresponding indices with just that index, i.e. (τ1, α1) → 1; a bar implies summation/integration over
all corresponding indices (see also Sec. 2.1.1, as before further details are found in [111, Chapter 2]).
First, we derive an auxiliary chain rule for an arbitrary functional F :

δF

δφ(1)
=

δF

δJ(2)
δJ(2)
δφ(1)

+
δF

δJ(2)
δJ(2)
δφ(1)

= −ζ
δF

δJ(2)
δ2Γ

δφ(1)δφ(2)
−

δF

δJ(2)
δ2Γ

δφ(1)φ(2)

Then, we expand the unity in terms of a field derivative and use Eq. (2.169) to expand these fields in
terms of derivatives with respect to the sources. In the second line, we insert the identity from above
to eliminate the outer derivative:

δ(31) = δφ(3)
δφ(1)

=
δ

δφ(1)
[−ζ

δW

δJ(3)
] (2.189)

=
δ2W

δJ(2)δJ(3)
δ2Γ

δφ(1)δφ(2)
+

δ2W

δJ(2)δJ(3)
δ2Γ

δφ(1)δφ(2)
(2.190)

Three similar equations are obtained for the other index combinations. We consider only equal numbers
of creation and annihilation operators and, therefore arrive at the following:

δ(13) = Gc
(1,2)Γφφ(2,3) = Γφφ(1,2)G

c
(2,3) (2.191)

⇔ δ(13) = 1 2 3
Γ Gc

= (2.192)

⇒ Γ(1)(1,2) = Gc,−1
(1,2) (2.193)

This yields an important identity: the connected one-particle Green’s function is the inverse operator
to the two-point vertex function.

Definition 2.6.3.2 (self-energy and Dyson Equation)
The self-energy is the difference between 1 particle irreducible (1PI) diagrams of interacting and
non-interacting systems.

Σ(1; 2) = Γ(1; 2) − Γ0(1; 2) (2.194)

Γ0 denotes the inverse of the connected, non-interacting Green’s function, according to Eq. (2.193)
With Eq. (2.193), this is equivalent to the Dyson equation:

G−1
= G−1

0 +Σ (2.195)

And without suppressed indices in Matsubara space and a scalar dispersion relation, a notation we

13Note, this functional does not generate 2PI diagrams! To achieve this, one introduces bilinear source fields that couple
to two fields, resulting in the Luttinger-Ward functional Sec. 4.3. For details and derivations see [69, Chapter 6].
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will use throughout this thesis, we have:

Gν
k =

1
iνn − εk + µ −Σν

k
(2.196)

The class of fully irreducible diagrams, with the self-energy being the most prominent one, plays a
central role in this thesis as they encapsulate correlation effects, as we will discuss in more detail in
Sec. 3.3. Rearranging Eq. (2.195) and using the formal equivalence of the limit for a geometric series,
one can immediately see its role in the difference between the propagation of a free and fully interacting
particle:

G = [G−1
0 −Σ]−1 (2.197)

= G0 −G0ΣG = G0 −G0ΣG0 +G0ΣG0ΣG0 ±⋯ (2.198)

⇔ = −

Σ
(2.199)

= −

Σ
+

Σ Σ
−⋯ (2.200)

Here, we have also introduced a double line for the full propagator that includes all self-energy contri-
butions. From the last expression, the role of self-energy as an effective one-body potential (since it is
the only term that changes in comparison to G0) becomes clear. When it is clear from the context, we
will, however, use a single line even for the dressed propagator.
We have also seen previously in Sec. 2.5 that the pole structure of the Green’s function is related to
the features of the quasiparticle spectrum and, furthermore, quantities such as the effective mass or
density of states are directly calculated as derivatives of the self-energy.
In Sec. 3.3 and Sec. 3.4, we will make use of this approach to investigate the leading order of physical
processes in the Hubbard model at the limit of strong and weak interaction strength. Importantly,
this diagrammatic approach will help us to understand the DMFT method when introducing Anderson
Impurity Model (AIM) as the infinite coordination number limit of the Hubbard model in Sec. 3.6. The
central theme for this thesis is to make approximations to the 1 and 2-particle 1 and 2-particle irre-
ducible vertices and then construct the full Green’s functions. The assumption here is that truncations
or approximations in this set of diagrams have a less severe impact or are, in a sense, more tractable
than direct approximations to the Green’s functions themselves. One possible motivation here follows
from Eq. (2.200): Whichever approximation is taken for the self-energy, we can still hope to retain
some sort of propagation through the infinite convolution with the free propagator. At least in the
single-particle case, this is additionally a numerically very inexpensive operation due to the geometric
series limit.

Hartree-Fock

It is certainly worthwhile to look at the lowest-order approximation for the self-energy in this context
to illustrate this reasoning with a concrete example. The leading order diagrams of the self-energy are:

Σ = + + + + ⋯ (2.201)

The simplest possible approximation takes only the first two diagrams (those with just one interac-
tion) into account; this is the well-known Hartree-Fock method. We do not assume an instantaneous
interaction for now; otherwise, both diagrams would be the same (since the dashed lines contract).

ΣHF = + (2.202)
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2.7 Two-Particle Green’s Functions

Algebraically, these diagrams are given as follows:

= − ∑
k′ν′σ′

⟨kk′∣ v ∣kk′⟩Gν′

0,k′σ′e
iν′nη

= v(0)nHF(k) (2.203)

= ζ ∑
ν′σ′
⟨kk′∣ v ∣k′k⟩ δσ,σ′G

ν′

0,σ′,k′e
iν′nη

=ζv(k − k′)nHF(k) (2.204)

⇒ Σν
HF,k =

1
V
(v(0) + ζv(k − k′))nHF(k) (2.205)

The Hartree and Fock contributions are given in Eq. (2.203) and Eq. (2.204). We also set:

∑
ν

Gν
HF,ke

iνnη
= −ζnHF(k) (2.206)

This is a self-consistency equation since the distribution function nHF(k) is a function of the self-energy
that again determines the electron distribution. Self-consistency conditions are a core ingredient in
mean-field theories, for which the Hartree-Fock is our first example; see also Sec. 3.4.2. We will also
discuss the two-particle version of the Hartree-Fock approximation, Random Phase Approximation
(RPA), in more detail later Sec. 5.2.1.

Bilinear Source fields

The choice of the source fields J is arbitrary and has been motivated by the desired quantities that we
wanted to compute, namely the (connected) Green’s functions and the 1PI vertices. However, we will
also need 2PI vertices for this thesis, specifically in the context of the Luttinger-Ward functional in
Sec. 4.3. It turns out that the corresponding generating functional can be constructed by considering
bilinear sources of the form [111, p 119]:

Z[η, η, η∗] = exp
⎡
⎢
⎢
⎢
⎢
⎣

∫ dτ∑
αβ

ηαβφαφβ + ηαβ
φαφβ + η

∗
αβ
φαφβ

⎤
⎥
⎥
⎥
⎥
⎦

(2.207)

The resulting effective action Γ generates all amputated 2PI diagrams. Specifically in the fermionic,
non-symmetry breaking case where only the second term above contributes, we can obtain a version
of Γ as a functional of Green’s functions, which is closely related to the Luttinger-Ward functional
see Sec. 4.3. Note that the previous identities of the effective action Γ can be derived for bilinear
sources as well [111, Problem 2.12].

2.7 Two-Particle Green’s Functions

Since the primary focus of this thesis is the inclusion of 2-particle correlations in the DMFT — and,
more importantly, many technical details of the implementation rely on specific properties of this
quantity — we will collect the definitions and discuss a number of important properties in this chapter.
Furthermore, we will discuss the notation and generalizations of the decomposition into irreducible and
reducible diagrams that will later be used for the DΓA method 5.3.

2.7.1 frequency index convention

Energy conservation allows us to use only 3 frequencies14. We will adopt the commonly used particle-
hole and particle-particle notation, which describes corresponding scatterings with some energy transfer
ω.

Definition 2.7.1.1 (Frequency Index Convention)
The frequency representation of 2-particle quantities with translational invariance has three in-
dependent times. We commonly use two conventions for writing the Fourier transform. The

14For a generalization of the proof from Eq. (I8.1) to the n-particle case see [205, Sec. 2.2.2.1]
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2 Green’s functions

particle-hole convention (ph) and particle-particle (pp) convention. Let f be an arbitrary 2 point
correlator of a system in equilibrium.

fνν′ω
ph,α1...α4 =∫ dτ1τ2τ3e

i(ω+ν)τ1eiν′0e−iντ ′1e−i(ω+ν′)τ ′2fph,α1...α′2
(τ1,0; τ ′1, τ ′2) (2.208)

In terms of Feynman diagrams, we can write a general four-frequency object f (2) (using transla-
tional invariance, only three are independent) on the two-particle level as follows:

f
(2),νν′ω
ph,α1...α′2

∶=

ν′2 = ν
′

f
(2),ν1ν2;ν′1ν′2
ph,α1...α′2

ν2 = ω + ν
′

ν1 = νν′1 = ω + ν

(2.209)

(2.210)

f
(2),νν′ω
pp,α1...α′2

∶= f
(2),ν1ν2;ν′1ν′2
pp,α1...α′2

ν2 = ω − ν ν1 = ν

ν′1 = ω − ν
′ ν′2 = ν

′

(2.211)

The external legs are not one-particle Green’s functions in this case; they are just in the illustration
to mark the free indices of the two-particle object.
△! The frequency numbering does not match the one in [205] (especially page 58) due to the different
definition of the operator ordering in Sec. 2.2.2.1.

The reason for this redefinition of the frequencies is the better physical interpretability, made possible
by the reduction to three frequency indices. (i) The particle-hole channel can be viewed (letting the
time axis in the diagram go from bottom to top) as one incoming electron with energy ν + ω and
one incoming hole with energy −ν′. After the generalized scattering, governed by the function f , the
energies of particle and hole are changed from ν → ν′, but the difference ω remains. (ii) This frequency
index convention yields – after summation over the two fermionic frequencies and momenta ν, ν′ and
k,k′ – exactly the equal time, bosonic frequency operator, that we have introduced in Sec. 2.4, thus
justifying the name “generalized” susceptibility.

2.7.2 Spin Index Conventions

The many symmetries (usually 4, 5 with particle-hole symmetry, see [205, Chapter 2]) in the two-particle
quantities throughout this thesis are reflected in the number of independent spin and frequency indices.
Furthermore, certain combinations carry specific physical meanings and/or have become customary in
the literature. We will be very explicit in the definition of these conventions here, as they can be
confusing or misleading in the literature, where no coherent notation has emerged yet. In two-particle
quantities (i.e. 4 spin indices) only 6 of the total 24

= 16 remain [205, Sec. 2.2.2.2]. One can, therefore,
shorten the notation as follows.

Definition 2.7.2.1 (Spin Index Convention)
For general two-particle quantities f , we will only use 2 of the formally 4 needed spin indices,
including a bar notation, to obtain the remaining combinations:

fσσ′ ∶= fσσ′σσ′ (2.212)
f

σσ′ ∶= fσ′σ′σσ (2.213)

Furthermore, for many physically measurable quantities, we want to use the physically easier to
interpret conventions:

fd = fph,↑↑ + fph,↑↓ (2.214)
fm = fph,↑↑ − fph,↑↓ (2.215)
fs = fpp,↑↑ − fpp,↑↓ (2.216)

ft = fpp,↑↑ + fpp,↑↓ (2.217)
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2.7 Two-Particle Green’s Functions

We use a subscript r ∈ {d,m} or r ∈ {s, t} to denote the channel. The context and further subscript
of pp or of ph (△! the ph subscript is suppressed in most cases since it is the more common one)
allow us to identify the definition of r in the context.

Note, that for σ = σ′ above, Eq. (2.212) and Eq. (2.213) coincide. The total number of possible
combinations, therefore, matches the 6 independent combinations after applying the symmetries. Fur-
thermore, the crossing symmetry [205, Table 2.1], relates Eq. (2.212) and Eq. (2.213). For this reason,
we will rarely make use of Eq. (2.213) and, consistent with some of the literature, omit the “ph” sub-
script when the context allows it.
The transformation from the σσ′ to magnetic and density channel notation can more formally be
defined using the projection operators from Eq. (2.125):

Pd = Bd ⊗B
T
d = (

1 1
1 1)Pm = Bm ⊗B

T
m = (

1 −1
−1 1 ) (2.218)

One can then subsequently define magnetic and density susceptibility as:

χm = −P
T
mχPm (2.219)

χd = −P
T
d χPd (2.220)

With chi from Eq. (2.125). It is possible to generalize this to the case with fewer symmetries and more
contributing channels, see [180, Chapter 4].
Using crossing and SU(2) symmetry, we can also find two more identities for the singlet and triplet
channels [205, Eq. 2.167]:

Γνν′ω
s = Γνν′ω

pp,↑↓ − Γνν′ω
pp,↑↓

crossing
= Γνν′ω

pp,↑↓ + Γν(ω−ν′)ω
pp,↑↓

SU(2)
= 2Γνν′ω

pp,↑↓ − Γνν′ω
pp,↑↑ (2.221)

Γνν′ω
t = Γνν′ω

pp,↑↓ + Γνν′ω
pp,↑↓

crossing
= Γνν′ω

pp,↑↓ − Γν(ω−ν′)ω
pp,↑↓

SU(2)
= Γνν′ω

pp,↑↑ (2.222)

Mapping between pp and ph Notation

Using the symmetry relations from [205, Table 2.1] we find two viable mapping between pp and ph
channels.

ωpp = ωph − νph − ν
′
ph, qpp = qph − kph − k′ph (2.223)

νpp = νph, ν′pp = ν
′
ph, kpp = kph, k′pp = k′ph (2.224)

Or

ωpp = νph − ν
′
ph, qpp = kph − k′ph (2.225)

νpp = ν
′
ph, ν′pp = −νph, kpp = k′ph, k′pp = −kph (2.226)

These mappings are used, for example, for the determination of the superconducting phase transition,
discussed in Sec. 4 and Sec. 7.2.

2.7.3 Generalized Susceptibilities
For the description of our methods in Sec. 5.4 a slightly different convention for the two-particle corre-
lator is useful. Here, we only consider connected scattering processes; i.e. this correlator becomes zero
for a vanishing interaction. Due to their relationship with physical response functions (see Def. 2.7.3.2),
these correlators are called generalized susceptibilities.

Definition 2.7.3.1 (Susceptibilities)
We define the bare susceptibility or bubble term χ0 and full susceptibility χ as:

χ0,σ1σ2σ3σ4(τ1, τ2; τ ′1, τ ′2) = G(1)σ1σ2(τ1; τ ′1)G(2)σ3σ4(τ2; τ ′2) (2.227)

χσ1σ2σ3σ4(τ1, τ2; τ ′1, τ ′2) = G(2)σ1σ2σ3σ4(τ1, τ2; τ ′1, τ ′2) − χ0,σ1σ2σ3σ4(τ1, τ2; τ ′1, τ ′2) (2.228)

As usual, we can also understand the generalized susceptibility in terms of diagrams as a scattering
process. The full vertex F νν′ω

σσ′,kkq describes a scatting process of two particles at equilibrium, containing
all diagrams. In Sec. 2.8.1 we discuss how to partition these into classes, in order to facilitate approx-
imations. Then the susceptibility is given as the difference between the connected and unconnected
(bare) parts:
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2 Green’s functions

χνν′ω
σσ′,kk′q = − F

Gν
k

Gω+ν
q+k

Gω+ν′

q+k′

Gν′

k′
− βδνν′δσσ′δ(k − k′)

Gν
k

Gν+ω
q+k

(2.229)

We will often use a channel-dependent interaction Ur, the reason is the leading-order diagrammatic
contribution in this channel.

Um = −U +O(U
2
), Ud = U +O(U

2
) (2.230)

Definition 2.7.3.2 (Physical and Generalized Susceptibilities)
The bare bubble, or unconnected susceptibility, is defined in Fourier space, according to Eq. (2.7.3).

χνν′ω
0,ph/pp,kq = −βδνν′G

ω±ν
q±kG

ν
k (2.231)

We commonly use partially summed versions of the bare susceptibility:

χνν′ω
0,ph/pp,q = ∑

k
χνν′ω

0,ph/pp,kq, χνω
0,ph/pp,q = −∑

ν′
χνν′ω

0,ph/pp,q (2.232)

For quantities without momentum dependence, as encountered for DMFT in Sec. 5.1 and later,
the sum is not present.

χνν′ω
σσ′,kk′q = −βG

ν
kG

ν
k+qδνν′δσσ′ −G

ν
kG

ν+ω
k+qF

νν′ω
σσ′,kk′qG

ν′

k′G
ν′

k′+q (2.233)

The physical response functions can be obtained from the generalized ones by summation over the
fermionic frequencies and momenta.

χω
r,σσ′,q = ∑

νν′

kk′

χνν′ω
σσ′,kk′q (2.234)

2.7.4 Schwinger-Dyson Equations of Motion

There is a general notion that connects higher-order Green’s functions to lower-order ones. On an
operator level, this is typically encountered when taking the time derivative of an operator, following
the application of the Heisenberg equation of motion Eq. (2.16). The formal connection is given by
the Schwinger-Dyson equation of motion (SDE) and can also be obtained using the functional integral
formalism.
Consider a general functional F that respects the usual boundary conditions:

∫ D[φ]
δF [φ]

δφα
=∏

α
∫ dφα

∂F [φ]

∂φα
= 0 (2.235)

We can use this to obtain the SDE by expansion of the expectation value for this functional, from
Eq. (2.175):

0 Eq. (2.235)
= ∫ D[φ]

δ

δφα

[F [φ]e−S[φ,φ ]e−⟨J,φ ⟩−⟨φ,J ⟩
] (2.236)

=∫ D[φ]

⎡
⎢
⎢
⎢
⎢
⎣

δF [φ]

δφα
− F [φ]

⎛

⎝

δS [φ,φ]

δφα
+ J
⎞

⎠

⎤
⎥
⎥
⎥
⎥
⎦

e−S[φ,φ]e−⟨J,φ⟩−⟨φ,J⟩
= −⟨F [φ]

⎛

⎝

δS [φ,φ ]

δφα
+ J
⎞

⎠
⟩ (2.237)

Since this must hold for an arbitrary functional F , we deduce:

−⟨
δS [φ,φ]

δφα
⟩ = Jα, −⟨

δS [φ,φ]

δφα

⟩ = Jα (2.238)

We then carry out the J and J derivatives according to Eq. (2.171) and obtain the SDE, relating
n particle Green’s functions to n + 1 and n + 2 ones. This is the same hierarchy obtained through
imaginary time derivatives of the Green’s function, as done in Sec. 3.3.1. For details on this calculation
(e.g. chain rule for Grassman variables), see [61, Chapter 1.6.1]. We use an interaction appropriate for
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our setting: Vα1,...α4(τ1 − τ
′
1) and with

δS [φ,φ]

δφα1

= ∑
α′1

∫ dτ ′1G−1
0,α1α′1

(τ1; τ ′1)φα′1
(τ ′1) +

1
3! ∑

α2α′1α′2

∫ dτ ′1Vα1α′1α′2α′3
(τ1 − τ

′
1)φα2(τ2)φα′1

(τ ′1)φα′2
(τ ′1),

(2.239)
we obtain the SDE for the two-particle Green’s function:

G−1
0 (1; 3̄)G(3̄; 2) + ∑

α′3α′4α′2

∫ dτ ′1Vα1α′1α′2α′3
(τ1 − τ

′
1)Gα′1α′2α′3α2(τ1, τ

′
1; τ ′1 + η, τ2) = δ(1 − 2) (2.240)

This is the specific version of the SDE, connecting one and two-particle Green’s functions, see also Eq. (5.54).
We can furthermore obtain the expression for the single-particle potential energy, Eq. (2.81), from this
expression. Comparison with the Dyson equation (i.e. “G−1

0 G − 1 = ΣG”) yields

Σ(1; 3̄)G(3̄; 2) = − ∑
α′3α′4α′2

∫ dτ ′1Vα1α′1α′2α′3
(τ1 − τ

′
1)Gα′1α′2α′3α2(τ1, τ

′
1 − η; τ ′1 + η, τ2) (2.241)

Note, that we obtain the Galitskii Migdal formula [75] for the potential energy for τ2 → τ1 + η:

Σ(1̄; 3̄)G(3̄,1 + η) = ∑
α1α′3α′4α′2

∫ dτ ′1∫ dτ1Vα1α′1α′2α′3
(τ1 − τ

′
1)Gα′1α′2α′3α2(τ1, τ

′
1; τ ′1, τ1 + η) = 2⟨V ⟩ (2.242)

After Fourier transformation to Matsubara space we obtain the familiar form for the Hubbard model,
we will use later in Sec. 5.4:

∑
ωk

ΣνkGν
ke
−iνn(−η)

= U⟨n̂↑n̂↓⟩ (2.243)

2.8 Parquet Decomposition and Bethe-Salpeter Equation

2.8.1 Parquet Decomposition

The decomposition of a full Green’s function into a subset of uniquely defined diagrams and a set
of rules to construct the original one is not unique to 1PI diagrams as a subset. In this section, we
discuss the parquet decomposition that will be used as a basis for the DΓA method (see Sec. 5.3),
following [97]. This decomposition of the full vertex F will be discussed in Sec. 5.4 (see Eq. (5.57)).
Here, we will introduce the generalization of the Dyson equation, the Bethe-Salpeter Equation (BSE),
that connects the connected and full Green’s functions.
Contrary to the single-particle case, for 2-particle Green’s functions, there is more than one possible
way to cut internal lines. This necessitates an additional step before the description of the equations
between the connected and the full set of diagrams. Here, we use the parquet decomposition, which
segments the class of all two-particle diagrams into 4 disjoint sets15.

Important 2.8.1.1
The full vertex F decomposes into four classes: fully irreducible diagrams Λ and diagrams Φr that
are reducible in exactly one channel r:

F = Λ +Φph +Φph +Φpp (2.244)

It will frequently be useful to write formulas in terms of diagrams that are irreducible in the channel
r.

r ∈ {ph,ph,pp} (2.245)

They can be written in two ways (i) all diagrams without the reducible ones:

Γr = F −Φr (2.246)

(ii) all irreducible ones together with the ones that are reducible in exactly one channel r′ ≠ r:

Γr = Λ + ∑
r′≠r

Φr′ (2.247)

The three possible combinations, corresponding to different scattering processes, are illustrated here,

15This is not a unique decomposition, as the single-boson-exchange decomposition demonstrates [145]. We will make
use of this decomposition in the context of lDΓA , in a form similar to [125] and formally derived for the 1PI
method [205].
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reproduced from [97, Fig. 5]

F

1

2 3

4
= Λ

1

2 3

4
+

1

2 3

4

s
s +

1 4

32

sq +

1

2 3

4

s
s

(2.248)

The red scissors mark the 2-particle reducibility in the diagrams, while the blobs consist of irreducible
diagrams in the corresponding channel, such that each possible 2-particle diagram falls into one of the
four categories above. Γ consists of 2PI diagrams, i.e. diagrams that cannot be made unconnected
by cutting two propagator lines. The leading-order diagrams for the fully irreducible 2-particle vertex
are the bare interaction U and the envelope diagram (compare also the self-energy for the one-particle
analog in Eq. (2.186)):

Λ

1

2 3

4
=

1

2 3

4

+

1

2 3

4

+ . . . (2.249)

2.8.2 Bethe-Salpeter Equation

With this generalized notion of reducibility, we can now define the construction method to obtain the
full vertex F from the irreducible vertices, similar to the Dyson equation. This section only gives a
very general idea (specifically, we will omit the exact frequency notation). Details can be found in [205,
Appendix B].
The full vertex can be trivially decomposed into the sum of the sets of diagrams that are reducible and
irreducible in any channel r:

F = Γr +Φr ⇔ Φr = F − Γr (2.250)

The insight now is that the reducible diagrams Φr can be constructed from irreducible ones through
a similar construction illustrated in Eq. (2.249). Using Eq. (2.250), we can express the full vertex
through the irreducible vertex in each channel.

Important 2.8.2.1 (Bethe-Salpeter Equation)
The Bethe-Salpeter equation relates the full vertex F to the two-particle vertex containing only
two-particle irreducible diagrams (we abbreviate this by 2PI) in the channel r:

F = Γr +Φr (2.251)
Φr = F ⋆ (G ⋆G)r ⋆ Γr (2.252)

The star marks a convolution over the appropriate internal indices corresponding to the channel.

In terms of diagrams, the BSE in the particle-hole channel is given as follows:

F

1

2 3

4
= Γph

1

2 3

4
+ F Γph

1

2 3

4
(2.253)

These depend on the channel and can, with illustrations, be found in [205, Fig B.1]. We will frequently
use the BSE in the context of the DΓA method in Sec. 5.3 to obtain the reducible vertices in the density
and magnetic channel from F and vice versa, introducing nonlocal corrections in the process.
Note that the full vertex F appears on the left- and right-hand sides. Luckily, the equations are in our
setting linear in Matsubara space and can be solved through matrix inversion16. For the density and

16One might consider solving the matrix equation directly, as matrix inversions are known to be numerically unstable.
However, the structure (specifically the third index) of this equation does not allow for such an improvement.
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magnetic channel, the solution for Γ is readily obtained by matrix inversion from Eq. (2.251):

Γnuν′ω
d/m = ∑

ν1

F νν1ω
d/m [M−1

]
ν1ν′ω

, Mνν′ω
= 1 +

1
β
GνGν+ωF νν′ω

d/m (2.254)

Some more details for the actual computation of this quantity are given in Sec. 6.3 and Sec. 6.5. For
the physical susceptibilities, one can also rewrite the BSE in the following way to obtain the irreducible
vertex from the generalized susceptibility [207, Appendix. B]:

Γνν′ω
r = β2

[(χω
r )
−1
− β (χνν′ω

0 )
−1
]

νν′ω
(2.255)

From Eq. (2.258) we can observe, that the irreducible vertex Γνν′ω may diverge when the generalized
susceptibility has eigenvalues crossing 0 [205, p. 129] associated with corresponding critical eigenvalues
of Γνν′ω

r . These can be understood as precursors of the Mott transition [204, 215, 220, 89]. This is,
however, not the focus of this thesis, instead, we investigate the divergencies of the generalized (or
more precisely physical) susceptibility, which indicates second-order phase transitions.
The transformation of the spin indices to the density and magnetic channels can be done by using the
projectors from Eq. (2.219). A full derivation including proper definition of all indices can be found
in [205, Appendix B].

Important 2.8.2.2 (BSE for Full and Irreducible Vertex)
In terms of the full vertex F , the BSE is given by:

F νν′ω
r = Γνν′ω

r +∑
ν1

Γνν1ω
r Gν1Gω+ν1F ν1ν′ω

r (2.256)

In terms of the irreducible vertex and generalized susceptibility is reads:

χνν′ω
r = χνν′ω

0 − ∑
ν1ν2

χνν1ω
0 Γν1ν2ω

r χν2ν′ω
r (2.257)

= [1 − χνν′ω
0 Γνν′ω

r ]
−1
χνν′ω

0 (2.258)

One can also obtain the BSE through a generating functional approach by derivatives of the effective
potential, according to Eq. (2.193). We omit all unnecessary indices for this illustration. Details can
be found in [266, Chapter 56]:

χσσ′ =
δΓ[Gσ]

δGσ′
= GσGσδσσ′ −Gσ [

δΣσ

δGσ

δGσ

δJσ′
]Gσ (2.259)

This form will be used in the discussion of conserving approximations, specifically Sec. 5.2.1. With
δΣσ
δGσ

= Γ and δGσ
δJσ′

= χ and reintroduction of all indices (we still combine momentum and frequency
indices here), one obtains the Bethe-Salpeter equation for the generalized susceptibilities given in
Eq. (2.257).

2.8.3 Parquet Equations

The set of equations we will construct can be obtained by first considering the decomposition of
irreducible diagrams in exactly one channel r from Eq. (2.247). We insert Eq. (2.251) into Eq. (2.247)
and solve for Φr yielding the following set of three (Eq. (2.245)) equations:

Φr = F − Γr = F ⋆G ⋆G ⋆Λ + ∑
r′≠r

F ⋆G ⋆G ⋆Φr′ (2.260)

Together with Eq. (2.247) and Eq. (2.244) this can be written in the diagrammatic form of Eq. (2.253) [97,
Fig. 7]:
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3 Hubbard Model

In this chapter, a general introduction to the Hubbard model and its magnetic phases
is given. Many of the topics discussed in this section can also be found in textbooks
or lecture scripts and are presented here for the purpose of giving a collection of con-
cepts and methods that are instrumental in our investigation of the antiferromagnetic
phase diagram of the Hubbard model in a three-dimensional lattice at half-filling in
Sec. 7.1 and in the further development of the newly developed method investigated on
the two-dimensional Hubbard model for arbitrary filling and the application to the phase
diagram of cuprates in Sec. 7.2.
Readers familiar with the Hubbard model, mean-field theories, and the effects of corre-
lation in this setting may want to skip this chapter.
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3 Hubbard Model

3.1 Introduction

In this chapter, we want to motivate the Hubbard model as an abstraction for correlations between
electrons in low-energy lattice modes. This will neglect many degrees of freedom, such as the spatial
positions of electrons or the movement of nuclei. However, this model has proven tremendously success-
ful in describing magnetic ordering, the Mott insulating phase, and superconductivity. Its application
to many problems in solid-state theory is ubiquitous because it has long been believed to capture the
essence of superconductivity [11] A review of the current state of research and numerical methods can
be found in [13] and [198]
We will now motivate the Hubbard model by walking through the necessary approximations, start-
ing with the general non-relativistic1 Hamiltonian for the interactions of Ne electrons with positions
denoted with lower case r: and Nn nuclei with positions denoted with upper case R:

Ĥ = −
Ne

∑
i

h̵2

2mi
∇

2
ri

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
T̂e

−

Nn

∑
m

h̵2

2Mm
∇

2
Rm

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
T̂n

+
1
2∑i≠j

V̂e−e(ri, rj)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
V̂e−e

+
1
2 ∑m≠n

V̂n−n(Rm,Rn)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
V̂n−n

+

Ne

∑
i

Nn

∑
m

V̂e−n(ri,Rm)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
V̂e−n

(3.1)

The 5 terms describe the movement of electrons and nuclei, interactions among electrons, interactions
among nuclei, and finally, interactions between electrons and nuclei. This model not only incorporates
different energy scales, since nuclei move much more slowly than electrons but also results in a system
of 1023 coupled differential equations for macroscopic systems. The first problem can be tackled by
separating electronic and atomic movements. The observation that the ratio of electrons and nuclei is
me
Mn
∼ 1/2000 justifies this assumption. Therefore, it is justified to separate the wave function into a

product and solve the electronic system with static positions for the ions.

ψtotal ({ri};{Rk}) = ψe ({ri};{Rk}) × ψion ({Rk}) (3.2)

This is known as the Born-Oppenheimer approximation [35], leading to a Hamiltonian for the electrons
in which the lattice vectors Ri only appear as static parameters (and vice versa).
Although there are important applications of the degree of freedom of the lattice, we will exclusively
discuss the electronic structure in this thesis2. Our general Hamiltonian from Eq. (3.1) will therefore
be reduced to three terms:

Ĥ = −
Ne

∑
i

p̂2
i

2mi
+

1
2∑i≠j

V̂e−e(ri, rj) +

Ne

∑
i

Nn

∑
m

V̂e−n(ri,Rm) (3.3)

The second simplification, downfolding, is much less straightforward, leading to many Hubbard-related
models. Let us assume that we have access to electronic wave functions from an ab initio method, most
commonly Density Functional Theory (DFT) [140]. In that case, we denote the Kohn-Sham orbital for a
state α (combined spin and orbital) by ψα(k). Correlation effects are assumed only to play a significant
role at low energies and partially filled narrow orbitals (d and f). As a reason, we can imagine that the
small spatial extent of these orbitals plays a role in the lack of electron-electron screening. However,
screening is necessary to justify mean-field-like approaches that neglect explicit correlations, as we
will discuss in Sec. 3.4. Therefore, one needs to find a model for the lowest energy bands (a process
called downfolding, which is in itself subject to ongoing research [15]), calculate corrections to the band
structure, and then map the corrections back to the original band structure. Additionally, to obtain
a lattice model, we also need to determine a local basis for these wave functions. Both requirements,
reducing to the correct bands and orbitals and the localization, can be fulfilled by maximally-localized
Wannier functions [139, 165]. Here, a transformation Umn is determined, mapping the occupied bands
(this restricts the sum over α below) that belong to the correlated orbitals to this Wannier basis:

∣φβ(r)⟩ =
1
N
∫

BZ
dke−ik⋅R

∑
α

Mαβ(k) ∣ψα(k)⟩ (3.4)

under the localization restriction (i.e. minimal variance),

min{⟨φβ(r)∣ r2
∣φβ(r)⟩ − ⟨φβ(r)∣ r ∣φβ(r)⟩} (3.5)

We can now transform the Hamiltonian in Eq. (3.3) (this time already in k space) using the transfor-
mation matrix, with ri and rj marking positions of atoms in the unit cell and the site indices i, j, k, l
split off from the multi-indices for general quantum-states α,β, γ, δ. The “localized” tight-binding
Hamiltonian in real space (the real space basis is chosen to emphasize the locality of the basis) is then

1This is already the first simplification. Relativistic effects play a role in the electronic states of heavy ions, where
spin-orbit coupling becomes significant. These systems will, however, not be investigated in this thesis.

2Note that even for superconductivity in cuprates, which we will discuss, the phonon coupling can usually not be
neglected[86]. However, including these effects in our newly developed methods is left as the subject of future
research. One well-known extension incorporating photonic (i.e. lattice) effects is known as the Hubbard-Holstein
model.
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3.1 Introduction

written as follows:

Hαβ(ri − rj) =
1
N
∫ dke−ik(ri−rj)

∑
γδ

M†
αγHγδ(k)Mδβ (3.6)

⇒ Ĥ = ∑
αβ
ij
σ

tαβ
ij ĉ

†
αiσ ĉ βjσ +

1
2 ∑αβγδ

ijkl

σσ′

U ijkl
αβγδ ĉ

†
αiσ ĉ

†
βjσ′ ĉ γkσ ĉ δlσ′ (3.7)

With the hopping amplitude t and the effective Coulomb interaction U⋯⋯ ; between sites i, j, spins σ,σ′
and states (orbitals, bands) α,β:

tαβ
ij = ∫ d3r ⟨φαi(r)∣ T̂e + V̂e−n ∣φβj(r)⟩ (3.8)

Uαβγδ
ijkl = ∫ d3rd3r′ ⟨φαi(r)φβj(r′)∣ V̂e−e(r, r′) ∣φγk(r′)φδl(r)⟩ (3.9)

The Hamiltonian has been written in terms of creation and annihilation operators (see Sec. 2.1). If
the downfolding and restriction to localized (d and f) orbitals is done carefully (and the system allows
it because the delocalized bands are sufficiently separated in energy), the spatial integration with few
basis functions will not destroy much information, and the obtained model can be assumed to be
a good approximation for the low-energy states. However, this Hamiltonian is still too general for
our purpose, and we typically make further approximations based on the locality of the interactions.
First, we will drop the band index, as we will only consider single-band systems in this thesis. This
approximation is generally not permissible. However, for high-temperature superconductors, which are
candidate materials for the methods in this thesis, two well-known material classes exhibit a sufficiently
well-behaved band structure. Cuprates, while having three bands contributing to the low energy states
through the charge transfer character [93], have only one Fermi crossing; therefore, they are often
qualitatively described in a single-band model, which we will discuss, including a brief introduction to
the literature about the validity of the single-band approximation, in Sec. 7.2. Nickalates may also
be treated this way [134, 45], although the applicability of this approximation is still disputed [124,
45]. We first tackle various simplifications for the Coulomb interaction. Here, one has to consider
the leading orders of interaction in the system carefully. For example, the consideration of d orbitals
(which do exhibit sizable correlation effects due to their narrow shape) in transition-metal oxides and
iron-based superconductors usually leads to considerable contribution of t2g orbitals, with one of the
driving mechanisms being the Hund’s coupling [79]. The resulting simplification reads [123]:

Ĥ = ∑
αβ
ij
σ

tαβ
ij ĉ

†
αiσ ĉ βjσ +U∑

α

n̂α↑n̂α↓ +U
′
∑
α≠β

n̂α↑n̂β↓

+ (U ′ − J) ∑
α<β,σ

n̂ασn̂βσ − J ∑
α≠β

ĉ†
α↑ĉ α↓ĉ

†
β↑ĉ β↓ + J ∑

α≠β

ĉ†
α↑ĉ

†
α↑ĉ β↓ĉ β↓ (3.10)

With n̂ασ = ĉ
†
ασ ĉ ασ being the density operator for spin σ in orbital α.

Compared with Eq. (3.9), we observe that only some elements for the 8 rank tensor Uαβγδ
ijkl survive, and

all have associated distinct physical processes. The U and U ′ terms correspond to Coulomb repulsion
of electrons with a different spin, occupying the same orbital, with U ≠ 0 only for density-density in-
teractions3, but still inter-band effects in the form of the interaction U ′ and Hund’s first rule with U ′−J .

U
t

Figure 3.1: Illustration of simple Hubbard Model for a 2D lat-
tice with hopping t and Coulomb density-density
interaction U

This thesis will be concerned with
a simpler model and neglect Hund’s
coupling. However, future extensions
of this model introduce the direc-
tion of multi-band, and Hund’s cou-
pling inclusion could be valuable since
the alternatives for treating strong
non-local correlations in compounds
such as iron-based superconductors
are sparse [2]. Our last two approx-
imations are the cutoff for distances
of the hopping and a further restric-

tion on the interaction term. The hopping is assumed to connect only neighboring atoms, at most 3
sites apart. We will usually write t, t′, and t′′ for nearest, next-nearest, and next-next-nearest neighbor
hopping. All other hoppings, as well as hoppings between orbitals and bands, are neglected.

tij = −
1
N
∑
αβ

δα,βe
ik(Ri−Rj)εα(k) (3.11)

3This gets rid of 2 indices, we also let Uαβ
ij → Uαβ
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3 Hubbard Model

Note that the simplification in the amount of hopping terms taken into account will have little to no
impact on the computational performance of the calculations for the correlated system. Finally, we
assume that the electron interaction only occurs when they occupy the same site. From that, we get
the Hubbard Hamiltonian used throughout this thesis:

Ĥ = −∑
ijσ

tij ĉ
†
iσ ĉ jσ +U∑

i

n̂i↑n̂i↓ − µ∑
iσ

n̂iσ (3.12)

When only nearest neighbor hoppings are considered, we write ⟨ij⟩ in the summation index. In this
thesis, we are exclusively interested in the repulsive Hubbard model, i.e. U > 0.
Figure 3.1 illustrates the Hubbard model on a 2D lattice. Despite its simplicity with only
2 (assuming for the moment t′ = t′′ = 0) parameters, this model can capture important
correlation effects, such as the Mott-insulator transition, and it is believed to be an excel-
lent candidate to encapsulate effects leading to high-temperature super-conductivity [119, 13].
Furthermore, the details of physics arising from this model are still the subject of ongoing research in
many numerical fields [198].
One may develop an intuitive understanding of the complex physics of this model by observing the
competition between the kinetic and potential energy terms. Specifically, the potential energy term
in the simple density-density interaction version of the Hubbard model in Eq. (3.12) can furthermore
be fully described in terms of charge and spin fluctuations (we use the definitions for charge and spin
operator in Eq. (2.75) and Eq. (2.122)):

Un̂i↓n̂i↑ =
U

4
(n̂i↓ + n̂i↑)

2
−
U

4
(n̂i↓ − n̂i↑)

2
=
U

4
n̂in̂i −

U

4
Ŝz

i Ŝ
z
i (3.13)

This fact will play a role in Sec. 5.2.1 and Sec. 5.4, when we discuss a renormalization of these quanti-
ties.
Our goal for the following sections is to gain a qualitative understanding of the driving physical mecha-
nisms in limiting cases of the parameter space that allows projection into subspaces with fewer physical
processes. Later, in Sec. 7.1, we discuss an improvement of the quantitative description over most
state-of-the-art methods for the special case of half-filling, 3 spatial dimensions, and a single band. In
Sec. 7.2, we will also discuss a method that could overcome the first two limitations.
To better understand the physics of the Hubbard model, we will now discuss different coupling regimes.

3.2 Hubbard Physics and Magnetic Ordering

Figure 3.2: Illustration of Mott insulating state on a 2 dimen-
sional Hubbard Model with an antiferromagnetic
order. Note that this picture does not aim to de-
pict an actual ground state, as the spins are drawn
with classical arrows – furthermore, vacuum fluc-
tuations will also contribute to a real quantum-
mechanical ground state (such as virtual exchange
processes). Lastly, the Mott insulating state does
not necessarily imply antiferromagnetic ordering,
for example, on frustrated lattices.

In the following, we will discuss gen-
eral properties of the Hubbard Hamil-
tonian on a qualitative level.
Let us first consider the possible elec-
tronic states of the single-band Hub-
bard model: Each lattice point can
have one of four different states, be-
ginning occupied by 2 (∣↑↓⟩), 1 (∣↓⟩ or
∣↑⟩) or 0 (∣0⟩) electrons. It is clear that
the double-occupied state is energeti-
cally less favorable the larger U/t be-
comes. At the same time, double oc-
cupations and empty sites will gener-
ally serve as a pathway for lowering
the kinetic energy term. To make this
more systematic, we will discuss the
leading-order contributions to limit-
ing cases of the Hubbard Hamiltonian.
Using a scaling in the units of 1/t, the
Hubbard model has, apart from the
temperature4, three notable degrees of freedom: (i) interaction strength U/t, (ii) electron density n,
and (iii) lattice coordination number. The first two depend on the lattice type considered, while the
last one is (almost) lattice-independent. We will first discuss the implications of the first two limits
and spend some more time discussing (iii), as it is crucial for DMFT Sec. 5.1. Note that the effect of
frustration plays a very important role, as it effectively destroys antiferromagnetic ordering. We will
omit this discussion for this section; however, some aspects are discussed in Sec. 7.2. The effects of
the lattice on the driving physics of the model are, of course, crucial, typically driven by frustration
and topological effects [157, 293]. For the following considerations, we will, however, assume nearest-

4For this section, we assume reasonably small T /t and discuss temperature dependence only in passing. For more
than two spatial dimensions, finite-temperature phase transitions do occur, but we defer the discussion of the
temperature-dependent phase diagram for now.
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3.3 Strong Coupling Limit

neighbor hopping and a bipartite lattice5in order to gain a general understanding of the model.
Furthermore, the half-filling case (n = 1) will be central to our discussion, as it is unique in exhibiting
Mott insulating behavior for strong coupling [179]. The Mott phase transition is characterized by a
half-filled band with a Fermi level crossing (that is, a metal according to the band structure) becoming
insulating as the interaction U increases above a critical Uc. In the Mott insulating phase, every site
is occupied by exactly one electron and the energy bands are separated by the Mott gap. No conduc-
tion can occur because the electron hopping is suppressed by a prohibitively large repulsive effective
Coulomb interaction U . Figure 3.2 gives an illustration of one example of this state on a bipartite
lattice. However, the insulating state is a singular point on the density axis, and charge fluctuations
start to emerge for any finite doping. What remains outside of the (fully) Mott insulating state, de-
picted in Fig. 3.2, for finite doping is often the antiferromagnetic ordering6. At weak coupling, this
state reduces the potential energy that arises from U ∑i⟨n̂i↑n̂i↓⟩. However, the picture is much less
clear than it might seem at first glance. The competition of itinerant magnetism in the weak coupling
and local moments in the strong coupling regime, together with the dilution of charge carriers, makes
the understanding of the driving mechanisms in the intermediate regimes astoundingly complicated.
The next two sections aim to introduce the limiting cases of strong and weak coupling, their governing
physics, and some common approaches to solving systems in this limit. Chapters 7 will make use of the
groundwork from this chapter and discuss the temperature dependence of antiferromagnetic ordering
as well as the driving mechanisms in the stabilization of the phase in the intermediate regimes and
moderate temperatures away from the limits discussed here.
Note that we only need to consider one direction of doping for the Hubbard model on bipartite lat-
tices since it is symmetric around half-filling (we still assume t′ = t′′ = 0), as demonstrated by the
particle-hole transformation.

ĉ
′†
iσ = (−1)iĉ†

iσ ⇒ ĉ′†iσ ĉ
′
jσ =

=0
³¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹µ

(−1)i+j ĉ†
iσ ĉ jσ, ĉ′†iσ ĉ

′
iσ = 1 − ĉ†

iσ ĉ iσ ⇒ µ→ µ +
U

4
(3.14)

We will use this fact and discuss doping without specification of the dopant for the discussion of limiting
behavior in the remainder of this section.

3.3 Strong Coupling Limit

In this section, we investigate the physics of the Hubbard model for strong coupling U/t ≫ 1. To
this end, we will first discuss the limiting case for U/t → ∞, called the atomic limit, followed by the
exact solution for a 2-site model (Hubbard dimer). This will serve as motivation for the consideration
of dominating processes in the strong coupling regime outside the atomic limit, culminating in the
definition of the t − J model, Sec. 3.3.3, and its limit, the Heisenberg model.

3.3.1 Hubbard Bands and Atomic Limit
The U/t → ∞ limit is, arguably, not a very compelling one, given that many interesting phenomena
emerge precisely from the competition between electron hopping and interaction. However, it provides
us with an entry point for understanding the general impact of the Hubbard U in a situation where not
only charge fluctuations but also Heisenberg-like dipole coupling is neglected. Namely, the understand-
ing of Hubbard bands and the implication of the self-energy for correlated systems will be the subject
of this section. Additionally, we will give an abbreviated overview of the derivation for the one-particle
Green’s function for an atomic limit Hubbard lattice, providing (together with the weak-coupling limit
in Sec. 3.4) a further introduction to the Green’s function formalism.

Exact Diagonalization

We begin completely disregarding the hopping term in the Hubbard Hamiltonian. Letting Uijkl ≡ U
and U/t→∞, the Hubbard model becomes diagonalizable7,

ĤAL = U∑
i

n̂i↑n̂i↓ − µ∑
iσ

n̂iσ (3.15)

This Hamiltonian factorizes and we can consider the following 4 possible states at each site i independent
of the site:

Ĥi ∣0⟩ = 0 ∣0⟩, Ĥi ∣↑⟩ = −µ ∣↑⟩ , Ĥi ∣↓⟩ = −µ ∣↓⟩ , Ĥi ∣↑↓⟩ = (U − 2µ) ∣↑↓⟩ (3.16)
5Viewing the lattice a graph G(V,E) with atoms as vertices V and hopping directions ĉ†

i ĉ j as edges E, the edges can
be segmented into two disjoint sets V1, V2 and fulfill the condition ∀(e1, e2) ∈ E ∶ (e1 ∈ V1∧e2 ∈ V2)∨(e2 ∈ V1∧e1 ∈ V2).

6This only holds in our very constrained parameter space! The Mott insulating state does not directly imply anti-
ferromagnetism; the Mott insulating phase suppresses charge fluctuations, and different magnetic ordering can be
obtained, for example, on frustrated lattices.

7The challenge in the intermediate coupling region stems exactly from the fact that the Hamiltonian can not be
simultaneously diagonalized in the hopping term which is diagonal in the localized Wannier basis for the Coulomb
interaction.
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EF

· · ·
|↑↓〉 |↑↓〉

· · ·

EF

· · · |↑〉 |↓〉 · · ·

U

· · · · · ·

Figure 3.3: Illustration of formation of Hubbard bands from the perspective of photoemission spec-
troscopy, as computed through the spectral function. The left side shows a half-filled band
with double-occupied states. The right side illustrates the band structure after the applica-
tion of a strong Hubbard interaction. It now consists of 2 bands, one of which is completely
filled, while the other (containing the double occupation states) is separated by an energy
of U . The illustration was adapted from [167], where also the case of a doped system is
shown.

⇒Hi = diag{0,−µ,−µ,U − 2µ} (3.17)

Inserting the Hamiltonian in this basis into the Lehmann representation yields the partition function
and the Green’s function8.

Zi = Tr e−βHi = 1 + 2e+βµ
+ e−β(U−2µ) (3.18)

GAL
ij,σ(τ) = −δij

1
Z

Tr [e−(β−τ)Ĥ ĉ iσe
−τĤ ĉ†

iσ] = −δij
1
Z
[eµτ

+ e(µ−U)τ+βµ
] (3.19)

We can drop the spin index, as the Green’s function does not depend on it for the SU(2) symmetric
case. We perform a Fourier transformation to the Matsubara space and obtain:

Gν
ij,AL = δij∫ dτeiνnτGij(τ) =

1
Z
(

1 + eβµ

iνn + µ
+
eβµ
+ e−β(U−2µ)

iνn + µ −U
)

In this limit, however, we can obtain a closed-form expression for the retarded Green’s function and,
subsequently, the spectral function.

GR,ν
AL =

1 + eβµ

Z

1
ν + µ + iη

+
eβµ
+ e−β(U−2µ)

Z

1
ν + µ −U + iη

(3.20)

Aν
AL =

1 + eβµ

Z
δ (ν + µ) +

eβµ
+ e−β(U−2µ)

Z
δ (ν + µ −U) (3.21)

The spectral function Aν
AL consists of two δ peaks with an electron-density filling prefactor (see also

the calculation preceding Eq. (3.20) for a justification). This particular form can be understood in
the context of Fig. 3.3, where the Hubbard interaction splits a single band into two Hubbard bands
separated by an energy U . It describes two possible excitations separated by an energy difference of U .
A noteworthy remark is that the spectral function is precisely the same as in the non-interacting limit,
with separated bands located at energy levels −U/2 and U/2 (see Sec. 3.4). However, the distinction
in the physical situations between these two scenarios is reflected in the difference of the self-energies.
For simplicity, we consider the half-filling case and assume a constant energy level εk ≡ U for the
non-interacting system, in accordance with our 2-band picture from above:

Σν
AL = [G

ν
AL]

−1
− [Gν

U→0]
−1

= 2 [δ(k −K)( 1
iνn +

U
2
+
iνn −

U
2
)]

−1

− [
1

iνn +
U
2 +U

]

−1

=

⎡
⎢
⎢
⎢
⎢
⎣

1
iνn −

U2

4iνn

⎤
⎥
⎥
⎥
⎥
⎦

−1

− iνn +
U

2
+ ε(k) = [iνn −

U2

4iνn
] − [iνn +

U

2
−U]

=
U

2
−
U2

4iνn

8This is also the way exact diagonalization methods solve the Hubbard model on finite lattice sizes. For exam-

ple, the annihilation operators in this basis are: c↑ ≐
⎛
⎜⎜⎜
⎝

0 1 0 0
0 0 0 0
0 0 0 1
0 0 0 0

⎞
⎟⎟⎟
⎠
, c↓ ≐

⎛
⎜⎜⎜
⎝

0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

⎞
⎟⎟⎟
⎠

. One then has to sum over

the trace with 4 summands, of which one 2 survive in our case: ⟨↓∣ e−βĤ ĉ ↑(τ)ĉ†
↑ ∣↓⟩ = e

βµ ⟨↓∣ eĤτ ĉ ↑e
−Ĥτ ∣↑↓⟩ =

eβµ ⟨↓∣ eĤτ ĉ ↑e
−(U−2µ)τ ∣↑↓⟩ = eβµ ⟨↓∣ e−µτe−(U−2µ)τ ∣↓⟩ = e(µ−U)τ+βµ and ⟨0∣ e−βĤ ĉ ↑(τ)ĉ†

↑ ∣0⟩ = ⟨0∣ e
0ĉ ↑e

−Ĥτ ∣↑⟩ = eµτ .
Evaluation of the σ =↓ Green’s function yields the same result. For more details, see also Sec. 6.6.
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As we will see in Sec. 3.3.3, this is not enough to explain important processes of the Hubbard Model
and will therefore give quantitatively wrong results, as evident by the quantitative shortcomings of
iterated perturbation theory [122], see also [246, Chapter 6]. The formal derivation for this result can
be found in [66].

Correlations and self-energy

The distinction between noninteracting and atomic limits through the differences of the self-energies is
somewhat unsatisfying because we need to impose the vanishing self-energy as additional knowledge for
the U = 0 Green’s function. Only then do we obtain the difference to the atomic limit Green’s function,
according to the Dyson equation Eq. (2.195). Moreover, while the self-energy does contain strong
coupling interactions, namely Mott physics, the spectral function (as measured from experiments)
cannot distinguish between two bands originating from a band insulator and a Mott insulator directly 9.
But by virtue of our argument in Sec. 2.4.3, the spectral function contains all information for the
construction of the single-particle Green’s function. Therefore, an argument can be made that strong
correlations are inherently a two-particle property and can only be treated on an effective (or better,
projected) level when considering one-particle quantities exclusively. Here, the effect of correlations can
be obtained by the difference between the full two-particle Green’s function and the product of single-
particle ones. Similarly to the way the interacting and non-interacting Green’s functions are connected
via the self-energy, the factorization of G(2) into a product of single-particle Green’s functions G(1) is
prevented by correlation effects with the irreducible vertex Γνν′ω as the two-particle counterpart to the
self-energy.

Two particle correlator and consistency

The two-particle Green’s function and the fully irreducible vertex can also be obtained explicitly [205,
Sec. 3.2] and [263]. The more complex structure and possible divergences do not lend themselves to
a high-level discussion. However, we may use the technique from Sec. 4.4 and obtain a 2-particle
correlator through the equation of motion. We use Eq. (2.16) to evaluate the time derivative, following
(in our much simpler case because U/t→∞) [66, 65]:

∂ĉ iσ

∂τ
= [ĉ iσ, Ĥ AL] = U∑

j

[ĉ iσ, n̂ j↑n̂ j↓] − µ∑
jσ′
[ĉ iσ, n̂ jσ′]

Eq. (2.19)
= U∑

jσ

(n̂ j↑[ĉ iσ, n̂ j↓] + [ĉ iσ, n̂ j↑]n̂ j↓) − µ∑
jσ′
ĉ iσδijδσ′σ

Eq. (2.22)
= U∑

jσ

(n̂ j↑ĉ iσδijδσ↓ + ĉ iσδijδσ↑n̂ j↓) − µĉ iσ

= Un̂ i↑ĉ i↓ +Uĉ i↑n̂ i↓ − µĉ iσ = U∑
σ′
ĉ iσ′ n̂ iσ′ − µĉ iσ (3.22)

∂ĉ†
iσ

∂τ
= −U∑

σ′
ĉ†

iσ′ n̂ iσ′ + µĉ
†
iσ (3.23)

Inserting Eq. (3.23) in the definition of the Green’s function Eq. (2.39), using the chain rule and
∂τ Θ(τ) = δ(τ) yields:

⇒
∂G

(1)
iσ,AL(τ)

∂τ
=
∂

∂τ
[Θ(τ) ⟨ĉ iσ′(τ)ĉ

†
iσ⟩ +Θ(−τ) ⟨ĉ†

iσ ĉ iσ′(τ)⟩]

= δ(τ) + ⟨T (U∑
σ′
ĉ iσ′(τ)n̂ iσ′(τ) − µĉ iσ(τ)) ĉ

†
iσ⟩

= δ(τ) +U ⟨T ĉ iσ(τ)n̂ iσ(τ)ĉ
†
iσ⟩ − µG

(1)
iσ,AL(τ) (3.24)

= δ(τ) +UG
(2)
iσ,AL(τ) − µG

(1)
iσ,AL(τ) (3.25)

We have dropped the j index due to the locality of the Hamiltonian (avoiding the δij prefactors) and
introduced the superscripts (1) and (2) to emphasize the coupling of lower to higher-order Green’s
functions10. This was, of course, expected after our considerations in the Green’s functions chapter.
However, in this special case, the hierarchy does not continue. This is a special case. because the
density operator commutes with the Hamiltonian ([ĤAL, n̂iσ] = ...[n̂jσ′ , n̂iσ] = 0 ⇒ ∂n/∂τ = 0). We

9There are, however, numerous ways to approach the distinction between band and Mott insulators experimentally.
One can, for example, make use of the fact that Mott bands exhibit particle-hole (local) excitations instead of band
excitations (nonlocal). It is also possible to use other signatures of Mott physics (some of which we discuss in
this chapter), such as doping-dependent spectral weight transfer between the charge-transfer band and the Mott
gap [106]. See also Sec. 2.4.4 for a very brief overview.

10Note that we did not obtain the full two-particle Green’s function here. The imaginary time arguments are contained
to just one instead of three. One time argument is lost because we assumed symmetries in the one-particle Green’s
function and then derived the equation of motion instead of working with the unconstrained version.
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furthermore need n̂iσn̂iσ = n̂iσ and can then evaluate the imaginary time derivative of the higher-order
Green’s function:

∂G
(2)
iσ,AL(τ)

∂τ
= δ(τ) ⟨n̂iσ⟩ +U ⟨T (U∑

σ′
ĉ iσ′(τ)n̂ iσ′(τ) − µĉ iσ(τ)) n̂ iσ′(τ)ĉ

†
iσ⟩

= δ(τ) ⟨n̂iσ⟩ +UG
(2)
iσ,AL(τ) − µG

(2)
iσ,AL(τ) (3.26)

After using the imaginary time formalism for the derivation of the consistency equations, we now switch
back to Matsubara space solve Eq. (3.26), using use F[δ(τ)] = 1 and F [ ∂f(τ)

∂τ
] = iνnf(iνn):

G
ν,(2)
iσ,AL =

⟨n̂iσ⟩

iνn + µ −U
(3.27)

⇒ G
ν,(1)
iσ,AL =

1 − ⟨n̂iσ⟩

iνn + µ
+

⟨n̂iσ⟩

iνn + µ −U
(3.28)

For one, this recovers the one-particle Green’s previously obtained from the Lehmann representation
in Eq. (3.20) with ⟨n̂iσ⟩ =

eβµ+e−β(U−2µ)

Z
. More importantly, it demonstrates the following:

Important 3.3.1.1 (Conclusions from the Atomic Limit)
(1) Correlation effects can be obtained naturally from the consideration of the higher-order Green’s
functions.
(2) The electron density contributes at the lowest order to the Green’s functions at the one- and
two-particle levels.

Observation (1) follows by considering we did not have to make an assumption about the existence of
a free Green’s function and the self-energy to arrive at Eq. (3.28). The single-particle Green’s functions
of the atomic and free limit can be mapped to each other by choosing a suitable dispersion relation
εk = ±U/2, as can be seen by comparison to the derivation in the limit of no interaction U = 0 below
(see computation preceding Eq. (3.58)). This suggests that the lack of correlation effects in the U = 0
limit is specifically contained in the premature truncation of the correlator hierarchy and, therefore, a
feature of the two-particle correlator.
Observation (2) might seem trivial at this point, but the lDΓA violates specifically the consistency
of the electron densities when computed on the one- and two-particle levels. We will later introduce
approximations in the equation of motion connecting both levels. That leads to a violation of the
conservation of the particle number. The implication from this observation is that consequently the
lowest-order tail contributions in the self-energy are then also no longer consistent. In Chapter 4, this
will be discussed in more detail.

3.3.2 Hubbard Dimer
Prior to relaxing the U/t → ∞ limit and permitting certain fluctuations, it is useful to develop an
understanding of the underlying physics by considering the simplest version of the Hubbard model, one
with only two sites. This Hubbard dimer is a minimal model example of a system in which to study
Mott physics. It will prove useful because of its closed-form solution, which provides a first example of
the interactions that are involved beyond the purely localized atomic limit. We summarize only some
points that are conducive to the arguments in this chapter. A detailed derivation can be found, for
example, in [188, Chapter 7] and [62]. Therefore, we also fix the number of electrons to that of the
lattice sites.
The Hubbard dimer already has 42

= 16 possible states without further restrictions. However, because
we do not allow for fluctuations in particle number and the uniform interaction Uijlk = U does not
allow for spin-flip terms, we can focus on a smaller sector of the Hilbert space. This is done by
considering the two operators associated with these operations. They need to commute with the
Hamiltonian if they leave the system invariant, and we can thus find a common block-diagonal form
and diagonalize individual blocks (each of which has a pair of these two quantum numbers associated)
independently. Here, we will consider the sector with total spin 0 and particle number 2 (i.e. half-filling)
as an example. The basis for this block consists of the states ∣↑↓,0⟩ , ∣↑, ↓⟩ and ∣↓, ↑⟩ ∣⋅, ↑↓⟩, leading to the
following Hamiltonian:

⎛
⎜
⎜
⎜
⎝

U −t −t 0
−t 0 0 −t
−t 0 0 −t
0 −t −t U

⎞
⎟
⎟
⎟
⎠

= V diag
⎛
⎜
⎜
⎜
⎝

E−
0
U
E+

⎞
⎟
⎟
⎟
⎠

V −1 (3.29)

With Eigenvectors for U ∶ 1√
2 (∣0, ↑↓⟩ − ∣↑↓,0⟩) and 0 ∶ 1√

2 (∣↓, ↑⟩ − ∣↑, ↓⟩). E± is defined below.
We can make two observations here: (1) The separation between the energy levels of U (apart from a
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3.3 Strong Coupling Limit

constant energy shift because we did not include a chemical potential µ = U/2 term) is an indication of
the Mott gap already discussed above. (2) Taylor expansion around U/t → ∞ results in the following
asymptotic behavior beyond the zero-order Mott energy gap of U :

E± =
U

2
±

√
U2 + 16t2

2
=
U

2
± (

U

2
+

4t2

U
+O(t4)) =

⎧⎪⎪
⎨
⎪⎪⎩

U + J

−J
(3.30)

This is the antiferromagnetic exchange coupling that governs the costs of spin flips between sites.
Note that this exchange coupling appeared even though we did not include explicit non-local spin flip
terms in the Coulomb interaction above (we set Uijlk = U). We will see this term reemerging when
approaching the limit U/t→∞ from the perspective of the projected subspace in Sec. 3.3.3, where this
energy scale is determined by neighboring spins (anti-) aligning. In Fig. 3.4, the lowest and highest
eigenvalues of the Hubbard dimer and the asymptotic behavior are shown in first order. We observe
that the Heisenberg limit (see next section) is reached at U/t ≈ 3.5. This qualitative behavior turns
out to be transferable to more general situations. For example, the lDΓA results show convergence to
this limit for the 3 dimensional cubic lattice in Sec. 7.1.

Figure 3.4: Hubbard dimer energies U
2 ±

√
U2+16t2

2 and their
asymptotic behavior J = 4t

U
and U + J .

An additional advantage of this model
and our approach to the solution is
the demonstration of the ED method.
This is a commonly used numerical
scheme to solve model systems. The
Fock basis can, for example, be en-
coded with bitstrings of 1 and 0; the
Hamiltonian is then constructed from
inputs for a predefined model. Anal-
ogously to the approach by hand,
the Hamiltonian is block diagonal-
ized, using good quantum numbers of
the system (in this example, N and
S). Afterward, each block is diago-
nalized, using linear algebra routines
(this could also mean only computing
the largest or smallest by employing
a Krylov subspace method, such as
the Lanczos algorithm [152]). The ex-
act diagonalization method has been
heavily employed during my thesis for
DMFT calculations and other projects Sec. 6.7. Although mostly replaced by continuous time quantum
Monte Carlo (CTQMC) for state-of-the-art materials calculations, ED outperforms CTQMC when it
comes to predictability and numerical performance at high to intermediate temperatures, which can
outweigh the benefits of (theoretically) exact results of CTQMC. The code used to generate the ED
results in this paragraph is available at [121]. For a more detailed discussion of the algorithm, see
also Sec. 6.8.3.
Finally, we also want to discuss the Green’s function in this limit. Using the Lehmann representation,
we first find α = α′ = i, σ. We notice that the sectors for different particle numbers are now connected,
unlike in the atomic limit. Intuitively, this makes sense since the Green’s function measures the impact
of particle excitations. The derivation is a straightforward extension of the approach above, now with
all sectors; see [62, Appendix A] for the derivation. We will follow the argument from that source, as
it illustrates one more important concept for this thesis: the impact of correlations on the self-energy;
here, specifically, the momentum dependence. This will be discussed in depth on a quantitative level
for the 3-dimensional and 2-dimensional Hubbard model in Sec. 7.1 and Sec. 7.2 respectively. Finally,
this also provides an introduction to the quantities used to describe the infinite coordination number
limit in Sec. 3.6. The local Green’s function (i.e. Gii, not containing Gij terms as given in [62, Eq. 9];
see also Sec. 3.6.

Gii =
w+

iνn −E− − t + µ
+

w−
iνn −E+ − t + µ

+
w−

iνn −E− + t + µ
+

w+
iνn −E+ + t + µ

(3.31)

with

w± =
1
4
±

t
√
U2 − 16t2

(3.32)

The Fourier transform of the Hubbard dimer consists of two terms, one at the nodal (k = π) and
anti-nodel (k = 0) points.
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⇒ Gν
k =

1
2

1
iνn + µ + t −Σν

0
+

1
2

1
iνn + µ + t −Σν

π
(3.33)

Σν
k =

U

2
+
U2

4
1

iνn + µ −
U
2 − 3teik

(3.34)

⇒∆Σ = Σν
π −Σν

0 =
U2

2
3t

(3t)2 − (iνn + µ −
U
2 )

2 (3.35)

The last line demonstrates that a momentum differentiation appears depending on the filling, with a
minimal difference of zero at half-filling. The DMFT method (which we will discuss in Sec. 3.6 and
Sec. 5.1) neglects specifically this momentum dependence by scaling t ∝ 1/

√
d with d → ∞. This

obviously also leads to ∆Σ = 0 in our toy example. However, specifically, the momentum differentiation
of the Fermi surface is relevant to the pseudogap phase, one of the most interesting phenomena in the
context of cuprate superconductors; see Sec. 7.2. The real part of the momentum dependence of the
self-energy is directly linked to that of the Fermi surface through:

lim
ν→0

Re ΣR,ν
kF
= µ − εkF , (3.36)

It is desirable to develop methods that can capture the physics of this kind. A key aspect of the method
developed during this thesis is the introduction of momentum dependence on top of the local11 DMFT
results.
This concludes our investigation of the Hubbard model in the effectively exactly solvable strong-coupling
cases. Using the knowledge of the dominant energy contributions in the atomic limit and dimer case,
we will now finish the considerations of the strong coupling regime by considering a mapping to the
dominant subspace of the full Hilbert space.

3.3.3 t-J and Heisenberg model

Our goal for the last section of the investigation in the strong coupling regime is the generalization of the
concept of spin-exchange interactions by presenting an abbreviated version of the derivation for the t−J
model. Furthermore, we will be able to relax the condition of (almost) complete localization in this case.

Figure 3.5: Illustration of a coupled pair propagating, giving
an alternative picture to the allowed processes in
the projected subspace of the t − J model.

We do this in preparation for the
thorough quantitative studies that in-
volve considerably more numerics of
the Hubbard model in 3 and 2 dimen-
sions in Sec. 7.1 and Sec. 7.2 respec-
tively.

t − J Model

We start by considering the Hubbard
model at strong coupling, near half-
filling, and putting no restrictions on
the type of lattice, except for short-
range hoppings. This does allow for
frustration effects, for example, in tri-
angular lattices.

We will now systematically derive how, on frustrated lattices or doped systems, double occupancies
are unavoidable, but their formation still is on a different energy scale than the propagation of elec-
trons or already doubly occupied electron/hole pairs. There are several approaches to exploit this
energy separation in order to obtain a simplified description of the system. On bipartite lattices close
to half-filling, the Hilbert space “almost” factories, i.e. a hopping between Hubbard bands discussed
in Sec. 3.3.1 is strongly suppressed, but still possible. First, we relax the strong approximation of
Sec. 3.3.1 and allow a kinetic energy term to act, still keeping the U/t≫ 1 limit and the accompanying
energy separation of double-occupied states. We could completely truncate the Hilbert space, as was
done in the derivation of the Hubbard model itself. However, leaving a small perturbative connection
between two energetically very different sectors of the Hilbert space simplifies the model while still
keeping some amount of coupling between the subspaces. This was first used by Schrieffer and Wolff in
relating the AIM (see Sec. 3.7) to the Kondo model [224]. The central idea is to decouple the Hilbert
space segments in the first order of a perturbative expansion. We will abbreviate some ideas of this
projection of Hubbard to the t − J model, following the review by Józef Spałek, who first derived the
t − J model [236]. Our goal is to partition the Hilbert space into two segments that are only “weakly”
connected. The weak interaction between the subspaces can be quantified in terms of a perturbative
expansion of an operator Ŝ, which connects the two partitions of the Hilbert space only in second order

11We will quantify this in Sec. 3.6. Specifically, it allows to capture the non-perturbative physics of the Mott transition.
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t/
√
U

t/
√
U

Figure 3.6: Illustration of the virtual hopping in the superexchange mechanism, with amplitude J = t2

U
.

The process can be understood as suppressed by 1/U due to the virtual double occupancy
during the exchange of the spins.

in the following way:

Ĥ ′ = eλŜĤe−λŜ
= Ĥ + λ[Ŝ, Ĥ] +

λ2

2!
[Ŝ, [Ŝ, Ĥ]] + ⋯ (3.37)

H1 + λ[Ŝ, Ĥ0]
!
= 0 (3.38)

In the strong coupling limit, we perturb around small t/U = λ. According to our initial goal, we want
to separate the Hilbert space with double occupancies and will therefore rewrite the original Hubbard
Hamiltonian, using operators for the creation and annihilation of double-occupied sites, a doublon
state12.

d̂†
= ĉ†

iσ(1 − n̂iσ), d̂ iσ = ĉ iσ(1 − n̂iσ), νiσ = d̂
†
iσd̂ iσ, (3.39)

In the context of this operator, we may interpret d̂† as the propagation of a bound state of two electrons.
An illustration of such a pair propagating through the lattice is given in Fig. 3.5.

Ĥ = − ∑
⟨ij⟩σ

tij (ĉ
†
iσ ĉ jσ + d̂

†
iσd̂ jσ) +U∑

i

n̂i↑n̂i↓

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
H0

+ ∑
⟨ij⟩σ
(d̂†

iσ ĉ jσ + ĉ
†
iσd̂ jσ)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
H1

(3.40)

Following [43], we now insert this Hamiltonian into the perturbative expansion Eq. (3.37) and use the
Schrieffer-Wolff condition Eq. (3.38):

⇒ Ĥ ′ = Ĥ0 + Ĥ1 + t[Ŝ,H0]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=0

+t[Ŝ,H1] +
t2

2!
[Ŝ, [Ŝ, Ĥ0]] +

t2

2!
[Ŝ, [Ŝ, Ĥ1]] + . . . (3.41)

An important observation has to be noted here: Instead of the naïve approach that would treat the
double occupancies themselves as a perturbative effect, this form treats the formation and destruction
of double occupancies as perturbations, but already formed spin-up spin-down pairs still propagate.
The condition Eq. (3.38) is met by the following ansatz ([Ĥ1, d̂

†
iσ] = Ud̂

†
iσ):

Ŝ = ∑
⟨ij⟩σ

tij (d̂
†
iσ ĉ jσ − ĉ

†
iσd̂ jσ.) (3.42)

Lengthy calculation of the commutator [Ŝ, Ĥ1] (neglecting all terms involving creation of annihilation
of doublons, i.e. uneven numbers of d̂(†) operators) due to the suppression of charge fluctuation in this
subspace, leads to the following Hamiltonian [6, 101]:

Ht−J,0 = − ∑
⟨ij⟩σ

tij d̂
†
iσd̂ jσ + ∑

⟨ijk⟩

tijtjk

U
(d̂†

i↑d̂
†
j↓ − d̂

†
i↓d̂

†
j↑) (d̂ j↑d̂ k↓ − d̂ j↓d̂ k↑) (3.43)

This is the full t − J Hamiltonian. The first term propagates electrons but does not allow the creation
or destruction of doubly occupied states. These are captured through virtual processes in the second
term. An example of such a coupling is shown in Fig. 3.6.
For our purpose of approaching the driving mechanisms of increasingly strong coupling, there are still
terms remaining that can be neglected. First, we will disregard the three-site hopping term, as it scales
with t2, and rewrite Eq. (3.43) with fermionic operators. Furthermore, we assume uniform hopping
tij ≡ t:

Ht−J = −t ∑
⟨ij⟩σ

ĉ†
iσ ĉ jσ + J ∑

⟨ij⟩
(Si ⋅ Sj −

n̂in̂j

4
) (3.44)

12We will leave out the −µ∑σ n̂σ term, implying half-filling. In fact, a solution including this term is rather complicated
and is still the subject of current research [159]. The resulting segmentation of the Hilbert space includes additional
processes beyond superexchange and three site hopping mechanisms, allowing additional doublon-holon interactions.
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with the usual spin operator in terms of the vector of Pauli matrices σ (see Sec. 2.4.6):

Ŝi =
1
2
(
ĉ i↑

ĉ i↓
)

†

σσσ′ (
ĉ i↑

ĉ i↓
) (3.45)

Here we have also explicitly written the antiferromagnetic exchange coupling J = 4t2

U
. This model

still describes many important aspects of the Hubbard Hamiltonian for strong interactions while being
defined over a simpler Hilbert space.

Heisenberg Model

Our final consideration is again concerned with the limit in which charge fluctuations are completely
frozen, this time from the perspective of the Hilbert subspace consideration above. In Sec. 7.1 we
will use this limit as confirmation that the strong-coupling physics is indeed recovered by our non-
local correction approach. Neglecting all charge fluctuations in Eq. (3.44), but allowing for anisotropic
exchange interactions J → Jij , we arrive at the Heisenberg model:

HH = −
1
2∑ij

JijSi ⋅ Sj (3.46)

Where Jij = Jji and the factor 1
2 account for double counting. From the fact that the Heisenberg model

is obtained as the strong coupling limit of the Hubbard model, we can (again) deduce that the Hub-
bard model will prefer antiferromagnetic ordering with no charge fluctuations at strong coupling when
permitted by the lattice. This limit will be used in Sec. 7.1 in order to verify correct critical behavior
in the strong coupling limit. However simple, this model still contains rich physics encapsulated by
spin dynamics that stem from magnetic ordering, such as frustrated magnetism and spin liquids, that
do not require charge carrier mobility.

3.4 Weak Coupling

In this section, we discuss the opposite limiting case from the previous one. The Hamiltonian now
becomes (almost) diagonal in the momentum instead of the position basis, and we can employ a new
set of approximation methods. Mean-field approaches are particularly useful and will, therefore, be
discussed in some detail. Later in this chapter, we will expand this and introduce the DMFT method
as a very successful approach to describe local correlations in the Hubbard model.
We start with the obvious fact that the Hubbard model approaches the solution of the bare dispersion
in the limit U = 0, where we recover the tight-binding solution of the noninteracting free Fermi gas
(we only consider more than one spatial dimension). However, even at arbitrarily small distances from
this limit, nontrivial physics starts to reemerge. For example, the limits lim↘0U/t and lim↗0U/t are
not adiabatically connected [198]. Nevertheless, being concerned with the repulsive Hubbard model
exclusively, it is reasonable to assume that physics close to the non-interacting case can be attributed
to nesting effects of the Fermi surface (which could be deformed in the context of Fermi liquid theory,
Sec. 2.5).
Let us first look at the Green’s function in the noninteracting case and then move on to some results
in the vicinity thereof, turning to an overview of weak coupling schemes.
Because the Hubbard Hamiltonian is diagonalizable without the Coulomb interaction, we can directly
switch to the momentum basis for the creation and annihilation operators 13:

U = 0⇒ ĤU=0 = −∑
ijσ

tij ĉ
†
iσ ĉ jσ − µ∑

iσ

n̂iσ = −∑
ijσ

(tij + µδij) ĉ
†
iσ ĉ jσ (3.47)

ĤU=0 = (εkσ − µ)nkσ (3.48)

Gkσ(τ) = ⟨e
−βĤ ĉ kσ(τ)ĉ

†
kσ⟩ =

⎧⎪⎪
⎨
⎪⎪⎩

1
Z

Tr e−βĤ ĉ kσ(τ)ĉ
†
kσ, 0 < τ < β

− 1
Z

Tr e−βĤ ĉ†
kσ ĉ kσ(τ), 0 > τ > −β

(3.49)

=

⎧⎪⎪
⎨
⎪⎪⎩

1
Z

Tr e−βĤ
(1 − ĉ†

kσ ĉ kσ(τ)), 0 < τ < β
− 1

Z
Tr e−βĤ ĉ†

kσ ĉ kσ(τ), 0 > τ > −β
=

⎧⎪⎪
⎨
⎪⎪⎩

e−βεkτ
(1 − nF(εk)), 0 < τ < β

−e−βεknF(εk), 0 > τ > −β
(3.50)

With the Fermi distribution nF(εk) =
1

eβεk+1
. We therefore obtain the free Green’s function in imaginary

time and frequency space as:

Gk(τ) = e
−βεk (Θ(τ)(1 − nF(εk)) + nF(εk)Θ(−τ)) = e−βεk (nF(εk) −Θ(τ)) (3.51)

Giνn
k =

1
iνn + µ − εk

(3.52)

13as mentioned before, the kinetic part of Hamiltonian is diagonal in the momentum basis, while the interaction part
is diagonal in the position basis, making both parts not simultaneously diagonalizable

48



3.4 Weak Coupling

The analytic continuation to the real frequency Green’s function yields (using the Sokhotski–Plemelj
theorem and the Cauchy principal value):

Gν
k =

1
ν + µ − εk ± iη

= P
1

ν + µ − εk
± iπδ(ν + µ − εk) (3.53)

From this, we follow with the definition of the spectral function in Eq. (2.102):

Important 3.4.0.1 (DOS as Limit of the Spectral Function)
From Eq. (3.53), we obtain the spectral function in the non-interacting limit:

Aν
k = 2πδ(ν + µ − εk) (3.54)

⇒ Aν
= ∫ dkδ(ν + µ − εk) =D(E) (3.55)

This demonstrates that the k-integrated spectral function becomes the DOS in the noninteracting
limit (the normalization factors of π have been absorbed into the integral).

As in the previous section, we can also employ the equation-of-motion approach here. We are
specifically interested in how the two-particle Green’s function looks in the noninteracting limit after
we discovered in Sec. 3.3.1 that it encapsulates the correlation physics. As before, we calculate the
derivative of the Green’s function by employing the Heisenberg equation of motion first for the creation
and annihilation operators:

∂ĉ lσ

∂τ
= [ĉ lσ, Ĥ U=0] = ∑

ij,σ′
tij[ĉ iσ, ĉ jσ′ ĉ

†
jσ′] − µ∑

jσ′
[ĉ lσ, n̂ jσ′]

Eq. (2.20)
= ∑

ij,σ′
tij ({ĉ lσ, ĉ jσ′}ĉ

†
jσ′ − ĉ jσ′{ĉ lσ, ĉ

†
jσ′}) − µ∑

jσ′
[ĉ lσ, n̂ jσ′]

= − ∑
ij,σ′

tij ĉ jσ′δljδσσ′ − µĉ lσ

= −∑
i

tilĉ iσ − µĉ lσ (3.56)

This result allows us to calculate the derivative of the Green’s functions:

⇒
∂G

(1)
ij,σ,U=0(τ)

∂τ
= δ(τ)δij − ⟨T∑

j

(tij ĉ iσ(τ) − µδij ĉ iσ(τ)) ĉ
†
jσ⟩

= δ(τ)δij −∑
ij

tij ⟨T ĉ iσ(τ)ĉ
†
jσ⟩ − ⟨Tµδij ĉ iσ(τ)ĉ

†
jσ⟩ (3.57)

Analogous to the previous calculation after Eq. (3.26), we Fourier transform and solve to obtain the
equation of motion and finally an explicit expression for the single-particle Green’s function:

iνnG
ν,(1)
kσ,U=0 = 1 + µGν,(1)

kσ,U=0 − εkG
ν,(1)
kσ,U=0 (3.58)

⇒ G
ν,(1)
kσ,U=0 =

1
iνn + µ − εk

(3.59)

Again, this reproduces the Green’s function obtained through our diagonalization approach. But
compared to the case of the atomic limit in Sec. 3.3.1, the hierarchy of higher-order correlators ends.
This time it does not even yield a 2-particle Green’s function. As discussed in the previous section,
correlation effects are not captured explicitly on the single-particle level, whereas the two-particle level
incorporates them natively.

3.4.1 Nesting and Slater Ferromagnetism
In the simple cubic lattice with lattice constant a at half-filling, the Fermi surface can be connected by
a constant vector Q = (π/a, π/a, . . . ), with

εk+Q = εk (3.60)

This property is illustrated for 2 dimensions in Fig. 3.7 The response function without interactions (see
also Sec. 5.2.1) is given by the bare susceptibility.

χω
0,q = −β∑

k
Gν+ω

0,k+qG
ν
0,k = ∑

k

nF(εk) − nF(εk+q)

iωm + εk+q − εk
(3.61)

Eq. (3.60)
= ∫

B

−B

Dd(ε)

ε
tanh(βε

2
)dε (3.62)
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Figure 3.7: Illustration of the Fermi surface of the two-dimensional square lattice (unit εF/t). In blue,
the nesting vector (π/a, π/a) connecting two parts of the Fermi surface is shown.

With Dd(ε) being the d-dimensional density of states with a bandwidth B. This function will have
a finite value for most dimensions, as shown in Fig. 3.9, and we obtain a logarithmically divergent
susceptibility for low temperatures χ0,Q ∼ 2D(0) ln(βE0) (with E0 ∼ B). The two-dimensional density
of states in Fig. 3.9 has a van-Hove singularity at ε = 0. This leads to a quadratic enhancement
of the susceptibility at the ordering vector Q = (π/a, π/a) over q = 0, indicating antiferromagnetic
ordering [61, Sec. 6.2.1]. This tendency towards antiferromagnetic ordering through an instability of
the susceptibility introduced by a nesting vector is known as Slater antiferromagnetism. This Hartree-
Fock approach, therefore, predicts antiferromagnetic ordering at all interaction strengths, with a Néel
temperature at weak interactions U ≪ t is then given by [61, Sec. 6.4]:

TN ∼ E0e
− 1

UD(0) (d > 2) (3.63)

TN ∼ te
−2π t

U (d = 2) (3.64)

In two dimensions, this is an obvious violation of the Mermin-Wagner theorem Sec. 4.5.2. However, the
qualitative result of an onset local moment ordering in this temperature range will remain true. Methods
beyond the mean-field treatment of this Hartree-Fock approach, that take additional correlations into
account, will then lower the Néel temperature. We discuss this in more depth for the 3 dimensional
case in Sec. 7.1.

3.4.2 Mean Field Treatment: Stoner Criterion and Pauli Susceptibility
This section serves two purposes: (i) we will discuss a simple (and analytically solvable) mean-field
theory; (ii) it gives us the opportunity to discuss susceptibilities for the evaluation of dynamic properties
of a system. We have already encountered the simplest versions of this in the case of the Hubbard
dimer in Sec. 3.3.2, where the momentum was restricted to 0 or π.
A weakly interacting system can be well described through the following mean-field idea: Consider a
single electron in a static potential from the ionic lattice. This single-particle problem can be easily
solved and yields a potential for other electrons. Now, this potential can be “copied” to all other
electrons in the system, and the new total potential energy is a superposition of all these copies of
the single-particle potential. This gives rise to a new single-particle problem, which can be solved,
yielding a new potential that can be copied to the other electrons and so on. If this process has
a fixed point, i.e. there is a self-consistent solution, we call this the mean-field solution. We will
explore two variants of this idea in this chapter: the traditional mean-field method here will lead us
to results in the weak-coupling regime, where the itinerant magnetic order arises from delocalization
of the electrons (i.e. Slater determinants), and later we will discuss DMFT in Sec. 5.1, which expands
around a complementary limit of complete localization.

Stoner Mean-Field Model

In the following, we will consider the Hubbard model in a mean-field decoupling approach, yielding
the same results as with a Slater variation Ansatz (therefore, we will also call this Slater mechanism
in Sec. 7.1). The result will be a ferromagnetic ordering because of the way we employ the mean-field
decoupling scheme here. The aim is to introduce mean-field methods in a concrete example. The
concrete ordering vector is secondary, and we will discuss how to obtain antiferromagnetic ordering at
the end of the section.
For the following, it is more convenient to work with the Hubbard interaction term in momentum rep-
resentation. Fourier transformation and conservation of momentum yield (we absorb the normalization
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Figure 3.8: Illustration for ferromagnetic differentiation of up and down densities, as obtained by the
Stoner model. the DOS for the three different regions of ζ = n↑−n↓

n↑+n↓
from Eq. (3.76) are

shown. δn marks the difference in occupation numbers.

constants into the sum, as usual):

Ĥ = −∑
kσ

εkĉ
†
kσ ĉ kσ +

U

2 ∑kk′q
σσ′

ĉ†
k+q,σ ĉ

†
k′−q,σ′ ĉ k′,σ′ ĉ k,σ (3.65)

This index convention also provides an intuitive interpretation of the Coulomb interaction in momentum
space: two electrons with momentum k and k′ exchange momentum q in a collision with amplitude U .
We now apply the mean-field decoupling, i.e. we neglect fluctuations δX̂ of second order around the
mean-field ⟨X̂⟩ (the normal expected value from the previous chapter), giving an abbreviated derivation
of the argument found in many textbooks, for example, in [39].

X̂ = ⟨X̂⟩ + (X̂ − ⟨X̂⟩) = ⟨X̂⟩ + δX̂ (3.66)

⇒ X̂Ŷ = X̂⟨Ŷ ⟩ + δX̂⟨Ŷ ⟩ + δŶ ⟨X̂⟩ + δX̂δY = X̂⟨Ŷ ⟩ + (X̂ − ⟨X̂⟩) ⟨Ŷ ⟩ + (Ŷ − ⟨Ŷ ⟩) ⟨X̂⟩ + δX̂δY

≈ X̂⟨Ŷ ⟩ + ⟨X̂⟩Ŷ − ⟨Ŷ ⟩⟨X̂⟩ (3.67)

Furthermore, we make the mean-field assumption that the interaction is only acting for k = k′

⟨ĉ†
kσ ĉ k′σ⟩ = δkk′nkσ (3.68)

Applying this to the Hubbard Hamiltonian we obtain the mean-field version of the Hamiltonian, using
ĉ†

k,σ ĉ
†
k,σ = ĉ k,σ ĉ k,σ = 0 and the usual commutator relations Eq. (2.21) (we follow [39, Chapter 4]):

ĤMF = −∑
kσ

εkĉ
†
kσ ĉ kσ +

U

2 ∑
kk′,q
σσ′

ĉ†
k+q,σ ĉ

†
k′−q,σ′ ĉ k′,σ′ ĉ k,σ

≈ Ĥkin +
U

2 ∑kk′q
σσ′

[⟨ĉ†
k+q,σ ĉ k,σ⟩ĉ

†
k′−q,σ′ ĉ k′,σ′ + ĉ

†
k+q,σ ĉ k,σ⟨ĉ

†
k′−q,σ′ ĉ k′,σ′⟩ − ⟨ĉ

†
k+q,σ ĉ k,σ⟩⟨ĉ

†
k′−q,σ′ ĉ k′,σ′⟩

− ⟨ĉ†
k+q,σ ĉ k′,σ′⟩ĉ

†
k′−q,σ′ ĉ k,σ − ĉ

†
k+q,σ ĉ k′,σ′⟨ĉ

†
k′−q,σ′ ĉ k,σ⟩ + ⟨ĉ

†
k+q,σ ĉ k′,σ′⟩⟨ĉ

†
k′−q,σ′ ĉ k,σ⟩]

Eq. (3.68)
= Ĥkin +

U

2 ∑kk′q
σσ′

[δq0nkσ (ĉ
†
k′,σ′ ĉ k′,σ′ + ĉ

†
k,σ ĉ k,σ − nk′σ′)

− δk′,k+qnkσ(ĉ
†
k′−q,σ′ ĉ k,σ + ĉ

†
k+q,σ ĉ k′,σ′ − δσσ′nkσ′)]

We can now also decouple sums over momenta k and k′, since these only appear in the mean-field
parameters and operators separately. with

nσ = ∑
k
nkσ = ∑

k
⟨ĉ†

kσ ĉ kσ⟩Mf , (3.69)

This allows us to define:

ĤMF = −∑
kσ

ĉ†
k,σ ĉ k,σε

MF
kσ −U ∑

σσ′
nσnσ′ +U∑

σ

n2
σ (3.70)

With the mean-field dispersion

εMF
kσ = εk +U∑

σ′
nσ (3.71)

Using the assumption of a free electron gas at zero temperature (i.e. the Fermi function is a Heaviside
function), we can determine the mean field parameters, i.e. fillings for spin up and down. This is a
self-consistency equation, as is usual with mean-field theories (see also Sec. 5.1):

nσ
!
= ∑

k
D(εMF

kσ ) = ∑
k
nF(ε

MF
kσ ) (3.72)
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= ∫
dk
(2π)3

Θ(µ − k2

2me
−Unσ) (3.73)

⇒ µ =
(6πnσ)

2/3

2me
+Unσ (3.74)

These two equations (for σ =↑ and σ =↓) can be solved (e.g. [39, Eq. 4.47]):

ζ =
n↑ − n↓
n↑ + n↓

, γ =
2meU(n↑ + n↓)

1/3

(3π2)2/3
(3.75)

γζ = (1 + ζ)2/3 − (1 − ζ)2/3 (3.76)

Allowing for three qualitatively different solutions: ζ = 0, ζ = 1 and ζ ∈ (0,1). The solutions correspond
to a normal state (no difference in the occupation of up and down electrons), a strong ferromagnet,
and a weak ferromagnet.
In Fig. 3.8 the three solutions are illustrated. We can observe from the ranges of γ ∝ U that the
mean-field treatment predicts a wrong solution (ferromagnetic instead of antiferromagnetic) at strong
coupling. △! This is an effect of the way we decoupled the operators in the interaction term of Eq. (3.65)!
Since we chose to couple the mean field with an ordering vector of q = 0, the effective background field
made it advantageous for a spin to align with this field, thus amplifying the self-consistent solution
of all spins aligning and strengthening this field. However, had we chosen ⟨ĉ†

kĉ k+q⟩ for q = (π,π, π),
antiferromagnetic ordering would have been preferable.
This emphasizes a weakness of mean-field theories: One has to understand the dominant physics of
the system before applying a mean-field decoupling scheme because the predictions of the resulting
model qualitatively depend on that choice. This deficiency can also be remedied by investigating the
ordering with a different scheme first. The RPA susceptibility χω=0

0,q , discussed in Sec. 5.2.1, will show
an instability at q = 0 in the dilute limit n≪ 1 and an antiferromagnetic (q =Π) ordering, due to the
nesting property from the last section, around half-filling.

3.5 Summary

In this section, we have given a brief overview of the energy scales and magnetic properties of the
Hubbard model on bipartite lattices (specifically, this neglects the effects of frustration, leading to
substantial changes in the magnetic ordering because of the suppression of antiferromagnetism) in
more than one spatial dimension and in the limit of strong and weak coupling. Here, we only focused
on broad observations to develop a general picture of applicable conceptualizations, leaving detailed
discussion to the next chapter. At half-filling, we observed an opening of an energy gap from weak to
strong coupling, proportional to the Hubbard U , called the Mott gap. Away from half-filling, charge
fluctuations, previously suppressed by the Mott phase, start to reemerge. Here, we have discussed
magnetic ordering. In the strong coupling regime, the Heisenberg exchange coupling emerged as the
defining feature for the onset of this limit, leaving us with the interpretation of a local moment-driven
magnetization. In the intermediate to strong coupling, we also found that the virtual superexchange
mechanism, through the derivation of the t − J model, is an important constituent of the governing
physics.
The weak coupling regime was treated as a Fermi liquid, and we used the opportunity to introduce the
concept of mean-field theories (with the example of the Stoner model) and description of second-order
phase transitions in terms of susceptibilities. The description through Fermi-liquid theory has already
been discussed in Sec. 2.5.
Until now, the discussion served purely to set the stage for our detailed discussion of the Hubbard
model for three- and two dimensions in Sec. 7, leaving a comprehensive overview of the current results
on the Hubbard model to the literature, for example [13, 198].
The next section still discusses a limit of the Hubbard model but already marks the transition to the
methods chapter, as it will become important only in the context of DMFT.

3.6 Infinite Coordination Number

This section discusses the extremely important (for this thesis) limiting case of infinite coordination
number. We will discuss here how the Hubbard model can be mapped to the Anderson impurirty
model (see next section) in this case. Subsequently, in Sec. 5.1, we will discuss the DMFT method
as an approximate solution for the Hubbard model before moving on to the corrections necessary to
remedy the infinite coordination number approximation in 2 and 3 spatial dimensions.
As repeatedly done in the chapter for Green’s functions, we will follow a probabilistic approach to
motivate the limit of infinite coordination number first. We will then substatiate our findings by
considering the Feynman diagrams in the infinite coordination number limit.
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3.6 Infinite Coordination Number

3.6.1 Example: Weiss Mean Field for the Ising Model

Ising Mean-Field Following the pedagogical approach from [189, Chapter 1], we first discuss a classical
mean-field model in infinite dimensions before applying the approach to the Hubbard model. This
approach was pioneered by Pierre Weiss in order to understand ferromagnetism and, for this reason,
the associated mean-field quantities still often have his name associated [287].
Consider the Ising model (the classical limit of the aforementioned Heisenberg model):

H = −J ∑
⟨i,j⟩

sisj − h∑
i

si (3.77)

With classical spins, i.e si ∈ {+1,−1}. Following the mean-field idea, we investigate a single spin in an
effective field:

Hi = −si

⎡
⎢
⎢
⎢
⎣

z

∑
j=1

Jsj + h
⎤
⎥
⎥
⎥
⎦
= −si [zJm + h] −

⎡
⎢
⎢
⎢
⎣
J

z

∑
j=1
(sj −m)

⎤
⎥
⎥
⎥
⎦

(3.78)

Now we neglect fluctuations and introduce the mean-field in Eq. (3.80) below:

Hi ≈ −si [zJm + h] (3.79)

The self-consistency equation is obtained by computing the average spin:

m = ⟨si⟩ =
Tr [si exp{βsi(zJm + h)}]

Tr [exp{βsi(zJm + h)}]
= tanh (βzJm + βh) (3.80)

This leads to the ordinary (non-linear) equation that can be solved numerically.

Hi = tanh (βzJm + βh) (3.81)

We can see in Eq. (3.78) that the approximation becomes exact if we define a renormalized J → J⋆

z

and let z →∞, so the number of neighbors (coordination number) also approaches infinity.

lim
z→∞

z

∑
j=1

J⋆

z
sj = J

⋆
⟨m⟩ (3.82)

There are two points to make about this example: (i) the mean-field idea was applied in the local
moment regime (contrasting our considerations in the weak-coupling section). This idea of considering
a local moment in an effective bath, stemming from an infinite coordination number, will carry over to
the DMFT idea. (ii) The classical field coupling is scaled by 1/D. This is an often repeated distinction
between classical and quantum mechanical mean-field theories. However, since the hopping amplitude
appears squared in the exchange coupling J = t2/U , as obtained through the full quantum mechanical
argument in Eq. (3.30), we may already expect a 1/

√
D scaling of t when we go from classical complete

localization back to the full Hubbard model that also includes a hopping term.

3.6.2 Hubbard Model

Scaling Behavior of the Hopping Term

Let us take the hypercubic lattice on the Hubbard model with isotropic hopping between nearest
neighbors (i.e. tij ≡ t) as an example. The dispersion relation in d dimensions is given as

εk = −2t
d

∑
i=1

cos(ki) (3.83)

Following the original argument by W. Metzner and D. Vollhardt [172], we can understand the hopping
amplitudes in infinite dimensions by viewing the hopping as a random process, described by a random
variable

ki ∼ U(−π,π) (3.84)

Xi =
√

2 cos(ki) (3.85)

The mutual independence of the scattering processes in the infinite coordination number limit is mo-
tivated by the fact that the scatterings become randomized by umklapp processes [173, 171]. It is
straightforward to show14 that Xi is distributed as follows:

fX(x) =
1
π

1
√

2 − x2
, x ∈ [−

√
2,
√

2] (3.86)

14Using the usual transformation of variables with P (Y ≤ y) = P (
√
(2) cos(Y ) ≤ y) = arccos(−y/

√
2)/π and fY (y) =

d
dy arccos(−y/

√
2)/π = (2 − y2)−1/2
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Figure 3.9: DOS for different dimensions on a hypercubic lattice with dispersion ε0(k) =

−2t⋆∑D
d cos(kda). A Gaussian distribution is shown in orange, illustrating the conver-

gence of the DOS towards this limit. The bandwidth becomes infinite for D → ∞. Image
adapted from [246], originally reproduced from [64].

⇒ E[Xi] = ∫

√
2

−
√

2
dx 1
π

x
√

2 − x2
= −

√
2 − x2

π
∣

√
2

−
√

2
= 0 (3.87)

Var[Xi] = ∫

√
2

−
√

2
dx 1
π

x2
√

2 − x2
− E2
[Xi] =

1
π
(arcsin(x/

√
2) − x

2
√

2 − x2) ∣

√
2

−
√

2
= 1 (3.88)

This calculation explains the factor of
√

2, it is used to fix the variance, which turns out to be the
bandwidth for our infinite dimensional system, to one15 The full dispersion relation is then the sum
over these hoppings of different momenta ki. By virtue of the central limit theorem, this sum is (in
infinite dimensions exactly) normal distributed. A reminder of the CLT in the Lindeberg-Lévy version:
Let Xi be a sequence of independent, identically distributed random variables with finite first two
moments µ, σ2, then the sum X̄i = ∑

d
i=1Xi/

√
d is normal distributed with:

(X̄i − µ) ∼ N(0, σ2
) (3.89)

For our choice of Xi we have µ = 0 and σ2
= 1

εk = lim
d→∞

1
d

d

∑
i=1
Xi (3.90)

CLT ⇒ εk ∼ N(0,1) (3.91)

⇒D(E) = ∑
k
δ(E − εk) =

1
√

2π
eE2/2 (3.92)

This means for a scaling of the hopping amplitude by

t∗ij =
tij
√
d
, (3.93)

we obtain a normal distribution for the infinite coordination number density of states, which has a
bandwidth of 1. The convergence in this limit is shown in Fig. 3.9. Note that the DOS in one
and two dimensions exhibits van Hove singularities, making it deviate drastically from the limiting
distribution. Although interactions smooth out these divergences, the DMFT approach (which we are
working toward with this limit) is known to exhibit limitations in this kind of lattice types [300]. This
has been pointed out early on by E-Müller-Hartmann, and can easily be argued by considering the
characteristic function [181, Eq. 8].

15Fixing the second moment as we did here, for the infinite bandwidth, which can be very helpful when comparing
different lattice types. Therefore, an appropriate scaling of the hopping has been adopted throughout this thesis.

54



3.7 Anderson Impurity Model

Lastly, we should point out the form of the scaling 1/
√
d. This factor leaves the density states finite

(higher or lower powers would lead to infinite or zero bandwidth), thereby preserving competition
between kinetic and potential energy terms in the limiting mean-field Hamiltonian.

Diagrammatic Contributions

Next, we will discuss the implications on the Feynman diagrams of the Hubbard model under this limit.
For that, we consider the kinetic energy part of the Hubbard model and scale the hopping amplitude
according to the proper scaling argument 1√

z

Ekin,σ = ∑
⟨ij⟩

t∗⟨ĉ†
iσ ĉ jσ⟩ = ∑

⟨ij⟩
t∗ ∫ dνGν

ij,σe
+iνη (3.94)

The potential energy term U ∑i n̂i↑n̂i↓ does not scale with the connectivity because it already is local.

G0,ij(τ)
d→∞
∝ O(t∣i−j∣

) = O(d
∣ri−rj ∣

2 ) ∝ O(
1
√
z
) + δijO(1) (3.95)

Here we used the rescaled hopping from Eq. (3.93). This scaling also leads to a collapse of diagrams
for infinite dimensions (tables for the collapse of the first three orders in the self-energy are computed
here [172]). As one might guess from this argument, the collapse of the propagators results in a purely
local self-energy [181]:

lim
d→∞

Σν
(ri, rj) = δijΣν

(ri, ri) (3.96)

From this follows by Fourier transformation a momentum independent self-energy in the infinite-
dimensional limit

lim
d→∞

Σν
k = Σν (3.97)

It is important to note that the particles are not localized but only the transition between fixed lattice
points i and j becomes negligible (as it should, since there are now infinitely many neighbors). The
remaining class of skeleton diagrams are exactly equivalent to those of the AIM. These are diagrams
without any self-energy insertions, i.e. no subgraph is 1PI. The following diagram is an example of a
non-skeleton diagram, due to the insertion of a 1PI diagram on one of the propagators:

1 2

(3.98)

We will now discuss this model, specifically comparing it to the Hubbard model, before moving on
to the methods chapter. There, we will discuss the DMFT method, which uses the correspondence
between the Hubbard and Anderson impurity model at the limit of infinite coordination number to
construct a mean-field solution for the former.

3.7 Anderson Impurity Model

The Anderson impurity model is defined as a non-interacting bath with a single correlated site. It was
introduced by P. Anderson in order to describe the effects of localized states on magnetism [9] but is
today also often employed as a local reference system when constructing non-local solutions for the
Hubbard model. It is related to the Hubbard model with Uij → δi0U and tij = δi0 (Viĉ

†
i0ĉ 0i + V

∗
i ĉ i0ĉ

†
0i).

Furthermore, the chemical potential for each bath site is given by εi

ĤAIM = ∑
σ,ij≠0

tij ĉ
†
jσ ĉ iσ +∑

i

(Viĉ
†
iσd̂ σ + V

∗
i d̂ σ ĉ

†
iσ) +Un̂↑n̂↓ − µ∑

σ

n̂σ (3.99)

= Ĥ0 + Ĥ∆ + ĤU (3.100)

d̂† and d̂ are the creation and annihilation operators for the impurity. The density operator only acts
on the impurity n̂σ = d̂

†
σd̂ σ. Due to the single-site problem, we could also use the Fourier representation

of Ĥ0 = ∑kσ εkĉ
†
kσ ĉ kσ and Ĥ∆ = ∑kσ (Vkĉ

†
kσd̂ σ + V

∗
k d̂ σ ĉ

†
kσ).

The parameters εl and Vl are called Anderson parameters in this thesis, specifically in Sec. 6.6 where
we present one of the methods of solving this model by explicitly constructing the Hamiltonian in a
basis with finitely many parameters l < ∞. The more modern (but also numerically more expensive and
sometimes less reliable) CTQMC method, which gives unbiased results for the infinite bath site model,
has been discussed in detail in my master’s thesis [246]. The possibility of constructing the Hamiltonian
explicitly already gives an indication of the usefulness of this model, due to the greatly reduced number
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3 Hubbard Model

Un̂↑n̂↓

Viĉ
†
iσd̂σ

(a) Illustration of a two-dimensional square lat-
tice, with embedded impurity. The impurity
couples with a hybridization amplitude Vl to
neighboring, non-interacting bath sites l. No
hopping between bath sites occurs, thereby
transforming this lattice into to one shown in
Fig. 3.10b.

Un̂↑n̂↓ ε0
V0

...

ε1

V 1

...

ε2

V
2

...

ε3

V3

...ε4

V4

...
ε5

V
5 ...

(b) Illustration of the Anderson impurity model as
a star geometry, mapped from (for example)
from the lattice in Fig. 3.10a, often used by
impurity solvers for DMFT.

of Hilbert space dimensions compared to the full Hubbard model. This is useful for this thesis for two
reasons: (i) The AIM can (in the sense of the skeleton expansion of the self-energy) be viewed as the
infinite spatial dimension limit of the Hubbard model, giving rise to the DMFT, discussed in the last
section and Sec. 5.1. (ii) It is an exactly solvable model, which still contains important physics, such
as the Kondo effect. We will use this to construct exact pairs of Green’s functions and self-energies in
our attempt to learn some structure of the Luttinger-Ward Functional (LWf) in Sec. 6.7.

3.7.1 Limiting Cases

We can obtain the Green’s functions in the non-interacting and atomic limit, analogously to our deriva-
tion in the Hubbard model (here, we just abbreviate the calculation presented in [205, p. 2.2.7.1]).

Interaction Limit: By letting U → 0, the Hilbert space again becomes diagonalizable:

∂τ ĉ iσ(τ) = −εiĉ iσ(τ) − Vid̂ σ(τ) (3.101)

∂τ d̂ iσ(τ) = −∑
i

Viĉ iσ(τ) + µĉ iσ (3.102)

Analogously to the derivation in the Hubbard model, we find for the Green’s function:

⇒ ∂τG0,ij = −εiG0,ij − ViG∆,i − δ(τ)δij (3.103)
∂τG∆,i = −∑

i

ViG0,ij + µG∆,i (3.104)

∂τGImp = −∑
i

ViG∆,i + µGImp − δ(τ) (3.105)

Here, we defined the commonly used names for the impurity, bath, and hybridization Green’s functions.
This set of equations can be solved, thereby defining the impurity Green’s function and hybridization
function ∆ν , the self-energy of the hybridization Green’s function:

GImp = [iνn + µ −∆ν
]
−1 (3.106)

∆ν
= ∑

l

∣Vl∣
2

iνn − εl
(3.107)

The spectral function can be obtained from the analytical continuation (using the Sokhotski–Plemelj
theorem) of the hybridization function, according to Sec. 2.4.3.1:

Aν
= 2 ImGR,ν

=
1
π

Im ∆ν

(iνn)2 + (Im ∆ν)
2 (3.108)

We observe that an increase in the imaginary part of the hybridization broadens a quasi-particle peak,
according to Eq. (2.142).
The atomic limit becomes trivial in the case of the AIM, since the Hilbert space is not only diagonal-
izable, as in the Hubbard model, but additionally consists of a single site. This directly reproduces
the result from Eq. (3.28), without the site index. Accordingly, we can again observe a Hubbard band
splitting of ±U/2 in the spectral function.

With Interaction For the AIM, the explicit calculation of the time derivative above can also be done
using an interaction term.

∂τ ĉ iσ(τ) = −εiĉ iσ(τ) − Vid̂ iσ(τ) (3.109)
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3.7 Anderson Impurity Model

∂τ d̂ iσ(τ) = −∑
i

Viĉ iσ(τ) + µĉ iσ + [ĤU , d̂ σ(τ)] (3.110)

= −∑
i

Viĉ iσ(τ) + µĉ iσ + −Un̂σ(τ)d̂σ(τ) (3.111)

This, again, leads to a set of coupled equations of motion. However, this time, they are not explicitly
solvable. The AIM is particularly useful in describing Kondo physics, i.e. spin-flip scattering of electrons
on impurities in a conduction band. One of the defining attributes of this is a screening of the impurity,
resulting in a constant, non-zero limit of the scattering rate when the temperature approaches zero.
For us, the physics described by the AIM is less important for the description of our system (because it
only serves as a surrogate for the Hubbard model solution within DMFT) but from a numerical point
of view. Within the ED approach that we use to obtain DMFT solutions for the two-particle Green’s
function (see Sec. 6.6), one has to consider the Kondo screening as a limiting effect for numerical
precision at low temperatures. As the screening becomes more important, the number of bath sites,
e.g. Fig. 3.10b needs to be increased, exponentially enlarging the Hilbert space and thereby limiting
the approach to a relatively high-temperature range when compared to CTQMC.
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4 Conserving Approximations and Two-Particle Consistency

This chapter is concerned with the foundation of conservation laws on the thermody-
namic and microscopic levels. Thermodynamic consistency will be discussed in the form
of the Luttinger-Ward functional and its role in the construction of conserving theories.
We then derive Ward–Takahashi identities as another consequence of symmetries. Sub-
sequently, a mechanism for restoring consistencies between single and two-particle levels
on an effective level is introduced. We thereby investigate the concept of two-particle
and thermodynamic consistency. Some details and derivations are provided here to
illustrate important concepts; for the understanding of the lDΓA method, it is, however,
sufficient to note a number of identities.
We furthermore review some properties of thermodynamics and phase transitions that
are important to understand the role of the λ-corrections.
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4 Conserving Approximations and Two-Particle Consistency

4.1 Thermodynamics and Phase Transition

We will now investigate the generating functionals introduced in Sec. 2.6.2 in the thermodynamic set-
ting. Specifically, the Luttinger-Ward functional is of interest, as it forms the basis for approximations
that satisfy thermodynamic consistency and conservation laws. Theories that fulfill these conservation
laws consequently also satisfy continuity equations and may, therefore, be assumed to have better ex-
planatory power for questions regarding transport observables. We also sketch why this consistency
is, in a sense, orthogonal to the two-particle consistency discussed in Sec. 5.3. Fulfillment of the Pauli
principle, the Mermin-Wagner theorem (Sec. 4.5.2), and consistency between observables when calcu-
lated from the one- and two-particle levels must be considered separately.
Our goal for this chapter is to develop an understanding of what a conserving theory is, how they are
constructed.
Subsequently, we will discuss consistency conditions for the one- and two-particle levels. This means
agreement of the values for the observables when calculated from two- or one-particle operators. We
also put an emphasis on the difference between thermodynamical and many-particle consistencies. In
fact, it has been convincingly argued that for all parquet-based approaches, only exact theories fulfill
both [234, 113] and [227, Chapter 6].

4.2 Ward Identities

4.2.1 Motivation

It is a well-known fact that continuous global symmetries lead to locally conserved charge densities
and the associated Noether current via Noether’s theorem [183]. Here, we want to investigate their
consequences in the Hubbard model, specifically by virtue of Ward-Takahashi identities [286, 258]. We
will give a brief introduction and then derive the Ward identities required for the construction of our
effectively conserving method in Chapter 4.5.1.
As a reminder of the relationship between symmetries and conservation laws in classical theories, we
reiterate the most important steps for the proof of Noether’s theorem (abbreviating the take-home
message from [61, Chapter 2.3]): A continuous, global (ε(x) ≡ ε) transformation F [x,ψ(x)] of a
classical field ψj(x) with components j

ψj(x) → ψj(x) + iεFj(x), (4.1)

that leaves the Lagrangian density unchanged, implies a conserved Noether current j = (j0, j):

∂tj0(x) + ∇j(x) = 0 (4.2)

Q = −∫ j0(x),
dQ
dt
= 0 (4.3)

We will encounter conservation laws in the form of such a continuity equation below in Sec. 4.4.
Ward identities lift Noether’s theorem to quantized field theories. Here, a local transformation of a
quantized field φ′j(x) → φj(x) + iε(x)Fj(x)

1 that leaves the functional action Sint invariant (we do not
need to assume the existence of a Lagrangian density) leads to the following change in the total action
(compare Sec. 2.1.1 for the notation):

S = S0 + Sint + SJ = −
1
2
φ(1)G−1

0 (1,2)φ(2) + Sint (4.4)

⇒ δS = δS0 + δSJ = δε(r1τ1)F (1)G−1
0 (1,2)φ(2) + δSJ (4.5)

We have also taken the coupling to the external generator fields J from Eq. (2.158) into SJ .
Since the transformation leaves the partition function unchanged, the expectation values must remain
the same:

⟨φ′(1), . . . φ′(n)⟩S = ⟨φ(1), . . . φ(n)⟩S (4.6)

We follow that the functional must be stationary:

δS = ∫ D[φ] e
−S−SJ

⎡
⎢
⎢
⎢
⎣
∑

α1α2

F (1)G−1
0,α1α′1

(1,2)φ(2)φ(2) + J(1)F (1)
⎤
⎥
⎥
⎥
⎦
= 0 (4.7)

Expanding the free Green’s function and pulling the derivatives outside of the expectation values gives
a more familiar-looking form of this generalized continuity equation when compared to Eq. (4.2) and
Sec. 4.4.

i∂τ ⟨j0⟩ + ∇ ⋅ ⟨j⟩ = −i∑
k

Jαk(τ, r)⟨Fαk(τ, r)⟩ (4.8)

1This is a transformation in the position and (imaginary) time domain x1 = (r1, τ1), leaving state indices α, such as
the spin, unchanged. The combined indices are still defined as 1 = (α1, r1, τ1) and sums over just the states α are
then written explicitly as ∑α1 f(1)
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4.3 Luttinger Ward Functional and Conserving Approximations

Concrete Ward identities for the n-point correlator are then obtained through n functional derivatives,
setting the source J = 0 afterwards:

⟨φjn(xn) . . . φj1(x1)Fα1(1)φ(n)φ(2)⟩G
−1
0,α1α2(1,2)

= −∑
k

δ(x − xk)⟨φjn(xn)φjn+1(xn+1) . . . Fjk(xk)φjn−1(xn−1) . . . φj1(x1)⟩ (4.9)

This discussion motivates the role of the effective action Γ[φ] in the formulation of Ward identities
since it naturally incorporates the source-coupling term in Eq. (4.7). It is possible to derive the Ward
identities, discussed in the following, using the functional formalism above [61, Chapter 2.3]. Here,
also, the relationship between local (ε(x)) and global (ε(x) ≡ ε) transformations and the emergence of
Goldstone bosons from global transformations is discussed. We are, however, not focused on sponta-
neous symmetry breaking and will instead choose the much more concrete operator formalism. This
will also provide more immediate results for the case of the Hubbard Hamiltonian.

4.3 Luttinger Ward Functional and Conserving Approximations

We will now give a brief summary of some of the points made first by (i) G. Baym and P. Kadanoff [23,
22] for the investigation of macroscopic conservation laws and a method to construct approximate
theories that fulfill these; (ii) J. Luttinger and J. Ward [162], specifically linking the core quantity
to a generalization of the grand canonical potential and (iii) M. Potthoff for the non-perturbative
construction of the functional.
The Luttinger-Ward functional Φ[G] is closely related to the effective action, in this context. We have
already discussed some aspects of this functional around Eq. (2.165). This is the case because Φ turns
out to be the sum over all closed, dressed 2PI skeleton diagrams [194]. Comparing with the definition
of the effective action functional in Sec. 2.6.3 we can therefore define it as the difference between
interacting and non-interacting 2PI effective action [69, Sec. 6.4.5]:

Φ [G] = Γ [G] − Γ0 [G] = Γ [G] −Tr ln (−G) −Tr ((G−1
0 −G

−1
)G) (4.10)

The usefulness stems from the relation to the grand canonical potential, as well as the ability to generate
irreducible functions from derivatives with respect to the full Green’s function.

Ω = Tr ln(G) −Tr (ΣG) +Φ [G] (4.11)

This functional is stationary for the exact self-energy of the system:

δΦ[G]
δΣ

=
δΦ[G]
δG

δG

δΣ
= 0 ⇔

δΩ
δΣ
= 0 (4.12)

This then implies fulfillment of thermodynamic consistencies in theories based on approximations of this
functional, as will be discussed in Sec. 4.3. There are two important properties of the Luttinger-Ward
functional (specifically in the context of DMFT) [194]:

Φ[G] = 0, ifU = 0 (4.13)
Φ[G] universal (4.14)

The second property means that Φ is the same for two Hubbard systems with identical U regardless of
the hopping parameter t. This is central to the application in DMFT. Importantly, the non-perturbative
construction demonstrates that the LWf exists, even when a perturbative construction is not possible.
The leading order diagrams are given as follows [194]:

Φ = + + + . . . (4.15)

Since functional derivatives can be graphically represented by cutting one closed line, it can be under-
stood by comparison with Eq. (2.201) that the functional derivative generates the self-energy. This
also yields property Eq. (4.13) of the LWf; when the interaction vanishes, only diagrams of zeroth order
are left [195].
There are two subtleties to consider: (i) the existence of the LWf is deduced from a “vanishing curl”
condition [22]:

δΣ(1; 1′)
δG(2′; 2)

=
δΣ(2; 2′)
δG(1′; 1)

(4.16)
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4 Conserving Approximations and Two-Particle Consistency

The curl condition is equivalent to the property that the functional derivative with respect to the
Green’s function yields the self-energy [266, Chapter 72.1]:

δΦ[G]
δG(2′; 1′)

= Σ(1′; 2′) (4.17)

(ii) the mapping G[G0] must exist and be unique, which has been demonstrated not always to be the
case [88]. Although this could pose a significant issue due to a potential breakdown of a well-defined
parquet decomposition, we ignore this pitfall in this thesis.
Our application for the Luttinger-Ward functional will be to discuss conserving approximations, specif-
ically DMFT and RPA. Furthermore, we will discuss an attempt to learn certain features of the LWf
through a machine learning approach in Sec. 6.7.

4.3.1 Conserving Approximations

As mentioned in the previous section, the LWf is closely related to the grand canonical potential. It
acts as a functional generalization of a thermodynamic potential, extending the definition from static
to dynamic quantities, thus representing the full state of a system. Consequently, theories obtained
through approximations of this functional are conserving in a thermodynamical sense [22] and by
making approximations to the LWf, one can develop theories that retain this conserving nature. These
theories are called Φ-derivable and are supplemented by the set of equations discussed above (just as
a thermodynamic potential is complemented by equations of state involving the natural variables):

δΦ[G]
δG(1; 1′)

= Σ(1′; 1), δΣ(1′; 1)
δG(2; 2′)

= Γ(1′,1; 2′,2) (4.18)

Note that we cannot disregard the second argument in the self-energy, even for equilibrium calculations.
Furthermore, the 2-particle 2-particle irreducible vertex Γ appears, but not the 2-particle Green’s
function itself. Φ-derivability makes no statement about how to obtain those or quantities generated
from it. This will be discussed in detail in Sec. 4.5.
A detailed discussion of Φ-derivable theories along with concrete examples for choices of approximate
Φ in the setting of mean-field theories, in [28].
Note, however, that the arbitrariness in the choice of an approximation for the LWf leads to an infinite
amount of conserving theories [5]. This undercuts the argument for consistency already; in Sec. 4.5,
we will present another argument for the inconsistencies that can arise from a purely Phi-derivability-
based approach.

Conservation of Particle Number

Theories constructed via the LWf, i.e. Φ-derivable theories, conserve the number of particles. This
follows by construction and also demonstrates the equivalence of the LWf to the free energy. We try
to illustrate this by computing the electron density from Φ, following [194]. The traditional way of
obtaining the electron density is:

n = Tr [G] = ∑
νk
Gν

σ,ke
−iνn(−η)

=
1
β

∂ lnZ
∂µ

= −
∂Ω
∂µ

(4.19)

First, we note that Eq. (4.19) and Eq. (4.18) with a change of variables gives the following identity:

∂Φ[G]
∂µ

= Tr [δΦ[G]
δG

∂G

∂µ
] = Tr [Σ∂G

∂µ
] (4.20)

We then use Eq. (4.11) to demonstrate how to obtain the electron density by functional derivation of
the LWf:

n = −
∂

∂µ
[Φ[G] +Tr[lnG] −Tr[ΣG]]

= −
∂Φ[G]
∂µ

−Tr [G−1 ∂G

∂µ
−
∂Σ
∂µ

G −Σ∂G
∂µ
]

= −
∂Φ[G]
∂µ

−Tr [(−∂G
−1

∂µ
−
∂Σ
∂µ
)G −Σ∂G

∂µ
]

= −
∂Φ[G]
∂µ

+Tr [∂G
−1
0

∂µ
G] +Tr [Σ∂G

∂µ
]

= Tr [G] = n (4.21)

Where we used integration by parts in the third line, the Dyson equation in the 4th line and finally
the definition of the free Green’s function G−1

0 = ν − εk +µ for the 5th line. A very thorough discussion
of the LWf and Φ-derivability is given in [28], specifically section 5.
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4.4 Ward Identities for the Hubbard Model

More examples and a textbook introduction to conserving theories, specifically the RPA and Fluctua-
tion Exchange (FLEX) approximations [30, 29, 228] are given in [227].
We will now switch to the complementary point of view for consistencies through Ward identities
obtained through the operator formalism. These are needed to provide a full understanding of how
consistencies are only restored on an effective level in lDΓA .

4.4 Ward Identities for the Hubbard Model

The following section is based on lecture notes and private notes by Georg Rohringer. Most derivations
follow these notes verbatim. These have also been derived in a more general setting. A particularly
comprehensive derivation was given by F. Krien, including the symmetry broken phase and an arbitrary
non-interacting part of the Hamiltonian [143, Chapter C.1], [147], earlier works include [280, 200, 48,
265, 112, 166, 91]. A textbook introduction is also given in [61, Sec. 2.3.4]
Our goal here is to derive Ward identities and the f -sum rule in the Hubbard model used for the
consistency conditions of lDΓA in detail.

Continuity Equation for the Hubbard Model

We start by obtaining the discrete continuity equation on the Hubbard lattice ∂τ = ∂τ n̂lσ(τ) = [n̂lσ, Ĥ]
2

Evaluation of the time evolution for the density operator n̂lσ reads as follows:

∂τ n̂lσ(τ) = [Ĥ, n̂lσ] = ∑
ij,σ′

tij [ĉ iσ′ ĉ
†
jσ′ , ĉ lσ ĉ

†
lσ] +U∑

i

[n̂i,↑n̂i,↓, n̂l,σ]

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=0

(2.18)
= ∑

ij,σ′
tij (ĉ iσ′ [ĉ

†
jσ′ , ĉ lσ ĉ

†
lσ] + [ĉ iσ′ , ĉ lσ ĉ

†
lσ] ĉ

†
jσ′)

(2.20)
= ∑

ij,σ′
tij (−ĉ iσ′ ĉ lσ {ĉ

†
jσ′ , ĉ

†
lσ} + ĉ iσ′ {ĉ

†
jσ′ , ĉ lσ} ĉ

†
lσ − ĉ lσ {ĉ iσ′ , ĉ

†
lσ} ĉ

†
jσ′ + {ĉ iσ′ , ĉ lσ} ĉ

†
jσ ĉ

†
lσ)

(2.21)
= ∑

i

(tilĉ iσ ĉ
†
lσ − tliĉ lσ ĉ

†
iσ) (4.22)

This is a continuity equation on the discrete Hubbard lattice.
Analog, but more tedious computation yields for the creation operator of the general Hubbard Hamil-
tonian Ĥ = −∑ij tij ĉ

†
i ĉ j +∑ijklUijklĉ

†
i ĉ

†
j ĉ k ĉ l − µ∑i n̂i, the equation of motion:

∂τ ĉ
†
l (τ) = −∑

i

(til + δilµ)ĉ
†
i +∑

ijk

(Uijkl −Uijlk)ĉ
†
i ĉ

†
j ĉ k (4.23)

Note the formal similarity to the functional form in Eq. (2.239), which underscores how we could have
obtained the SDE through the operator formalism as well.

4.4.1 Two-Particle Continuity Equation
To obtain the Ward identities for the Hubbard model, we first derive the continuity equation of the
two-particle Green’s function by application of Eq. (4.23).

The notation here is shortened by writing Θij ∶= Θ(τi − τj) and δij ∶= δ(τi − τj)

Important 4.4.1.1 (Continuity Equation in Imaginary Time)
The imaginary time derivative of the two-particle Green’s function of the Hubbard model is given
by:

∂τ1G
iijl
σσ′(τ1, τ1, τ2, τ3) = ∑

m

(tmiG
mijl
2,σσ′(τ1, τ1, τ2, τ3) − timG

imjl
2,σσ′(τ1, τ1, τ2, τ3))

+δ12δijδσσ′G
il
(τ1, τ3) − δ13δilδσσ′G

ji
(τ2, τ1) (4.24)

For the derivation of the symmetry-broken case, we refer to [143, Section C.1].

We will now prove this identity, starting from the definition of the two-particle correlator and
Def. 2.1.2.3.

Giijl
σσ′(τ1, τ1, τ2, τ3) = Θ12Θ23⟨n̂iσ(τ1)ĉ jσ′(τ2)ĉ

†
lσ′(τ3)⟩

−Θ13Θ32⟨n̂iσ(τ1)ĉ
†
lσ′(τ3)ĉ jσ′(τ2)⟩

2This is the Heisenberg equation of motion for the density operator. The non-lattice form of the density operator
ρ = ψ∗∂tψ − ψ∂tψ

∗, recovers the usual continuity equation from electrodynamics ∂tρ + ∇ ⋅ j = 0, which analogously
describes the flux of electrons in the classical and continuum limit.
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+Θ21Θ13⟨ĉ jσ′(τ2)n̂iσ(τ1)ĉ
†
lσ′(τ3)⟩

−Θ31Θ12⟨ĉ
†
lσ′(τ3)n̂iσ(τ1)ĉ jσ′(τ2)⟩

+Θ23Θ31⟨ĉ jσ′(τ2)ĉ
†
lσ′(τ3)n̂iσ(τ1)⟩

−Θ32Θ21⟨ĉ
†
lσ′(τ3)ĉ jσ′(τ2)n̂iσ(τ1)⟩

Note first, that ∂τj ĉ(τi) = ∂τj ĉ
†
(τi) = 0 for i ≠ j and only density operators with time argument τ1

appear. Therefore, we let ∂τ → ∂τ1 .

∂τ1G
iijl
σσ′(τ1, τ1, τ2, τ3) = ∂τ1 Θ12Θ23⟨n̂iσ(τ1)ĉ jσ′(τ2)ĉ

†
lσ′(τ3)⟩

+Θ12Θ23⟨
n̂iσ

∂τ
(τ1)ĉ jσ′(τ2)ĉ

†
lσ′(τ3)⟩ + . . .

= δ22Θ23⟨n̂iσ(τ1)ĉ jσ′(τ2)ĉ
†
lσ′(τ3)⟩

+Θ12Θ23⟨∑
m

(tmiĉ mσ ĉ
†
iσ − timĉ iσ ĉ

†
mσ) (τ1)ĉ jσ′(τ2)ĉ

†
lσ′(τ3)⟩ + . . .

We group all derivations of Θ-functions and all those of density operators together. In addition, we
note that for the first case, only pairs τ1, τ2 and τ1, τ3 appear, and ∀i ∶ ∂Θi2/∂τ1 = ∂Θi1/∂τ1 = δ1i. The
second case yields two 2-particle Green’s functions.

= δ12[ Θ13⟨n̂iσ(τ1)ĉ jσ′(τ1)ĉ
†
lσ′(τ3)⟩ −Θ13⟨ĉ jσ′(τ1)n̂iσ(τ1)ĉ

†
lσ′(τ3)⟩

−Θ31⟨ĉ
†
lσ′(τ3)n̂iσ(τ1)ĉ jσ′(τ1)⟩Θ31⟨ĉ

†
lσ′(τ3)ĉ jσ′(τ1)n̂iσ(τ1)⟩]

+δ13[ −Θ12⟨n̂iσ(τ1)ĉ
†
lσ′(τ1)ĉ jσ′(τ2)⟩ +Θ12⟨ĉ

†
lσ′(τ1)n̂iσ(τ1)ĉ jσ′(τ2)⟩

+Θ21⟨ĉ jσ′(τ2)n̂iσ(τ1)ĉ lσ′(τ1)⟩ −Θ21⟨ĉ jσ′(τ2)ĉ lσ′(τ1)n̂iσ(τ1)⟩]

+Θ12Θ23∑
m

(tmi⟨ĉ mσ(τ1)ĉ
†
iσ(τ1)ĉ jσ′(τ2)ĉ

†
lσ′(τ3)⟩

−tim⟨ĉ
†
iσ(τ1)ĉ mσ(τ1)ĉ jσ′(τ2)ĉ

†
lσ′(τ3)⟩)

−Θ13Θ32∑
m

(tmi⟨ĉ mσ(τ1)ĉ
†
iσ(τ1)ĉ

†
lσ′(τ3)ĉ jσ′(τ2)⟩

− tim⟨ĉ
†
iσ(τ1)ĉ mσ(τ1)ĉ

†
lσ′(τ3)ĉ jσ′(τ2)⟩)

+ . . .

= δ12[ Θ13⟨[n̂iσ, ĉ jσ′](τ1)ĉ
†
lσ′(τ3)⟩ −Θ31⟨[n̂iσ, ĉ jσ′](τ1)ĉ

†
lσ′(τ3)⟩

+δ12[ −Θ12⟨[n̂iσ, ĉ
†
lσ′](τ1)ĉ jσ′(τ3)⟩ +Θ21⟨ĉ jσ′(τ3)[n̂iσ, ĉ

†
lσ′](τ1)⟩]

+∑
m

tmiG
mijl
σσ′ −∑

m

timG
imjl
σσ′

=∑
m

(tmiG
mijl
σσ′ − timG

imjl
σσ′ )

+ δ12δijδσσ′G
il
(τ1, τ3) − δ13δilδσσ′G

ji
(τ2, τ1)

Which proves Eq. 4.24.

4.4.2 Ward Identities

We now move to the momentum representation by Fourier transforming the previous result. This will
then enable us to obtain several Ward identities for the Hubbard model, listed in Sec. 4.4.2.1. From
time and space translational invariance we can follow:

Rl = 0, ∧ τ3 = 0 (4.25)

⇔ Gji
(τ ′, τ) = G(j−i)0

(τ ′ − τ,0) =∶ Gl
(τ) (4.26)

Proceeding with the Fourier transform of Eq. 4.24, we also abbreviate all sums and integrals into
one symbol here (e.g. for the 2-particle Green’s function: ∑νν′ω ∫k ∫k′ ∫q → ⨋ ). We use the usual
representation of δ12 =

1
2π ∫

∞
−∞ dωeiω(τ1−τ2):

Giij0
σσ′ = ⨋ ei(ντ1−k⋅Ri) ⋅ e−i[(ν+ω)τ1−(k+q)⋅Ri] ⋅ ei[(ν′+ω)τ2−(k′+q)⋅Rj] ⋅Gνν′ω

σσ′,kk′q

= ⨋ ⋅e
−iωτ1−iqRi ⋅ ei[(ν′+ω)τ2−(k′+q)⋅Rj] ⋅Gνν′ω

σσ′,kk′q
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Gmij0
σσ′ = ⨋ ei(ντ1−k⋅Rm) ⋅ e−i[(ν+ω)τ1−(k+q)⋅Ri] ⋅ ei[(ν′+ω)τ2−(k′+q)⋅Rj] ⋅Gνν′ω

σσ′,kk′q

Gimj0
σσ′ = ⨋ ei(ντ1−k⋅Ri) ⋅ e−i[(ν+ω)τ1−(k+q)⋅Rm] ⋅ ei[(ν′+ω)τ2−(k′+q)⋅Rj] ⋅Gνν′ω

σσ′,kk′q

δσσ′δ12δijG
i
(τ1) = δσσ′ ⨋ e−i[ωτ1−q⋅Ri]ei[(ν′+ω)τ2−(k′+q)⋅Rj]Gν′

k′

δσσ′δ(τ1)δi0G
j−i
(τ2 − τ1) = δσσ′δ(τ1)δi0G

j
(τ2) = δσσ′ ⨋ e−i[ωτ1−q⋅Ri]ei[(ν′+ω)τ2−(k+q)⋅Rj]Gν′+ω

k′+q

Here, we have explicitly written out all constituents of Eq. 4.24 and use that the hopping is only
dependent on the momentum transfer inside the summation, i.e. tmi = tim = t∣Ri−Rm ∣ = tRm′ and space
inversion symmetry of the lattice (ε−k = εk):

⇒ ⨋ (−iω)e
−i[ωτ1−q⋅Ri] ⋅ ei[(ν′+ω)τ2−(k′+q)⋅Rj]Gνν′ω

σσ′,kk′q

= ⨋ e−i(ωτ1−q⋅Ri) ⋅ ei[(ν′+ω)τ2]−(k′+q)⋅Rj

× [Gνν′ω
σσ′,kk′q∑

m′
tm′ (e

−ik⋅Rm′ − ei(k+q)⋅Rm′ )

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
εk−εk+q

+δσσ′ (G
ν′+ω
k′+q −G

ν′

k′) ]

⇔ 0 = ⨋ e−i[ωτ1−q⋅Ri] ⋅ ei[(ν′+ω)τ2−(k′+q)⋅Rj

× [(iω + εk − εk+q)G
νν′ω
σσ′,kk′q + δσσ′ (G

ν′+ω
k′+q −G

ν′

k′)] (4.27)

This Ward identity also holds for the generalized susceptibility, which can be seen by inserting the
definition of the generalized susceptibility into Eq. (4.30):

∑
ωk
(iωm + εk − εk+q)G

νν′ω
σσ′,kk′q = δσσ′ (G

ν′+ω
k′+q −G

ν′

k′)

⇔∑
ωk
(iωm + εk − εk+q) (χ

νν′ω
σσ′,kk′q − βδω0δ(q − 0)Gν

kG
ν′

k′) = δσσ′ (G
ν′+ω
k′+q −G

ν′

k′)

We can now use, that iωδω0 = 0 and δ(q − 0)(εk − εk+q) = 0

⇒∑
ωk
(iωm + εk − εk+q)χ

νν′ω
σσ′,kk′q = δσσ′ (G

ν′+ω
k′+q −G

ν′

k′) (4.28)

Letting σ =↑ and summing over σ′, one obtains expressions for the density and magnetic channel (see
Eq. (2.214) and Eq. (2.214)). On the right-hand side, this sum only cancels δσσ′ resulting in the
same Ward identity for the generalized susceptibility in Eq. (4.31) and with the definition of the non-
interacting Green’s function Gν

0 , we also obtain the form in Eq. (4.32).
The last important Ward identity for us is the one connecting one- and two-particle irreducible vertices,
which can be obtained by inserting the BSE, Eq. (2.257), into Eq. (4.32). This is more conveniently
written in the symbolic 4-vector notation with ν ∶= (ν,k) because we do not need any more explicit
Fourier transformations.

Gω+ν
−Gν

= GνGω+ν
[ ((Gω+ν

0 )
−1
− (Gν

0)
−1
)

+∑
ν1

Γνν1ω
∑
ν2

((Gω+ν2
0 )

−1
− (Gν2

0 )
−1
)χν1ν2ω

]

⇔
Gω+ν

−Gν

GνGω+ν
− ((Gω+ν

0 )
−1
− (Gν

0)
−1
) = ∑

ν1

Γνν1ω
∑
ν2

((Gω+ν2
0 )

−1
− (Gν2

0 )
−1
)χν1ν2ω

Here, we use the Dyson equation and Eq. (4.32), to obtain

⇔ Σν+ω
+Σν

= ∑
ν1

Γνν1ω
∑
ν2

(Gω+ν2 −Gν2) (4.29)

This can be viewed as the integral form of δΓ/δG in Eq. (4.18).
In summary, we have derived the following Ward identities.

Important 4.4.2.1 (Ward Identities)
From Eq. (4.27) we get a Ward identity formulated in terms of G(2) or χνν′ω. Because we present
paramagnetic calculations in this thesis, the spin indices are suppressed where possible.

δσσ′ (G
ω+ν′
−Gν′

) = ∑
ν

[iωm + εk − εq+k]G
νν′ω
σσ′ (4.30)

Gω+ν
−Gν

= ∑
ν′
[iωm + εk − εq+k]χ

νν′ω (4.31)
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= ∑
ν

[(Gω+ν
0 )

−1
− (Gν

0)
−1
]χνν′ω (4.32)

Σω+ν
−Σν

= ∑
ν′
[Gω+ν′

−Gν′
]Γνν′ω (4.33)

= ∑
ν′
[(Gω+ν′

0 )
−1
− (Gν′

0 )
−1
]F νν′ωGνGω+ν (4.34)

Connection to Fermi Liquid

The Ward identity Eq. (4.34) allows us to make a connection to Fermi liquid theory (see Sec. 2.5) [61,
Sec. 4.4.4] and [147, D.10]. This can be seen by choosing ω = ω1 = 2π/β, ν′ = ν−1 = −π/β and q = 0.
Then εk = εk+q, and we can write:

Σω1+ν0 −Σν−1 = ∑
ν

[Gω1+ν
−Gν

]Γνν−1ω1

Σω1+ν−1 −Σν−1 = − ∑
kνσ′

iω1F
νν−1ω1
k,k′0,σσ′G

ω1+ν
0+k Gν

k

With Σν−1 = (Σν−1)
∗ and 2ν0 = ω1 it follows that

⇔
2 Im Σν0

k
ν0

= − ∑
kνσ′

F νν−1ω1
kk′0,σσ′G

ω1+ν
k Gν

k (4.35)

≈ ∂ν Re ΣR,ν (4.36)

This can be seen as an approximation for the quasi-particle weight Zk at finite temperatures from
Eq. (2.3b), ∂ν Re Σν

k∣
ν=0

, implying a divergence of the full vertex (in each channel) at the first bosonic
Matsubara frequency when approaching the Mott transition for T → 03, demonstrating a direct effect
of thermodynamical properties on the two-particle quantities.

Connection Thermodynamics

The lDΓA method presented in Sec. 5.4 does not aim to restore violations of the Ward identities directly
but instead renormalizes physical susceptibilities, which are the dominant contributions in the vicinity of
second-order phase transitions (where the corresponding susceptibility at the ordering vector diverges).
However, these thermodynamic consistencies do not imply fulfillment of the Ward identities in return,
leaving properties that rely specifically on these microscopic identities ambiguous. To illustrate the
connection, we give an example of how Ward identities relate to the physical susceptibilities: They can
be obtained either as a sum over the generalized susceptibilities or directly through the Ward identities
that connect these to the self-energy. For example, the spin susceptibility can be calculated via the
left-hand side of Eq. (4.34) (see [147, Section D.6] for the derivation):

lim
h→0

Σν
σ −Σν

σ

h
= −2dΣν

σ

dh
(4.37)

The static susceptibility can be obtained from the generalized one;

lim
h→0

2σ∑
νν′
χνν′ω=0

m =
⟨nσ⟩ − ⟨nσ⟩

h
= −σ

d⟨m⟩
dh
∣
h=0
= −χω=0

m,q=0 (4.38)

Similarly to the magnetic response with the magnetization as observable, the static charge susceptibility
corresponds to the compressibility κ(1) = n−2∂µn of the system:

χω=0
d,q=0 = ⟨n

2
⟩ − ⟨n⟩2 = κ(2)

?
=κ(1) (4.39)

The thermodynamic quantities and how to obtain them from one- and two-particle functions are dis-
cussed in Sec. 4.5. The last equation indicates the problematic discrepancy between calculations of
thermodynamics calculated from the one- and two-particle levels that we will explore in detail in the
next sections.

3However, the static susceptibility does remain finite [116], as careful consideration of the limit demonstrates [147,
D.10].
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4.4.3 f -sum Rule and Asymptotic Behavior
One important consequence of the Ward identity in Eq. (4.32) is the f -sum rule. By summing both
sides in Eq. (4.32) over the fermionic degrees of freedom ∑kk′νν′ at q = 0, we get

iωmχ
ω
q=0 = 0⇔ χω≠0

q=0 = 0, (4.40)

because ∑kν (G
ω+ν
q+k −G

ν
k) = 0 and ∑ν ((G

ω+ν
0 )

−1
− (Gν

0)
−1
) = iωm. Eq. (4.40) describes a gapless exci-

tation at q = 0, since χω
d/m,q=0 vanishes for arbitrarily small energies. In the symmetry-broken case, at

finite magnetic fields, which can be related to the existence of a Goldstone mode [143, Section D.1].
This identity is of no immediate use for the lDΓA itself but serves as an important numerical check.
One can easily verify that the Lindhard function for RPA, see Sec. 5.2.1 fulfills this condition. More
importantly, the physical susceptibilities as obtained from DMFT do as well and, by extension, the ones
in lDΓA . This is because the tails of χω

r,q are unchanged by the λ corrections discussed in Sec. 4.5.1.
Deviation from the behavior in Eq. (4.40) therefore indicates faulty data or insufficient frequency and
k-sampling grids.
By using the definition of the generalized susceptibility and the asymptotic expansion of the bare
bubble from Eq. (6.30), one obtains the asymptotic behavior of the generalized susceptibility.

χνν′ω
kk′q = Nβδ(k − k′)δνν′

Gν
k −G

ω+ν
q+k

iωm
+O(1/ω2

) (4.41)

Where we used the connected part of the susceptibility G⋆G⋆F ⋆G⋆G = O(1/ω2
), we then sum over

the fermionic degrees of freedom to obtain the f -sum rule.

Important 4.4.3.1 (f-sum rule)
The f-sum rule connects the susceptibility to the density response:

lim
∣ω∣→∞

(iωm)
2χω

d/m,q = ∑
k
(2εk − εk+q − εk−q)nk (4.42)

= 2∑
νk
(2εk − εk+q − εk−q)G

ν
k (4.43)

This is also often expressed differently using the (for this thesis everywhere implicitly defined) con-
vergence factor of e−iην in the sums over the bosonic Matsubara frequencies of the Green’s function.
Doing so for Eq. (4.43) results in the form

∑
ω

(eiηω
− e−iηω

)χω
d/m,q = ∑

k
(2εk − εk+q − εk−q)nkσ (4.44)

The most important consequence of the f -sum rule for our context is the relationship to the kinetic
energy because it provides a direct connection to a thermodynamic quantity. Furthermore, the f -sum
rule defines the high-frequency asymptotic contribution of the physical susceptibilities, that are crucial
for the numerical stability of the lDΓA method.

4.5 Two-particle and Thermodynamical Consistency

While Φ-derivable theories based on the LWf functional, as discussed in Sec. 4.3, provide thermody-
namically consistent theories, they are not two-particle consistent, a concept we will now explore.
The two-particle Green’s function does not enter the LWf directly and must be obtained through the
BSE 4, where the irreducible vertex is the input and the two-particle vertex is then obtained, see
Eq. (2.256) or Eq. (2.258). The single-particle Green’s function obtained through the SDE, Eq. (2.7.4),
and the thermodynamical quantities obtained from it will generally not coincide with the thermody-
namically consistent ones obtained from the LWf. Concretely, this can be expressed as follows (we omit
channel, momentum, and frequency indices here):

Σ(1) = δΦ
δG

, Γ(1) = δ2Φ
δGδG

F (1) = Γ(1) − F (1) ⋆G ⋆G ⋆ Γ(1)

Σ(2) = ΣH +G ⋆G ⋆G ⋆ F
(1)
≠Σ(1) (4.45)

Here, the self-energies obtained from one and two-particle vertices do not coincide; see also Sec. 5.2.1.
This superscript notation for quantities calculated in these two different ways will be used for all oth-
erwise ambiguous quantities in the following.

4Extensions to the formalism that incorporate two-particle consistency have been developed [50, 52]. These methods
are still being extended, e.g [132], where a renormalized irreducible vertex is defined in this framework. However,
methods that make use of this formalism are still rare and come with their own challenges.

67



4 Conserving Approximations and Two-Particle Consistency

While thermodynamic consistency is crucial for an accurate description of transport phenomena, static
two-particle consistency is important for phase transitions, and the dynamical two-particle quantities
cannot be neglected when quantum mechanical fluctuations start to dominate [115, 107]. For example,
it was demonstrated that approximations with static vertices become unstable with respect to spin-
flips for temperatures above the Mott transition [113]. Furthermore, the inclusion of local correlations,
particularly through the non-perturbative DMFT (Sec. 5.1) seems essential for capturing important
phenomena such as high-temperature superconductivity [133]. For example, the fluctuations leading
to a divergence of the magnetic susceptibility and consequent onset of antiferromagnetic ordering at
the intermediate coupling regime in the three-dimensional Hubbard model are due to dynamical fluc-
tuations of the system contained in the dynamical two-particle vertex [253, 115].
In order to retain Ward identities arising from thermodynamical consistency and capture quantum
dynamical criticality at the same time, the divergence of response functions χω that correspond to
thermodynamically critical behavior must be matched to critical behavior that emerges because of
quantum fluctuations, encapsulated on the two-particle level through the use of the SDE [115, 23].
However, it is known that any conserving two-particle vertex that is antisymmetric under the exchange
of outgoing particles must contain all possible diagrams [234]; all approximate diagrammatic construc-
tions must therefore fail to be thermodynamically consistent 5. This means that the discrepancy in the
criticality between Γ(1) and Γ(2) can only be reconciled in the exact solution.
For this thesis, our objective is to motivate an effective method that disambiguates critical behavior
between two- and one-particle levels by renormalizing the physical susceptibilities in a way that restores
thermodynamical consistent consequences of the Ward identities without requiring a consistent vertex.

4.5.1 Thermodynamic Consistency and λ-corrections

In Sec. 5.4, we will discuss a method that uses the fully non-perturbative but local solution from DMFT
and then add non-local corrections through the BSE and SDE. This leads to (i) the problem presented
in Eq. (4.45), where a thermodynamical inconsistency is introduced; (ii) the DMFT vertex retains
mean-field artifacts such as unphysical phase transitions, violating the Mermin-Wagner theorem and
mean-field critical exponents. By introducing effective mass-renormalization parameters λ into the
physical susceptibilities, we aim to improve the lDΓA in both aspects [125, 202].
Our core assumption for the following consideration is that non-local fluctuations in the theory are
predominantly captured by physical susceptibilities. This is certainly true in the vicinity of second-
order phase transitions, where the susceptibilities diverge at the critical temperature TC, ordering
vector qC and channel rC.

lim
T→TC

χω=0
r=rC,q=qC = ∞ (4.46)

Our approach will be to correct the susceptibilities obtained through DMFT, which contain all local
contributions, by a rescaling determined through consistency relations that take non-local effects into
account. This scaling is achieved in a way pioneered by T. Moriya for the description of itinerant
magnetism [177, 176]. Here, the corrected susceptibilities are defined using a static parameter λ in
the following way:

χλr,ω
r,q = [

1
χω

r,q
+ λr]

−1

(4.47)

Our approach relies on the Ornstein-Zernike form of the susceptibility (Eq. (4.48)) that was first
designed to incorporate long-range fluctuations into short-ranged ones in classical systems [185], it
can, however, also be employed for quantum mechanical systems and is routinely employed in liquid-
state methods [92, Chapter 3]. Here, one typically introduces a pair correlation function h(r) =
(⟨n̂(r)n̂⟩ − ⟨n⟩2) /ρ with the number density ρ (compare also Eq. (2.96) for our definition of correlation
functions). One then introduces a direct correlation function c(r) that is responsible for short-range
interactions, with a redefined correlation h(r) = c(r)+ρ ∫ c(r−r′)h(r′)dr. In Fourier space, the convo-
lution decouples, due to the convolution theorem Sec. 6.4.2, and one obtains a geometric type structure
hk =

ck
1−ρck

= ck +ρck ⋆ck +⋯. Comparing with the definition of the λ correction in Eq. (4.47), we moti-
vate that the role of the short-range correlation is taken up by the local DMFT susceptibility, while the
density ρ that is responsible for the coupling of these correlations, is taken on by the λ-parameter. Near
a second-order phase transition, the Ornstein-Zernike of the susceptibility (for a discussion, see [49,
Eq. 15], [208] and [202, Appendix B]) is:

lim
q−qC

lim
T−TC

χω=0
r,q ∼

A

∣q − qC∣2 + ζ−2
r

(4.48)

5For an alternative argument see Eq. (4) to Eq. (5) in [115]. Here, the condition for the divergence can also be achieved
through the minimum of the span of the convolution operator [115, Eq. 5−6]. More concretely, in the notation of this
thesis, the divergencies are linked to the structure of the eigenspace of the generalized susceptibilities χνν′ω [207,
263].
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Where ζr is the correlation length for the channel r. In this form we find that the λ parameter in
Eq. (4.47) rescales the correlation length:

ζ−2
λr
= ζ−2

r + λr (4.49)

This parameter carries not only information about non-local correlations but can also contain informa-
tion about mixing between the magnetic and density channel, as explained in detail in Sec. 7.1.
The λ parameters can be employed to fix consistencies between quantities that are defined through
one-particle and two-particle (the susceptibilities) operators. In the following, we give an overview of
the thermodynamic consistencies we consider and their one- and two-particle representations. These
are numerically non-trivial to compute, due to a significant impact of the high-frequency tail behavior
on their values, which will be discussed in Sec. 6.2 and Sec. 6.3.

Potential Energy The potential energy is obtained through the self-energy in the one-particle case,
and χω

↑↓,q in the two-particle case:

E
(1)
pot = Tr [ΣG] = ∑

kν

Σν
kG

ν
k = U⟨n̂↑n̂↓⟩ (4.50)

E
(2)
pot = U∑

qω

(χω
d,q − χ

ω
m,q) +U

n2

2
= U∑

qω

χω
↑↓,q +U

n2

2
(4.51)

We omitted the λ superscript here. Note that also self-energy and non-local Green’s functions contain
these implicitly because they are computed from λ-corrected susceptibilities. We will discuss how they
are obtained in Sec. 5.4.

Consistency of Electron Density The consistency in the electron density, leading to the fulfillment of
the Pauli principle, also leads to behavior according to the Mermin-Wagner theorem (see Sec. 4.5.2). We
list several consistencies here that will be used in the construction of the thermodynamically consistent
variant of the lDΓA method in Sec. 5.4 and therefore make some forward references at this point.
The main equations that fix the λd parameter are:

PP(1) = n
2
(1 − n

2
) (4.52)

PP(2) = ∑
qω

(χω
d,q + χ

ω
m,q) = ∑

qω

χω
↑↑,q+ (4.53)

However, the electron density appears in more places, and inconsistencies between these can lead to
problematic effects, most often observed as non-causal self-energies.

n
!
= Tr [G] = ∑

kν

Gν
ke
−iνn0+

= ∑
νk
Gλm,λd,ν

k (4.54)

n

2
(1 − n

2
)

!
= ∑

ωq
(χλd,ω

d,q + χλm,ω
m,q ) (4.55)

U2 n

2
(1 − n

2
)

!
= lim

n→∞
Re [iνn (Σiνn

k −
Un

2
)] (4.56)

The first condition, Eq. (4.54), is then satisfied by fixing a chemical potential, implying µDMFT ≠ µlDΓA
(see Sec. 5.4). Eq. (4.55) and Eq. (4.56) are non-trivial. One fixes the Pauli principle as stated above
in Eq. (4.53). However, the electron density appears in the high-frequency tail of the self-energy as
well. The structure of this equation (involving a limit) is different from all others considered here.
Furthermore, no susceptibility enters this equation explicitly on either side of the equation. One
could attempt to employ the λd parameter to fix the high-frequency tail of the self-energy. However,
motivated by the form of the λ correction as the renormalization of response functions close to phase
transitions, we choose to emphasize the importance of thermodynamic consistency, which uses one of the
λ parameters for the consistency condition of the potential energy. We, therefore, go a different route
for the fulfillment of this condition and apply either (i) an ad-hoc fix reminiscent of the self-consistency
condition in the dual boson approach [271, Eq. 4] where the fulfillment of this condition leads to an
intrinsic consistency between the potential energies; or (ii) by explicitly breaking the symmetry between
spin channels. A discussion will be given in Sec. 6.2.4. Note however, that the first introduction of λ
parameters for the lDΓA method chose to emphasize the tail condition Eq. (4.56) over thermodynamical
ones [125, Sec. V], so our selection of λ-parameter enforced conditions is neither binding nor unique.

Kinetic Energy The kinetic energy stands out against the Pauli principle and the potential energy as
only contained in the high-frequency asymptotic of the susceptibility. Specifically as consequence of
the f -sum rule Eq. (4.43), we obtain after summation over q:

E
(1)
kin = Tr [εkG] = ∑

kν

εkG
ν
k (4.57)
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E
(2)
kin = lim

∣ω∣→∞
(iωm)

2
∑
q
χω

d/m,q (4.58)

The kinetic energy may be treated sufficiently on the single-particle level, being defined as the expec-
tation value of a single-particle operator [202, Sec. IV.A]. However, it is, in fact, possible to also keep
this quantity consistent by explicitly enforcing the f -sum rule. This will be discussed in Sec. 5.4.3.

4.5.2 Critical Exponents and Mermin-Wagner Theorem

There are many versions of the Mermin-Wagner theorem and a review or introduction is beyond the
scope of this thesis and therefore left to the literature [170, 104, 282, 77]. For us, it is sufficient to state
that magnetic phase transitions (which specifically exclude infinite-order phase transitions such as the
Kosterlitz-Thouless transition) are prohibited in two or fewer dimensions at finite temperatures in a
Hubbard-like model.
It can be argued that methods that predict phase transitions in two spatial dimensions should be
scrutinized concerning their three-dimensional predictions more carefully as well. We, therefore, want
to enforce this property, which is not directly linked to the two-particle consistency discussed before.
Instead, it stems from the fact that susceptibilities in approximate theories may have spurious divergent
susceptibilities in low dimensions.
Following [277, Section 3] closely, we show that the form of the λ corrected susceptibilities in Eq. (4.47)
naturally enforces finite susceptibilities. The fulfillment of the Pauli principle ⟨n̂2

⟩ = ⟨n̂⟩ is a sufficient
condition for the fulfillment of the Mermin-Wagner theorem:

∑
ωq
χλm,ω

m,q = 2⟨n̂↑n̂↑⟩ − ⟨n̂↑n̂↓⟩ = n − 2⟨n̂↑n̂↓⟩ (4.59)

∑
ωq
χλd,ω

d,q = 2⟨n̂↑n̂↑⟩ + 2⟨n̂↑n̂↓⟩ = n + 2⟨n̂↑n̂↓⟩ − n2 (4.60)

The sum and difference lead to our definition of the two-particle Pauli-Principle Eq. (4.53) and potential
energy Eq. (4.51). The λr superscript already indicates that we employ these two free parameters to
enforce fulfillment of Eq. (4.53). We can now observe that at a phase transition, leading to a form of
the susceptibility given in Eq. (4.48) we prevent a divergence of the susceptibility at all finite values of
λr, even when the uncorrected correlation length diverges, according to Eq. (4.49). This is necessary,
since the non-corrected susceptibility χω

r,q is obtained from a mean-field theory and will linearly cross
the phase boundary at TC (see below).

χλr,ω=0
r,q+qC ∼ ∫

1
q2 + ζ−2

MF + λr

ddq

(2π)d
!
= C (4.61)

C ∶=
n

2
(1 − n

2
) −∑

qω

χ
λr,ω

r,q (4.62)

C is finite because the subdominant channel has a finite susceptibility. The integral in Eq. (4.61) can
be evaluated and yields a finite value, even at an artificial mean-field phase transition with ζMF → ∞

in 2 spatial dimensions. Setting d = 2 the integral in Eq. (4.61) evaluates to

χλr,ω=0
r,q+qC ∼ ln(λr) < ∞ (4.63)

C has a temperature dependence and has been analyzed in the context of RPA and TPSC [178, 208].
Most importantly here, the existence of a non-zero λr parameter prevents a divergence of the suscep-
tibility in Eq. (4.61), which would lead to a spurious phase transition in 2 spatial dimensions.
Near the phase transition, scaling laws with critical exponents obtained from renormalization group
techniques take over. Here the susceptibility and correlation length scale as (e.g. [61, Chapter 10])

ζ ∼ ∣T − TC∣
−ν , χ ∼ ∣T − TC∣

−

γ

³¹¹¹¹¹¹¹¹¹· ¹¹¹¹¹¹¹¹¹µ
ν(2−η) , CV ∼ ∣T − TC∣

α (4.64)

For mean-field theories, it is known that

ν =
1
2
, η = 0, γ = 1, α = 2 − d/2 (4.65)

Mean-field theories become exact in the vicinity of phase transitions above the critical dimension of 4,
where fluctuations become less important. Furthermore, mean-field theories may be exact up until a
critical region with a size defined through the Ginzburg criterion of size [154]

∆TC ∼ T
2
C (4.66)

This behavior is indeed observed in our numerical studies for the 3 dimensional cubic lattice, discussed in
Sec. 7.1, where the λ-corrected susceptibilities follow mean-field behavior up until a critical region. Here,
the critical exponent starts to deviate from the mean-field one. As of the writing of this thesis, the exact
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exponent is unknown. For TPSC the Berlin-Kac spherical model universality class was determined [49]
which could be assumed to also hold for lDΓA due to its similar rescaling of the correlation function.
More importantly for our considerations here, the argument concerning the critical exponents suggests
that the rescaling of a DMFT mean-field susceptibility is also valid in regimes above the critical region
since the correct behavior is recovered with λr(T ) → 0. Indeed, we find in Sec. 7.1 that at most a static
shift in the mean-field critical exponent far above the critical region is observed. Furthermore, we also
find a scaling of the critical region with TC.
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5 Methods

In the following, we will discuss several methods for calculating quantities in strongly
correlated many-particle systems. Each method will be presented from a pragmatic point
of view with a brief summary of the assumptions and an overview of the algorithmic
solution. Subsequently, we will discuss the properties with respect to conservation laws
and two-particle consistencies, as presented in Sec. 4, building up to the lDΓA method,
whose extensions were developed as the main focus of this thesis. Here we will go into
more detail and also thoroughly discuss the numerical details in Sec. 6.
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5.1 Dynamical Mean field Theory

In this section, we present the DMFT method. Due to its immense success of describing strong
correlation physics in real materials, for example, by virtue of DFT+DMFT, there are plenty of well-
written and pedagogical introductions to this subject matter available [80, 281, 62]. Nevertheless, a
very brief derivation will be presented here as well since the construction of approximations to the full
many-body problem does play a critical role for this thesis in that the fulfillment of conservation laws
can follow from the construction; see also Sec. 4.

5.1.1 Cavity Construction

In the following, we give an abbreviated version of the cavity construction to obtain the DMFT method,
originally in [80, Sec. III.A] and later [281]; parts of the derivation are also excerpts from my master’s
thesis [246].
The central idea for the cavity construction is the same as the mean-field constructions discussed in
the limits of the weak coupling and infinite coordination number of the Hubbard model Sec. 3.4.2
and Sec. 3.6.1. Specifically, we will use the correspondence between the Hubbard model and the
Anderson impurity model Sec. 3.7. As indicated by our previous considerations in Sec. 3.6, the Feynman
diagrams that contribute to the self-energy of the Hubbard model and AIM are identical for an infinite
coordination number (see discussion around Eq. (3.98)). We will assume an interacting bath, i.e. full
Hubbard model, and then prove that the Anderson impurity model yields the same action in infinite
dimensions. This will result in the condition that the self-energy of the bath and the impurity must
be equal, making the bath interactions also implicitly dependent on the interaction U , as we have
seen during our discussion of the self-energy in the case of strong coupling Sec. 3.3 and weak coupling
Sec. 3.4. Algorithmically, this means that self-energy plays the role of the average spin field in the
traditional Weiss mean-field theory Sec. 3.6.1, however, the role of the mean-field is indeed taken on
by the Weiss Green’s function G0, as discussed below.

Action of the Hubbard Model in d = ∞ Details for the following abbreviated calculation can be found
in [80, Sec. III.A] and [84, Sec. 2.2.2].
We set i = 0 to be the impurity lattice point and write down the action of the full Hubbard model
(using the definition of the action in Eq. (2.161), we use φ and φ for the Grassmann fields):

SHub = Slattice + Scavity + Shyb (5.1)

Slattice =∫ dτ ∑
i≠0,σ

φiσ(τ) [∂τ − µ]φiσ(τ) − ∑
ij≠0,σ

tijφiσ(τ)φjσ(τ) +U∑
i≠0
φi↑(τ)φi↑(τ)φi↓(τ)φi↓(τ)

Scavity =∫ dτ (∑
σ

φ0σ(τ) [∂τ − µ]φ0σ(τ) +Uφ0↑(τ)φ0↑(τ)φ0↓(τ)φ0↓(τ))

Shyb = −∫ dτ∑
iσ

ti0 (φiσ(τ)φ0σ(τ) + φ0σ(τ)φiσ(τ))

For the last line we used ti0 = t0i. The mapping to an effective single-site problem is obtained by
tracing out all sites except i = 0. Subsequently, we will argue that for the AIM and Hubbard models,
the resulting thermodynamic averages are equivalent under the DMFT approximation (at z = ∞). We
first perform the integration over the bath and call the remaining action of the lattice site 0 mean-field
action.

1
ZMF

e−SMF =
1

Zfull
∫ ∏

i≠0,σ

D[φiσ, φiσ] e
−SHub

≈
1

Zfull
∫ ∏

i≠0,σ

D[φiσ, φiσ] e
−Slattice[φi≠0σ,φi≠0σ]e−Shyb[φiσ,φiσ]e−Scavity[φ0σ,φ0σ]

=
1

Zfull
e−Scavity

∫ ∏
i≠0,σ

D[φiσ, φiσ] e
−Shybe−Slattice =

Zlattice

Zfull
e−Scavity ⟨e−Shyb⟩lattice (5.2)

⇒ ZMF =
Zfull

Zlattice
(5.3)

SMF = Scavity − log [⟨e−Shyb⟩lattice] (5.4)

Using this mean-field action, we can write the hybridization under the expectation value of the lattice
action. Next, we expand the hybridization action (Eq. (5.2)) and find the leading order of 1√

z
, in order

to apply proper scaling.

ZMF = ∫ D[φ0σ]D[φ0σ]

× e−Scavity ⟨

∞
∑
n=0

1
n!

n

∏
m=1

⎡
⎢
⎢
⎢
⎣
∫

β

0
dτm∑

i,σ

(ti0φiσ(τm)φ0σ(τm) + t0iφ0σ(τm)φiσ(τm))
⎤
⎥
⎥
⎥
⎦
⟩

lattice
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= ∫ D[φ0σ]D[φ0σ] e
−Scavity

⎡
⎢
⎢
⎢
⎢
⎣

1

− ∫ dτ ∑
σ,i≠0
⟨ti0φiσ(τ)φ0σ(τ) + t0iφ0σ(τ

′
)φiσ(τ

′
)⟩

lattice

+
1
2!∫∫

dτdτ ′ ∑
σ,i,j≠0

⟨ti0tj0φiσ(τ)φ0σ(τ)φjσ(τ
′
)φ0σ(τ

′
)⟩

lattice

+
1
2!∫∫

dτdτ ′ ∑
σ,i,j≠0

⟨t0itj0φ0σ(τ)φiσ(τ)φjσ(τ
′
)φ0σ(τ

′
)⟩

lattice

+
1
2!∫∫

dτdτ ′ ∑
σ,i,j≠0

⟨ti0t0jφiσ(τ)φ0σ(τ)φ0σ(τ
′
)φjσ(τ

′
)⟩

lattice

+
1
2!∫∫

dτdτ ′ ∑
σ,i,j≠0

⟨t0it0jφ0σ(τ)φiσ(τ)φ0σ(τ
′
)φjσ(τ

′
)⟩

lattice

+O(t3)

⎤
⎥
⎥
⎥
⎥
⎦

(5.5)

Here we apply the knowledge from the infinite coordination number limit of the Hubbard model that
a proper rescaling eliminates all terms of order Ω(t3), see Eq. (3.93) for a discussion. The first order
as well as the first and third term of the second order, are equal to 0, and we arrive at:

ZMF = ∫ D[φ0σ]D[φ0σ] e
−Scavity[1 −∫∫ dτdτ ′∑

σ

⟨φ0σ(τ) ∑
i,j≠0
(ti0t0jφiσ(τ)φjσ(τ

′
))φ0σ(τ

′
)]⟩

lattice
(5.6)

With the usual definition of the expectation value Glattice
⋯ (⋯) = ⟨T [⋯]⟩lattice, we can then write:

SMF = Scavity −∫∫ dτdτ ′∑
σij

φ0σ(τ)ti0t0jG
lattice
ij (τ − τ ′)φ0σ(τ) (5.7)

Here we define the Weiss function G0 σ(τ − τ
′
) with the name in reference to the mean-field approach

from Sec. 3.6.1.

G −1
0 σ(τ − τ

′
) ∶= −δij (∂τ − µ) −∑

ij

ti0t0jG
lattice
ij (τ − τ ′) (5.8)

Or in frequency notation,

G ν
0,σ =

⎡
⎢
⎢
⎢
⎣
iνn + µ −∑

ij

t0it0jG
lattice
ij

⎤
⎥
⎥
⎥
⎦

−1

. (5.9)

Finally, we can now write the mean-field action of the Hubbard model under the z →∞ approximation
(Eq. (5.5)). For comparison, we also restate the full action of the Hubbard model. Gij(τ − τ

′
) contains

the full Hubbard interaction for each site.

SHub =∫∫ dτdτ ′∑
σ

φiσ(τ)G
−1
ij (τ − τ

′
)φjσ(τ) +U∑

i
∫ dτφi↑(τ)φi↑(τ)φi↓(τ)φi↓(τ) (5.10)

SMF =∫∫ dτdτ ′∑
σ

φ0σ(τ)G
−1
0 σ(τ − τ

′
)φ0σ(τ) +U ∫ dτφd↑(τ)φd↑(τ)φd↓(τ)φd↓(τ) (5.11)

Action of the Anderson Impurity Model We will now derive the equivalence of the mean-field action
for the Anderson impurity model. The derivation follows [83].
As before in Sec. 3.7, d̂α is the annihilation operator of the state α for the impurity and ĉα the
annihilation operator for the bath. The Grassmann fields for impurity and bath are denoted by a c
and d subscript, respectively.

Z = ∫ D[φd, φd, φc, φc] e
−S[φd,φd,φc,φc]

SAIM [φd, φd, φc, φc] =∑
α
∫ dτ [φc,α(τ) (∂τ − µ)φc,α(τ) +HAIM [φd,α(τ), φd,α(τ), φc,α(τ), φc,α(τ)]]

=∑
σ
∫ dτ

⎡
⎢
⎢
⎢
⎢
⎣

φd,σ(τ) (∂τ − µ)φd,σ(τ) +HU [φd,σ(τ), φd,σ(τ)]

+∑
ij
∫ dτ ′

⎛

⎝
φc,iσ(τ) (δ(τ − τ

′
)∂τ − µ + εi)φc,jσ(τ

′
)
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+ φc,iσ(τ)V
⋆

iσφd,σ(τ
′
) + φd,σ(τ)Viσφc,iσ(τ

′
)
⎞

⎠

⎤
⎥
⎥
⎥
⎥
⎦

We have again split the action into three contributions. The first line of the equation above is the
mean-field action, the second line is the bath action, and the third line is the hybridization.

= ∑
σ
∫∫ dτdτ ′

⎡
⎢
⎢
⎢
⎢
⎣

φd,σ(τ)G
−1
0 (τ − τ

′
)φd,σ(τ)

−∑
ij
∫ (−φc,iσ(τ)Mijφc,jσ(τ

′
) + δijφc,iσ(τ)Jiσ(τ

′
) + δijJjσ(τ)φc,jσ(τ

′
))

⎤
⎥
⎥
⎥
⎥
⎦

+ SU

Here, we introduced the following symbols:

Jiσ(τ) = Viσφd,σ(τ), J iσ(τ) = φd,σ(τ)V
∗

iσ, Mij = −(∂τ + µ − εi)

This allows us to use Eq. (2.173) in order to integrate out the bath into a constant factor. The constants
and pre-factor of ln(det(M)) is absorbed into ZMF.

SAIM = A −Tr (ln [δij (∂τ − ei + µ)]) = A − S0 −Tr (ln (G−1
0,ijσ(τ)))

We denote the bath Green’s function with G0, σ(⋅)

=∑
iσ
∫ dτ [φdσ(τ) (∂τ − µ)φdσ(τ)] +∑

ijσ
∫ dτ∫ dτ ′J⋆iσ(τ) [M

−1
]

ij
Jjσ(τ

′
) + SU

= ⋅ ⋅ ⋅ +∑
ijσ
∫ dτ∫ dτ ′φiσ(τ) [∆σ(τ − τ

′
)]

ij

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=V ⋆

iσ
G0, σ(i,j,τ−τ ′)V

jσ

φjσ(τ
′
)

We can now insert the Hubbard model as the local Hamiltonian:

SAIM =∑
ijσ
∫∫ dτdτ ′φiσ(τ) (δ(τ − τ

′
) (∂τ ′ − µ) +∆(τ − τ ′))φjσ(τ) +U∫ dτφd↑(τ)φd↑(τ)φd↓(τ)φd↓(τ)

(5.12)

Comments Comparing the action with the mean-field action of the Hubbard model (in Eq. (5.11)) in
z → ∞, we conclude that both are identical, with the relationship between the hybridization function
and the mean-field Weiss Green’s function given below. The action formulation of the AIM allows
for sampling of the impurity Green’s function through Monte Carlo, by randomly sampling imaginary
times τi at which the hybridization ∆(τi) or Weiss Green’s function G0(τi) acts. A Markov chain can
then be constructed by evaluating the transition probability between a state with and without this
interaction at τi [83, 246]. This setup is called CTQMC and has been used for some of the results
presented in this thesis. It allows the unbiased (i.e. when the number of Monte Carlo samples goes to
infinity the resulting quantity is exact) computation of the impurity Green’s functions for an infinite
bath number AIM, compared to the ED approach discussed in Sec. 6.6.

Important 5.1.1.1 (Mean-Field Quantities)
Here we gather important quantities used in the context of DMFT. The hybridization function ∆ν

σ

and Weiss Green’s function G ν
0,σ are defined as follows:

∆σ(τ − τ
′
) = ∑

l

∣Vlσ ∣
2
(Θ(τ − τ ′) − nF(εl)) (5.13)

∆ν
σ = ∑

l

∣Vlσ ∣
2

iνn − εl
(5.14)

G ν
0,σ = [iνn + µ −∆ν

σ]
−1
= [iνn + µ −∑

l

∣Vlσ ∣
2

iνn − εl
]

−1

(5.15)

The parametrization through the Anderson parameters Vlσ and εl is useful for exact diagonalization
impurity solvers, but not required for DMFT.

Despite being only exact in the infinite coordination number limit, DMFT is surprisingly accurate
for most lattice types and interaction ranges. We have seen in Sec. 3.3 and Sec. 3.4, that perturbative
approaches from the strong- and weak-coupling limits cannot explain the physics of the other case,
respectively. The non-perturbative nature of DMFT in the coupling strength is, therefore, a qualitative
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improvement that is also capable of fully capturing intermediate regime physics. Only when going to
systems with dominant non-local correlations, such as in the vicinity of second-order phase transitions
or in two spatial dimensions, one finds significant qualitative deviations from the local solutions. The
first case will be investigated in Sec. 7.1, where the discrepancies for the antiferromagnetic ordering
in the 3-dimensional simple cubic lattice are discussed. The effects of two spatial dimensions will
be investigated in Sec. 7.2. Here, the mean-field nature of DMFT actually predicts an erroneous
phase transition, which is prohibited by the Mermin-Wagner theorem Sec. 4.5.2. Furthermore, the
k-independence of the self-energy implies a Fermi-liquid behavior of the lattice Green’s function. This
stands in contrast to the Fermi liquid breakdown in the pseudogap regime of the cuprate phase diagram.
In the following, we will discuss the concrete algorithmic construction of local solutions, using DMFT.
Subsequently, we will discuss a method that introduces non-local corrections diagrammatically.

5.1.2 DMFT Algorithm

Initial guess for G0, ∆ or
parameters Vl, εl

Gν
imp from

G ν
0 (CT-INT, ED)

∆ν (CT-HYB, ED)

Σν
imp

Gν
k

G ν
0 or ∆ν

F [fν ](τ) if CTQMC

Impurity Problem

“copy” self-energy to lattice

Update bath to impurity field

if bath
changed

Figure 5.1: Program flow of the DMFT loop

The equivalence of the actions for the
Hubbard model in the limit of infinite
coordination number and the Ander-
son impurity model allows for a self-
consistent solution method, as usual
for mean-field methods.
One begins with an initial guess for
the mean-field, here the Weiss Green’s
function G ν

0,σ or the hybridization
function ∆ν

σ. This gives rise to an ef-
fective single-site equation called im-
purity problem. Solving this, for
example, with exact diagonalization
Sec. 6.6 yields a (momentum indepen-
dent) Green’s function for the impu-
rity Gν

imp. Following from Eq. (5.9),
one obtains a relationship between
the impurity and Weiss Green’s func-
tion given in Eq. (5.16) below [80,
Sec. III.C].
One then applies the newly con-
structed self-energy to the bath
(Eq. (5.17)) which gives the bath
Green’s function Gν

k. Keeping in mind
that the previous Weiss Green’s func-
tion or hybridization was only an ini-

tial guess, we are now looking for a method to obtain the correct ones. Here, we impose the self-
consistency condition Gν

imp = ∑b kG
ν
bk (Eq. (5.18)) and, again, use the relationship between Weiss and

impurity Green’s function closing the loop to an updated Weiss Green’s function (or hybridization). In
order to find a solution for this self-consistency, one could try to employ a root finding method, such as
Newton’s method Sec. 6.5.1, to find correct parameters Vl,σ and εl, that fulfill the condition Eq. (5.16).
In fact, this is a viable option [255] but is generally not used due to stability issues. Instead, the
solution is obtained using a Jacobi iteration by computing a bath Green’s function from the impurity
self-energy, using Eq. (5.17). This gives rise to a new Weiss Green’s function or hybridization that
poses a new impurity problem, etc. The Jacobi iteration method is so closely associated with the usual
solution method for the DMFT self-consistency equations that it is commonly not even stated as such,
but as an integral part of the method itself. This algorithmic way of constructing a solution is shown
in Fig. 5.1.
Note that specifically high-precision fixed density calculations using ED as an impurity solver, different
root-finding methods may be better suited, since they are able to recover the full spectrum of the
solution in the hysteresis region of the Mott insulator transition [255]. However, most of these methods
require the calculation of the Jacobi matrix, which can be prohibitively expensive. The introduction
of automatic differentiation to most languages due to the increased popularity of machine learning
techniques can help solve this issue. We will discuss some aspects in Sec. 6.6.

Important 5.1.2.1 (DMFT Self-Consistency)
The Dynamical Mean Field Theory consists of the following set of equations that must all hold
simultaneously. Usually, the left-hand side of the following equations is computed from the right-
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hand side. The relationship between impurity and Weiss Green’s function:

Σν
= [G ν

0 ]
−1
− [Gν

imp]
−1
, (5.16)

The lattice Green’s function, which incorporates the correlation effects from the impurity by virtue
of the local impurity self-energy:

[Gν
k]
−1
= iνn + µ − εk −Σν (5.17)

The DMFT self-consistency equation requires the local (k integrated lattice) Green’s function to be
equal to the impurity Green’s function:

Gν
imp = ∑

k
Gν

k (5.18)

Note that Eq. (5.18) implies, for the self-consistency cycle with ED as an impurity solver (dis-
cussed below) the following: One defines the Weiss Green’s function in terms of the bath param-
eters that are obtained from some sort of minimizer (in practice BFSG) with the condition G ν

0
!
=

[∑k (iνn + µ − εk −Σν
)]
−1
+Σν .

Impurity Solvers

For most implementations, the only non-trivial part of the DMFT algorithm is the impurity problem.
The solution to the effective single-particle problem can be obtained given a hybridization or Weiss
Green’s function. This step is called the “impurity problem” and its solution is typically responsible for
almost all computational efforts of the DMFT solution. Since any algorithm that can (approximately)
solve simple quantum mechanical problems can solve the impurity problem, there are a large number of
different solvers, all with their own advantages and disadvantages [85]. Two well-known ones that have
been routinely used during this thesis are CTQMC and ED. A more comprehensive investigation of the
former can be found in my master’s thesis [246]. A short introduction to ED and an implementation
that has been used for this thesis are found in Sec. 6.6.
CTQMC yields, in principle, the exact solution, ED approximates the solution with a finite bath,
i.e. the sum over bath sites in Eq. (5.14) is truncated, usually between 4 and 12. However, CTQMC
as a Monte Carlo sampler has to be truncated in the number of samples to be drawn. This results in
unbiased estimators for each function measured at each Matsubara frequency, but non-zero noise for
any finite runtime. This makes the ED algorithm favorable for the development of our diagrammatic
extensions, since the reliability of deterministic, exact1 results is preferable to unbiased but noisy data
for the development of a method. We have, however, routinely verified the results with CTQMC and
in the case of cuprates the single-particle solution has always been obtained this way (see Sec. 7.2 for
a description of the numerical setup).
Note also that it is possible to measure any correlator on the impurity. These quantities belong to a
local solution of DMFT and are computed after the root of the system of equations is obtained. We
will use the two-particle Green’s function and physical susceptibilities obtained in this way for the
construction of the dynamical vertex approximation in the next section.

5.1.3 Fulfillment and Violation of Consistencies
Thermodynamic Consistency

DMFT is a Φ derivable method [114], according to our definition in Sec. 4.3. Specifically, the locality
implies that the Luttinger-Ward functional consists of diagrams from local propagators.

Φ[Gij] ≈ Φ[Gii] (5.19)

However, this constructs a theory that is only exact for the purely local limit - the Anderson impurity
model. For the Hubbard model in finite dimensions, the correspondence to the local model becomes
approximate. A direct approximation of the LWf in this case is unknown. In practice, one still relies on
the cavity construction and the approximate equivalence of the Hubbard and Anderson impurity model.
Even for superperturbation theories, like dual fermion [209] and dual boson [210], that expand around
a local reference system (AIM) this problem cannot be solved. While it may be possible to construct a
dual LWf this functional does not directly imply the Baym-Kadanoff conservation laws [242, Sec. IV]2.
DMFT does not respect momentum conservation due to the local nature of the reference system.

1Again, the AIM is solved exactly, the approximation lies in the fact that this model with a finite number of bath
sites does not correspond to the infinite bath of the SMF action.

2Furthermore, numerical limitations require (i) a truncation of the infinite hierarchy of n-operator vertex functions
and (ii) a further truncation of the infinitely many diagrams at each order leading to conservation laws that can in
practice only be numerically verified and are not guaranteed under the required approximations [110].
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5.2 Static Vertex Methods

This can be reconciled in a Φ-derivable way by considering the contributing diagrams to the LWf
systematically [222] or in the context of the dynamical cluster approximation (DCA) [99] (specifically
Appendix D). This class of methods remains thermodynamically consistent but imposes a finite size
cluster that can induce spurious long-range correlations (corresponding to the periodicity introduced
by the finite cluster) and may suffer numerically from the fermionic sign problem [238, 267]. Especially
near second-order phase transitions, where thermodynamical consistency is important, the correlation
length diverges and the momentum resolution becomes a limiting problem. There are attempts within
the DCA to overcome this problem [237]; our approach, however, will be to use the local solution as a
starting point and introduce non-locality through a diagrammatic construction.

Two-Particle Consistency

The discussion of two-particle consistency in DMFT is ambiguous. With respect to impurity quantities,
one retains this consistency because an exact solution to the AIM is computed. One can obtain then
a fully local 1PI and 2PI vertex according to Eq. (5.19) and Eq. (4.18) from impurity quantities.

δΦ
δG
= Σν ,

δ2Φ
δGδG

= Γνν′ω (5.20)

We can now directly plug this into the BSE from Eq. (2.256), solving for the full vertex F . This will
yield a 2 particle-consistent method because we solved the AIM exactly. Using the equation of motion
(EoM) from Eq. (5.50),

Σ̃ν
=
Un

2
−U ∑

ν′ω

Gν′Gω+ν′F νν′ω
↑↓ Gω+ν

= Σν (5.21)

With Σν being the self-energy obtained from the LWf and Σ̃ν the one from the BSE and EoM.
However, in the following, we will use exactly the BSE to reintroduce non-locality that arises from the
Hubbard model in finite dimensions by replacing Gν with Gν

k in Eq. (2.256)3. This directly leads to
non-local self-energy using the SDE, which does not satisfy ∑k Σν

k ≠ Σν . Therefore, quantities such as
potential energy (see Sec. 4.5.1) are not the same when computed on the one- and two-particle levels
for non-local quantities [253]. Therefore, DMFT is not 2 particle consistent.

Mermin-Wagner Theorem

As a mean-field theory, DMFT neglects precisely the non-local fluctuations that are instrumental to
the proof of the non-existence of finite temperature phase transitions in 1 and 2 spatial dimensions in
the context of the Mermin-Wagner theorem [170, 104]. Furthermore, as a mean-field theory, DMFT
fails to capture the correct critical exponents Sec. 4.5.2.

5.2 Static Vertex Methods

We will outline 4 approaches that employ a static vertex, starting with the RPA. Being a very crude
approximation, RPA has many deficiencies, and there are several methods alleviating some of those,
which are worth discussing before moving on to dynamical vertices, i.e. Γ → Γνν′ω. We will give a
brief overview of the TPSC [277], which employs the idea of two-particle consistency in some ways
similar to lDΓA . A different approach to TPSC, which focuses on the restoration of two-particle
consistency through sum rules resulting from the Pauli principle (crossing symmetry of the vertex), is
the explicit reintroduction of symmetries to the LWf in a parquet-like manner used by FLEX [30, 29].
Also worth mentioning in this context is the GW approximation, which considers only ring diagrams
in the LWf [95]. This results in an effective screening of the bare Coulomb interaction, a route we will
not take for the derivation of lDΓA and therefore leave a discussion to the literature [14].
Finally, we briefly mention λ-RPA that has very recently been investigated as a bridging method
between RPA and lDΓA . It is worth outlining these attempts here because they address the restoration
of 2-particle consistency in different ways: FLEX exploits the parquet-based approach used for DΓA ,
while TPSC and, to an even greater extent, λ-RPA, employ an effective renormalization scheme. A
comprehensive discussion and comparison of these methods is available in [277] and [5].

5.2.1 Random Phase Approximation
We will now make the simplest non-trivial assumption for the construction of a conserving method:
taking only the lowest-order, i.e. Hartree-Fock, diagrams for the irreducible vertex in the particle-hole
channel (Eq. (5.42)) into account. This will allow us to discuss the two-particle and thermodynamical
consistency concretely and introduce effective mass-renormalization parameters to fix the violations on
an effective level in Sec. 5.2.5. However, we will also see that neglecting the frequency dependency
induced by local correlation effects does not yield qualitatively satisfactory answers. Having built up
the machinery, we will then discuss a similar method for the restoration of two-particle self-consistency
but incorporating all local diagrams by using an approximation of DΓA, Sec. 5.3.

3In fact, we solve the BSE two times, for the local and the non-local path. See Sec. 5.4
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The discussion of RPA follows the derivation from [266, Chapter 56]. The simplest form for a guess of
the LWf is the Hartree approximation:

Φ[G] ≈ U
2 ∑σ

Gσ(1,1)Gσ(1,1+) (5.22)

This leads to a self-energy consisting only of the static Hartree term (compare Eq. (2.205)):

Σσ =
δΦ[G]
δGσ

=
Unσ

2
= ΣH (5.23)

The irreducible vertex is then obtained similarly. Note again that δΣ is a shorthand notation for the
second derivative of Φ, and one should not use the expression obtained from Eq. (5.23) for explicit
calculations.

Γσσ(1,2; 3,4) = δΣσ(1,2)
δGσ(3,4)

=
U

2
δ(1 − 2)δ(1 − 3)δ(2 − 4) (5.24)

Γσσ(1,2; 3,4) = δΣσ(1,2)
δGσ(3,4)

= 0 (5.25)

We now use the projected version of the BSE from Eq. (2.259) and the projections from Eq. (2.219)
and Eq. (2.220) to write the density and magnetic susceptibilities as:

χr = χ0 −GσB
T
r Γσσ′

1
2
[Pm + Pd] (χσσ′B

T
r )Gσ (5.26)

⇒ χd = χ0 +Gσ [
δΣ↑
δG↑

+
δΣ↑
δG↓
]χdGσ (5.27)

χm = χ0 −Gσ [
δΣ↑
δG↓

−
δΣ↑
δG↑
]χmGσ (5.28)

With the bare susceptibility defined as χ0 = −βGG. The frequency indices from Eq. (2.257) are sup-
pressed here; they are given in full in [277, Sec. III.A-B]. All frequency summations of the susceptibilities
entering the BSE (Eq. (2.257)) can be carried out analytically in the case of the frequency-independent
irreducible vertex and we obtain, using Eq. (5.24) and Eq. (5.25):

χω
d/m,q = χ

ω
0,q [1 ±

U

2
χω

d/m,q] (5.29)

⇔ χω
r,q =

χω
0,q

1 ± U
2 χ

ω
0,q

(5.30)

Where the bare susceptibility χω
0,q = −∑νk βG

ν
0,kG

ω+ν
0,q+k can be written as the Lindhard function

χω
0,q

G≡G0
= ∑

k

f(εk) − f(εk+q)

iωm − εk + εk+q
(5.31)

for a non-interacting Green’s function.

5.2.2 Fulfillment and Violation of Consistencies in RPA

Since we obtained the self-energy from a diagrammatic approximation of the LWf we can call this
theory thermodynamically consistent. In fact, one can easily verify that the f -sum rule from Eq. (4.42)
is satisfied due to the properties of the Lindhard function. RPA is not two-particle consistent, as the
computation of the self-energy through the SDE demonstrates:

Σ(2),νσ,k = Unσ +
U

4 ∑νq
(Umχ

ω
m,q +Udχ

ω
d,q)G

ω+ν
0,σq+k (5.32)

Eq. (5.32) is different from the Hartree self-energy we obtained from the LWf in Eq. (5.23), providing
us with a concrete example of the two-particle inconsistency described in Eq. (4.45). Furthermore,
the Mermin-Wagner theorem is not fulfilled. This can be seen by considering that χ0,q is diverging
at T → 0 (on a bipartite lattice); therefore, the expression for the spin susceptibility in Eq. (5.30) can
become negative for sufficiently large U at the nesting vector qN, regardless of the dimension.
The Pauli principle is also not fulfilled either, because the crossing symmetry Γ(12; 1′2′) = −Γ(1,2; 2′,1′)
is not fulfilled from Eq. (5.24). We can verify this by computing Eq. (4.53) explicitly and comparing
it with Eq. (4.52).

n

2
(1 − n

2
) = ∑

ωq
χω
↑↑,q

Eq. (5.30)
=

1
2∑ωq

⎛

⎝

χω
0,q

1 + U
2 χ

ω
0,q
+

χω
0,q

1 + U
2 χ

ω
0,q

⎞

⎠
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5.2 Static Vertex Methods

Figure 5.2: (a) Two diagrams that should cancel due to opposite sign because of crossing symme-
try/Pauli principle (in our model setup these diagrams do not contribute, because of the
↑↑ interaction). (b) Two diagrams: the first is included in RPA, and the second is not,
demonstrating the violation of the Pauli principle in RPA. Figure from [61, Fig. 6.11].

= ∑
ωq
(χω

0,q +
U2

4
(χω

0,q)
3
+O(U3

)) (5.33)

Since ∑ωq χ
ω
0,q =

n
2 (1 −

n
2 ) and χω

0,q ≥ 0 the last line demonstrates that the Pauli principle is not
satisfied. This can also be argued from the violation of the crossing symmetry, demonstrated in
Fig. 5.2.
Note that the conserving nature of RPA does not hold when the bare Green’s function is replaced by a
dressed propagator. For example, the f -sum rule is violated in that case [277, Appendix A]. Because
this is usually also called RPA, one often refers to RPA as being not conserving.

5.2.3 Two Particle Self-Consistent Method

The two-particle self-consistent method aims to improve upon RPA by explicitly enforcing consistency
while extending the (approximate) fulfillment of the f -sum rule4. The LWf is thereby approximated
as (compare Eq. (5.22)) [277, Eq. 32]

Φ[G] ≈ 1
2∑σ

Gσ(1,1
+
)ΓσσGσ(1,1

+
) +

1
2∑σ

Gσ(1,1
+
)ΓσσGσ(1,1

+
) (5.34)

With a yet-to-be-determined, static irreducible vertex Γ. The susceptibilities are defined as in RPA
but with the static vertex:

χω
d/m,q =

χω
0,q

1 ± Γd/mχ
ω
0,q

(5.35)

One then considers the two local sum rules for the magnetic and charge susceptibilities, which, however,
still contain the double occupancy.

∑
ωq
χω

m,q = n − n
2
+ 2⟨n̂↑n̂↓⟩ (5.36)

∑
ωq
χω

d,q = n − 2⟨n̂↑n̂↓⟩ (5.37)

A third equation is then supplied by an ansatz, motivated by the local field approximation [109, 278,
298]:

Γm = U
⟨n↑n↓⟩

⟨n↑⟩⟨n↓⟩
(5.38)

This set of equations can be solved, even though some additional considerations are necessary to
stabilize convergence [298, Sec. 5.3]. The two-particle self-energy is computed as

Σ(2),νk,σ = Unσ +
U

4 ∑ωq
(Γmχ

ω
m,q + Γdχ

ω
d,q)G

(1),ω+ν
0,q+k (5.39)

Violation of Consistencies Note that we have Green’s functions and self-energies obtained from the
two-particle level (G(2) = [G−1

0 −Σ(2)]−1
) in TPSC. Updating the right-hand side in the equation of

motion, Eq. (5.39), as in FLEX, thereby moving towards a thermodynamically conserving theory, is not
desirable. This is discussed in detail below equation (46), in [277], many important features, such as

4This still involves the non-interacting Green’s function. An extension called TPSC+ that extends this notion to
interacting Green’s functions has recently been proposed [76]
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Figure 5.3: Diagrams in the LWf for FLEX, from [61, Fig. 9.5].

Mott physics and pseudogap behavior, would not be captured by this approach. One, therefore, chooses
to forgo the consistency of propagators between two and one-particle levels while fixing thermodynam-
ical consistency between these levels. In the context of lDΓA , investigations of fixing this violation are
discussed in the context of the partially self-consistent lDΓA method in Sec. 5.4.3. Furthermore, the
high-frequency tail of Σ(2) is not correct, another property we will discuss in the following chapter for
the self-energy obtained from lDΓA .
TPSC directly fixes the potential energy consistency Eq. (4.50) and Eq. (4.51), contrary to FLEX,
the Pauli principle and can be shown to fulfill the Mermin-Wagner theorem using the argument in
Sec. 4.5.2, given in [277].

5.2.4 FLuctuation EXchange Approximation

The FLEX enforces thermodynamical consistency by the construction of an approximate LWf (see
Fig. 5.3) and enforcement of the Pauli principle through the explicit restoration of the crossing sym-
metry [30, 29]. We leave a detailed derivation and discussion of this method to the literature [227,
Chapter 6] and summarize the most important features of this method for our context. The construc-
tion of the parquet equations, Sec. 2.8.3, with a static vertex function Γνν′ω

r ≡ Γr leads to the following
equation of motion:

Σ(2),νk =
Un

2
+
U

2
[(3χω

m,q − 2Uχω
0,q) + χ

ω
d,q]G

ω+ν
q+k (5.40)

With χω
r,q as in the RPA case Eq. (5.30). However, the Green’s functions are self-consistently up-

dated, using the EoM Eq. (5.40) and the Dyson equation. However, the susceptibilities that fulfill
Ward identities are not the ones appearing in the equation of motion. This inconsistent treatment of
vertex corrections in the equation of motion leads to numerous deficiencies in the predictive power of
FLEX [277, Appendix B]. While FLEX manages to achieve thermodynamical consistency, it suffers
from inconsistencies between one and two-particle levels. Most importantly, the potential energies
(double occupancies) can become negative [12, 277] and FLEX does not seem to respect the Mermin-
Wagner theorem [53]. It is also known that many important features of strongly correlated electron
systems, such as Hubbard bands, are not captured within this approximation (see discussion for TPSC).
These problems of the traditional FLEX approach are important to mention here, because the EoM high-
frequency tail correction scheme for the self-energy in lDΓA seems to inherit some of these (particularly
a deficiency in describing pseudogap behavior), due to a similar structure of the EoM.

5.2.5 λ RPA

A different approach to the restoration of the consistencies enforced by TPSC is the effective rescaling
of the susceptibilities by a Moriya-like parameter, as discussed in Sec. 4.5.1. This leaves the two-
particle vertex at the static Coulomb interaction, just as in RPA, but attempts to restore the same
consistencies through the fit of λ parameters. This method, therefore, can be argued to possess the
same properties as TPSC while giving more freedom in the choice of which consistencies to enforce or
give up. Several sub-methods enforcing different consistencies are shown in Fig. 5.4, which have been
defined in Sec. 4.5.1. The partial self-consistency explicitly replaces G(1) on the right-hand side in
Eq. (5.41) by G(2) = [G−1

0 −Σ(2)]−1
in a self-consistency loop, also discussed in Sec. 5.4.3. The equation

of motion is:
Σ(2),νk,σ = Unσ +

U

2 ∑ωq
(3γmχ

ω+ν
m,q+k + γdχ

ω+ν
d,q+k +U)G

(1),ω+ν
q+k (5.41)
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Figure 5.4: Néel temperature for λRPA and lDΓA in the three dimensional Hubbard model at half-
filling, compare also Sec. 7.1. Figure from [288]. The orange lines are the data points
discussed in Sec. 7.1. The purple lines correspond to the λ-correction schemes discussed
in Sec. 4.5.1. The blue lines use the magnetic λ-correction value to fix the self-energy
asymptotic instead of the Pauli-principle, as discussed in Sec. 6.3.4.

One of the advantages of this approach is the ability to investigate the influence of particular consis-
tencies in the case of a static vertex on an individual basis. TPSC requires the full set of consistencies
to be enforced simultaneously due to the coupled consistency equations. In λ-RPA, it is possible to
selectively enforce these in different channels. Furthermore, it gives a clear pathway towards the inves-
tigation of these types of consistencies when frequency dependence is introduced because, contrary to
TPSC, the vertex is not changed in order to restore these symmetries and may, therefore, be replaced
with a frequency dependent one. For example, if we replace Γr = ±U (the λ-RPA case) with the one
obtained from DMFT, we recover the lDΓA method.
In Fig. 5.4, a comparison between the various sub/schemes of lDΓA and λRPA is shown. Here, we ob-
serve that the dynamical nature of the vertex is crucial to obtain quantitatively good results. However,
even at the RPA level, effective restoration of two-particle consistency leads to a greatly improved qual-
itative description, extending the applicability to interaction strengths into the intermediate coupling
regime.
Details for this method can be found in [288].

5.3 Dynamical Vertex Approximation

5.3.1 Introduction

The foundation for the diagrammatic approach that the dynamical vertex approximation is built upon
was first introduced by Dominicis and Martin [50, 51, 52] and further developed into a computationally
applicable method for the Hubbard model [30, 29].
Motivated by the success of DMFT, where the only approximation was made in the locality of the
single-particle irreducible one-particle vertex, the self-energy, one can envision a hierarchy of higher-
order irreducible vertices that are approximated to be local, with lower orders computed in a non-local
setting from them. This allows for significant further improvement, as the irreducible vertex is now
obtainable from a non-perturbative setting. Approaches like this are called diagrammatic extensions of
DMFT. In one of them, DΓA, the core idea of which is to compute the 2PI vertex Λ from DMFT [264].
In the context of older diagrammatic constructions such as FLEX, this introduces a dynamical vertex
in place of a static one (typically the bare interaction U).
We will discuss the core concept here, which employs the relationship between irreducible and full
two-particle Green’s functions illustrated in Sec. 2.8.1, together with the SDE, Sec. 2.7.4, to push the
locality assumption of the irreducible vertex back to the two-particle level, gaining a nonlocal single-
particle solution in the process. Algorithmically, one first determines a solution according to the DMFT

83



5 Methods

method, Sec. 5.1. From this solution, for example, Anderson parameters in ED, Sec. 6.6, one can then
obtain the 2PI vertex. The first diagrams of a perturbative expansion of this vertex are (compared to
Eq. (2.249)):

Λ
(i, ν1)

(i, ν2) (i, ν3)

(i, ν4)

=

(i, ν1)

(i, ν2) (i, ν3)

(i, ν4)

+

(i, ν1)

(i, ν2) (i, ν3)

(i, ν4)

+ . . . (5.42)

Together with the 4 parquet equations (see Sec. 2.8.1) we have a complete set of equations that can
now be solved (see Fig. 5.5). These calculations involve objects with 3 frequency indices and (apart
from Λ) 3 momentum indices. The only input (and purely local) quantity in this approach is the fully
irreducible vertex Λ. Numerical studies indicate that this quantity is more local than the self-energy
or the full vertex [164, 97]. This suggests obtaining it from DMFT (thereby neglecting the momentum
dependence) as the only externally determined quantity is a reasonable approximation one could make
at the two-particle level. After having obtained the two-particle solution, one can either map back to
a new local impurity system, solve the local model, and start the process again with a new Λ until
convergence, or converge the set of self-consistency equations with Λ as a fully external parameter.
This process is depicted in Fig. 5.5.
In principle, this algorithm defines a systematic approximation in the sense that higher-order local
Green’s functions introduce more non-locality to all through the hierarchy in the equations of motion.
In practice, even the full parquet DΓA on the two-particle level remains extremely challenging for
modern supercomputers, and one has to resort to approximations of the approximation, as we do with
our method in Sec. 5.4. Fig. 5.5 demonstrates two ways of closing the self-consistency in DΓA: (i)

F𝑟
𝜈𝜈′𝜔, 𝐺𝜈

Γ𝒌𝒌′𝒒,𝑟
𝜈𝜈′𝜔  F𝒌𝒌′𝒒 

𝜈𝜈′𝜔

Λ𝑟
𝜈𝜈′𝜔

Γ𝒌𝒌′𝒒,𝑟
𝜈𝜈′𝜔  F𝒌𝒌′𝒒

𝜈𝜈′𝜔

0

N N+1

Σ𝒒
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N

G𝒒
𝜈

N

Parquet 
Bethe Salpeter

Convergence

G0,𝒌
𝜈

Impurity Model

Figure 5.5: Dynamical Vertex Approximation scheme. DMFT provides the local input Λ. The Bethe-
Salpeter and parquet equations from Sec. 2.8 provide irreducible vertices for each channel
Γr and the full 2-particle vertex F . The Dyson equation provides, together with the lat-
tice Green’s function Gν

0,k, the non-local 1-particle Green’s function. This is the Green’s
function that enters the equations in Sec. 2.8 (i.e. all full lines are the N iteration non-local
Green’s function). Convergence is achieved when the Vertex is no longer changing with each
iteration. Blue marks the DMFT input, orange the self-consistently determined quantities,
and gray the external parameters.

purely on the two-particle level, by following the solid lines; (ii) via an update of the local reference
system by following the dashed arrow. The first version adds non-local correlation effects on top of the
DMFT solution and is the framework we will use in the following. Option (ii) achieves full consistency
between one and two-particle levels (but no consistency between local lattice two-particle quantities
and the two-particle quantities on the local reference model) but does not correspond to any DMFT
solution. In practice, the self-consistency in Fig. 5.5 is solved by Jacobi iteration, as with DMFT.
The fixed point is a consistent set of F νν′ω

kk′q , Γνν′ω
kk′q,r and Σν

k that fulfill the parquet and Bethe-Salpeter
equations.
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5.3.2 Fulfillment and Violation of Consistencies

The DΓA method is by design two-particle consistent, as shown in Fig. 5.5. All consistency relations
argued in Sec. 4.5 are therefore fulfilled. While parquet-based methods are known to fulfill the Pauli
principle (due to the explicit construction of the crossing symmetry) they violate Ward identities to
some extent since only the exact vertex can be both conserving and antisymmetric [234]. Many approx-
imations of DΓA violate in addition the crossing symmetry and, equivalently, the Pauli principle [42,
114, 150, Sec. IV], as will be discussed in the next section.

5.4 Ladder Dynamical Vertex Approximation

We will now discuss the ladder variant of the dynamical vertex approximation, so-called for the types
of diagrams considered. It was first developed without the inclusion of a correlation length renormal-
ization [151, 264], then improved by the introduction of a Moriya-like susceptibility rescaling in the
(for the investigated system) dominant magnetic channel [125]. Subsequently, the introduction of ther-
modynamic consistencies improved the predictive power of this approach [202] and [253]. A thorough
review has been given before [204]. Further explorations in improvements to the methods since this
publication have been the inclusion of a self-consistency [128], application to the attractive Hubbard
model [54], the ordered magnetic phase [56] and the inclusion of consistency in potential energies [253]
as well as partial self-consistency to be discussed below and in Sec. 7.2. Recently, the predictive power
for addressing the phase diagram of high-temperature superconductors that can be reasonably well
approximated with a single band Hubbard model, such as nickelates and cuprates, has been demon-
strated [134, 135]. We will discuss this method in this section; details regarding thermodynamic and
two-particle consistencies are given in Sec. 4.5, numerical details in Sec. 6.5 and applications to the
repulsive Hubbard model in 3 and 2 dimensions in Sec. 7.1 and Sec. 7.2.
The ladder approximation can be understood as a one-shot approximation of the parquet DΓA method
discussed before, with the self-consistency cycle outlined in Fig. 5.5. By disregarding feedback between
channels through the parquet equations, Eq. (2.260) and Eq. (2.244) one is left with non-local ladder
diagrams constructed from local (DMFT) vertices, and by subsequent evaluation of the SDE, the con-
sistency between one and two-particle levels is broken. The diagrammatic contributions are similar to
FLEX but with fully frequency-dependent vertices instead of the bare Hubbard interaction. Neglect-
ing mutual screening between channels, which is introduced through the mixing in Eq. (2.260) and
Eq. (2.244), is then reintroduced on an effective level, conceptually similar to TPSC, by fixing consis-
tency relations between one- and two-particle levels. Not only do we fix thermodynamical consistencies
this way, where TPSC focuses on the correlator equivalence in Eq. (5.36) and Eq. (5.37), lDΓA fixes
the consistency of the Pauli principle and the potential energies between one and two-particle levels.
This means the equivalence, this is done in a self-consistent way, i.e., both quantities on the single and
two-particle levels are computed from lDΓA . The overall scheme of this method is given in Fig. 5.6

F𝑟
𝜈𝜈′𝜔, 𝐺𝜈

Γ𝑟
𝜈𝜈′𝜔 F𝒒 

𝜈𝜈′𝜔

Λ𝑟
𝜈𝜈′𝜔

Σ𝒒
𝜈

G𝒒
𝜈

Parquet 
Bethe Salpeter

G0,𝒌
𝜈

Inconsistent ⇒ 𝜆𝑟

Impurity Model

Figure 5.6: Ladder Dynamical Vertex Approximation scheme. This is a one-shot approximation
of Fig. 5.6

contrasting the full parquet flow in Fig. 5.5. Here, the initial two-particle inconsistency between the
local DMFT self-energy and the lDΓA self-energy becomes apparent5 and is marked with a red arrow
indicating the setup for which we use the λ corrections. The framework for fixing this inconsistency on
an effective level was already obtained in Sec. 4.5.1.

5Because after the evaluation of the SDE, the newly obtained self-energy is not consistent with the full vertex F ,
which is (contrary to parquet DΓA ) not updated.
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5.4.1 Method Details
(0) DMFT

The input of this method are the following quantities obtained from DMFT: (i) one-particle Green’s
function, (ii) self-energy, (iii) irreducible vertices for magnetic and density channel Γm/d and (iv) local
generalized susceptibilities or full vertices χνν′ω

m/d or F νν′ω
m/d from (i) and (iii). input (iii) requires the

inversion of the BSE for the local two-particle Green’s function Sec. 6.8.7.

(1a) Bare Susceptibility

The first quantity to be constructed is the tight binding lattice (i.e. helper quantities, symmetry reduc-
tion mappings, and so on Sec. 6.8.4) and the non-local bare susceptibility, obtained from the DMFT
Green’s function:

χνω
0,q = −β∑

k
Gν

kG
ω+ν
q+k (5.43)

This is done using the convolution theorem and a symmetry-reduced lattice Sec. 6.4. For all quantities
(including the local ones), the asymptotic information discussed in Sec. 6.2 and Sec. 6.3 is computed
and stored as well.

(1b) Bethe-Salpeter Equation

Next, the non-local BSE is inverted for each ω̃ and q̃ (here explicitly fixed to indicate the matrix
inversion in the fermionic frequencies) but immediately separated into the susceptibility and triangular
vertex parts:

χνν′ω=ω̃
r,q=q̃ = [Γνν′ω=ω̃

r + 1 (χνω=ω̃
0,q=q̃)

−1
]
−1

(5.44)

χω
r,q = ∑

νν′
χνν′ω

r,q (5.45)

γνω
d/m,q = λ

νω
r,q ⋅ [χ

νω
0,q(1 ∓Uχω

r,q)]
−1 (5.46)

λνω
r,q = ∑

ν′
χνν′ω

r,q (5.47)

This decomposition into the triangular vertex γνω
r,q and the physical susceptibility χω

r,q does not only
reduce system memory demand by a factor of Nν (typically around 300) but is also essential for the
λ corrections. γνω

r,q does not contain any physical susceptibilities and can therefore be assumed to be
treated sufficiently well on the DMFT level [125]. This can also be explicitly understood by considering
the Ur-irreducible generalized susceptibility from [205, Eq. 4.125]:

χ∗,νν′ω=ω̃
d/m,q=q̃ = [Γ

νν′ω=ω̃
r ∓U + 1 (χνω=ω̃

0,q=q̃)
−1
]
−1

(5.48)

γνω
d/m,q = (χ

νω
0,q)

−1
∑χ⋆,νν′ω

d/m,q ± 1 (5.49)

(2) λ Corrections

(a) Rebalancing of weights between density and
magnetic channel. The plot shows, color-
coded, the difference between the Pauli prin-
ciple values on one and two-particle levels as
a function of the λ parameters. All solutions,
regardless of the condition for λd, must live on
the white line in order to fulfill the Pauli prin-
ciple. While the values change with the Hub-
bard and lattice parameters, the general shape
has been observed to be universal for all lattice
types, interactions, and hopping strengths that
we have investigated.

(b) Rebalancing of weights between density and
magnetic channel. The plot shows a solution
for λm as function of λd. The plot shows the
solution line at which the Pauli principle val-
ues on the two- and one-particle levels match.
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5.4 Ladder Dynamical Vertex Approximation

Having obtained the physical susceptibilities, one can now determine appropriate λr values, accord-
ing to Sec. 4.5.1.
As discussed in Sec. 7.1 and Sec. 4.5.1, the λ corrections provide a way for effective mutual renormal-
ization between channels. This is illustrated in Fig. 5.7b, where we give an example of the permissible
solutions of the (λm, λd) tuple. The specific solution (λ∗m, λ∗d) that fulfills the thermodynamic con-
sistency relations from Sec. 4.5.1 then determines the amount of shift between both channels. Note
also that the partially self-consistent variant does not change this behavior. The specific value for
the potential energy will change, changing the curve of permissible solutions, but the shape, including
monotonicity, remains; see also Sec. 5.4.3. We distinguish the following sub-methods:

lDΓAm: Here, only the Pauli principle in Eq. (4.52) and Eq. (4.53) is enforced. The λm value is used
as a free parameter since this method works well in models with strong non-local magnetic fluctuations
where the density renormalizations are negligible [202]. We also discuss a scheme below where, instead
of fixing the Pauli-principle value, the high-frequency asymptotic behavior of the self-energy is fixed
with this condition. This, however, is not addressed in this thesis and will be explicitly pointed out.

lDΓAdm: Here, also Eq. (4.50) and Eq. (4.51) are enforced. This introduces an indirect re-balancing
between channels (see, for example, Fig. 5.7b) that significantly improves the predictive power Sec. 7.1.

lDΓAr,sc: This method introduces a partial self-consistency by exchanging the DMFT propagators
in the equation of motion with non-local ones, as explained in Sec. 5.4.3. Specifically, the bare sus-
ceptibility in Eq. (5.56) This reduces some overestimation of non-local effects and improves spectral
property predictions for models far away from the DMFT limiting case. It does, however, only have a
minor impact on the thermodynamical quantities, see Sec. 7.2. The λ-correction can be either one of
the previous two cases.

lDΓAr,tsc: The added t in the subscript indicates tail-self-consistency of the physical susceptibility.
This is achieved by enforcing the f -sum rule Eq. (4.42) explicitly, see also Sec. 5.4.3. Currently, we do
not have a clear picture of the advantages and disadvantages of this method and present it as an outlook
for future investigation. We have, however, been able to investigate this method on several lattice types
in 3 and 2 spatial dimensions and have found similar results to the method without enforcement of the
f -sum rule.

Determination of Free Parameters The three free parameters λm, λd, and µ must be obtained in a
hierarchical form, as explained in more detail in Sec. 6.5.1. Fig. 5.8 shows a schematic of the possible
program flows, depending on the λ correction type. The quantities marked with a star in equations

Γ𝑟
𝜈𝜈′𝜔, 𝐺𝒌

𝜈, 𝑛, 𝐿𝑎𝑡𝑡𝑖𝑐𝑒
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Figure 5.8: Program flow of the lDΓA methods including consistencies for the various sub-methods.
Kνω

q is the sum over the λνω vertices, defined in Eq. (5.56). Box 2d refers to the self-
consistent determination of the self-energy with a non-local internal propagator as discussed
in Sec. 5.4.3. Boxes (2d) and (2b) are optional, and one can leave the internal propagator
at the DMFT level or omit the potential energy consistency. Especially (2d) seems to only
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2a to 2d are fixed external parameters; for example, λm enters the root finding algorithm for the
calculation of λd in Eq. (2b) of Fig. 5.8 externally. More details are discussed in Sec. 6.5.1.

(3) Self-Energy

Computing the self-energy stands out from the remaining quantities here because this needs to be re-
calculated many times (typically on the order of ∼ 104 for the lDΓAdm method and ∼ 106 for lDΓAdm,sc,
because it is needed to compute the potential energy. Moreover, because of the focus on the enforcement
of thermodynamic properties, lDΓA tends to give less reliable results for spectral properties. Details
will be discussed in Sec. 6.2.
The general form of the SDE connecting the two-particle Green’s function with the single-particle one
has already been sketched in Sec. 2.7.4. The diagrammatic version reads:

Σν
Gν
↑ Gν

↑
=

Gν′
↓

Gν
↑ Gν

↑
+

F νν′ω
↑↓,q

Gν
↑ Gν

↑

Gν′
↓

Gω+ν
↑

Gω+ν′
↓

(5.50)

The momentum indices for the Green’s functions have been absorbed into the frequency indices (i.e. ν →
(iνn,k), ω → (iωm,q)). Note, however, that the specific type of these propagators is important. As
mentioned above, the lDΓAr,sc variants of this method replace the internal propagators here in a self-
consistent way by Green’s functions obtained from Σν

k.
The EoM from Eq. (5.50) reads:

Σν
k = U

n

2
−U ∑

ν′ωk′q
F νν′ω

kk′qG
ν′+ω
k′+qG

ν′

k′G
ν+ω
k+q (5.51)

This simplifies in the ladder case, where the two-particle irreducible vertex remains on the local level
and the non-local corrections to particle-particle interactions are neglected (see Fig. 1 in [264]):

Σν
k,lDΓA = U

n

2
−U ∑

ν′ωk′q
F̃ νν′ω

q,lDΓAG
ν′+ω
k′+qG

ν′

k′G
ν+ω
k+q (5.52)

F̃ νν′ω
q,lDΓA =

1
2
(F νν′ω

q,d − F νν′ω
q,m ) + F

ν,ν+ω,ν′−ν
k′−k,m −

1
2
(F νν′ω

d − F νν′ω
m ) (5.53)

As noted in the derivation in (Sec. B [264]), the last term in Eq. 5.53 subtracts the double-counting of
the local contributions. Following [125], we can now shift the frequency and momentum summations
and rewrite the lDΓA vertex in order to isolate magnetic and density fluctuations from bare electronic
ones [125, 205]:

Σν
k,lDΓA = U

n

2
−U ∑

ν′ωk′q
F νν′ω

q,lDΓAχ
νν′ω
q,0 Gν+ω

k+q (5.54)

F νν′ω
q,lDΓA =

1
2
(3F νν′ω

q,m − F νν′ω
q,d ) −

1
2
(F νν′ω

m − F νν′ω
d ) (5.55)

Kνω
q ∶= ∑

ν′
F νν′ω

q,lDΓAχ
νν′ω
q,0 =

1
2
(3λνω

q,m − λ
νω
q,d − λ

νω
0,q) (5.56)

=
1
2
(3γνω

q,m(1 +Uχω
q,m) − γ

νω
q,d(1 −Uχω

q,d) − 2 − λνω
0,q) (5.57)

This form of the EoM is needed in order to introduce λ corrections and also provides considerable

F
νν

′
ω

λν,ω

r

χω

r

Figure 5.9: Illustration of the transformation for the equation of motion from Eq. (5.50). This demon-
strates that the EoM can be understood as a scattering process between electrons and
(para-) magnons. This decomposition is also needed in order to introduce λ corrections.

numerical advantages. Kνω
q is a shorthand notation for the sum over the λνω

q vertices which we
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5.4 Ladder Dynamical Vertex Approximation

sometimes refer to. Fig. 5.9 shows the diagrammatic version of Eq. (5.57). Here we see that the
bosonic propagator χω

r couples electrons to the triangular (for this specific role, also called electron
paramagnon vertex) vertex [125]. The calculation of the self-energy, including the necessary steps for
obtaining the free parameters µ, λm and λd are shown in Fig. 5.8. Here, also the (optional) partial
self-consistency discussed below is included.

5.4.2 Limitations of the λ-corrections approach
There are two limitations to the λ parameter correction approach that are worth mentioning. (i) The
dominant ordering vector does not change from that of DMFT in the λ-corrected DΓA approach. (ii)
The effective restoration of consistencies is not fully reflected in the λ-corrected full vertex Fλr,νν′ω

r,q .
The first limitation can be immediately obtained by considering (wlog) two vectors Letting A ∶=
χω0

r,DMFT,qi
and B ∶= χω0

r,DMFT,qj
we consider the three possible signs and use, that at a phase transition

the susceptibility approaches infinity, jumps from +∞ to −∞ and then tends towards −0. We therefore
have three possible cases in which qi is the dominant ordering vector, compared to qj :

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

A > B

A < B

A > B

=

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

1
A
< 1

B
1
A
< 1

B
1
A
< 1

B

=

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

1
A
+ λr <

1
B
+ λr

1
A
+ λr <

1
B
+ λr

1
A
+ λr <

1
B
+ λr

(5.58)

Because the λr parameters are defined such that the susceptibilities become strictly positive, the terms
in all three cases above are now positive on both sides.

=

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

( 1
A
+ λr)

−1
> ( 1

B
+ λr)

−1 if A > 0 ∧B > 0
( 1

A
+ λr)

−1
> ( 1

B
+ λr)

−1 if A > 0 ∧B < 0
( 1

A
+ λr)

−1
> ( 1

B
+ λr)

−1 if A < 0 ∧B < 0
(5.59)

This means the largest susceptibility (for some ordering vector qi) remains the largest (case 1) or the
first divergent susceptibility (case 2 and 3) becomes the largest. Both cases do not change the sequence
of most dominant q vectors and lDΓA ; therefore, it retains mean-field character in the determination
of the ordering symmetry.
Case (ii) has already been discussed in Sec. 4.5.1. We do not aim to construct consistent full vertices,
but instead obtain consistent effective renormalizations of the susceptibilities. The effects of this are
directly visible in the λ-corrected full vertex in Eq. (I8.40). Here we observe by direct comparison with
Eq. (6.37) and Eq. (6.38) that the ν, ν′ dependence of the asymptotic behavior in the full vertex is
not changed from DMFT. These contributions arise exactly from the susceptibilities, that are in all
other places renormalized in the lDΓA schemes. Specifically for strongly renormalized susceptibilities
in the vicinity of spurious mean-field second-order phase transitions, the full lDΓA vertex Fλr,νν′ω

r,q has
to be treated carefully and should not be used for calculations, similar to G(2) in TPSC. A potential
extension, that treats the asymptotic contributions in the full vertex explicitly is discussed in Sec. 5.5.

5.4.3 Partial Self-Consistent Extension
This extension of the lDΓA method introduces non-local correlation effects into the propagators in the
EoM in Eq. (5.56). Note however, that we do not update the bare susceptibility χνω

0,q. As discussed
in [128], this method can be employed to extend the lDΓA formalism to multi-orbital systems by
avoiding λ corrections. Because of the additional complications introduced by this method, such
as the stability of the self-consistency, uniqueness of the fixed point, potential double-counting, and
thermodynamical consistency, we proceed with the form in Eq. (5.57) and only update the single
Green’s function entering the EoM directly without further comparison with this method.
This is done by evaluating the SDE to obtain a non-local self-energy Σν

k. Using the Dyson equation, we
calculate an updated interacting Green’s functionGν

k, that is not used for an updated bare susceptibility.
Instead, just the new λr parameters are determined, and subsequently, a new self-energy is calculated.
This is repeated until convergence. Fig. 5.10 shows the λ corrected charge susceptibilities for partially
self-consistent and non-self-consistent methods with two different Σ tail correction schemes. We observe
almost no difference between both methods in the thermodynamic properties over a wide range of
parameters in 2 and 3 spatial dimensions and tail correction schemes, as demonstrated here on an
example that is particularly far away from the DMFT approximation6. Most importantly, the sign
of the non-local correction of the charge channel remains the same, demonstrating that the predicted
enhancement of charge fluctuations due to non-local correlations in the charge order regime for cuprates
(as discussed in Sec. 7.2 does not depend on this choice.
The spectral properties, however, are influenced more substantially by the choice of method and tail
corrections scheme. This is demonstrated in Fig. 5.11. Both panels show the estimated Fermi surface
as a black line. In the left panel in Fig. 5.11, we show the linear extrapolation of the real and imaginary
parts of the self-energy limν→0 Σν

k over the first Brillouin zone for the 2 dimensional cubic lattice with
6In these cases, lDΓA recovers the correct solution, since the consistencies are already fulfilled, by finding λr = 0.
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(a) n ≈ 0.83, Σ correction: Full (b) n ≈ 1, Σ correction: Full

(c) n ≈ 0.83, Σ correction: EoM (d) n ≈ 1, Σ correction: EoM

Figure 5.10: λ corrected charge susceptibilities for 2D simple cubic, U = 2, β = 20 (see Sec. 7.2) at two
different fillings. The upper and lower panels are obtained using different Σ tail correction
schemes, discussed in Sec. 6.3.4. The ExpStep variant is not shown here since it also yields
results within 20% deviation from the others.

hopping parameters t = 0.25, t′ = 0.05, t′′ = 0.025 at n ≈ 0.83, β = 20 and U = 2. One can observe a more
pronounced momentum differentiation in the self-consistent method, as expected when replacing the
DMFT Green’s function with the lDΓA one, which contains non-local corrections. In the right panel
in Fig. 5.11 we show an approximation for the quasi-particle weight Zk ≈ (1 −Re (Σν1 −Σν0)

β
π
)
−1 (see

Sec. 2.5). Here, we also demonstrate the dependence of this method on the self-energy tail correction
scheme by showing data for the modified EoM and full-tail replacement variant, discussed in Sec. 6.3.4.
Two of the methods seem to show slightly non-causal behavior in the vicinity of k ≈ 0. While this may be
an artifact of the linear extrapolation and noisy input data7, the modified equation of motion correction
stays clear of this issue. This does, however, come at the cost of breaking the degeneracy in the spin
channel and treating two of them on a local level, potentially also leading to defects such as a failure
to fully capture pseudogap behavior in cuprates Sec. 7.2. The right panel in Fig. 5.11 demonstrates
substantially modified behavior; specifically, for the direct (i.e. not partially self-consistent) method,
the momentum differentiation is much closer to the local DMFT input. The momentum-integrated
quantities do not exhibit this issue, as demonstrated above in Fig. 5.10.
As a final remark, we want to point out that the partially self-consistent method introduces numerical
instability that can be observed predominantly around half-filling and low k resolutions. We, therefore,
often employ the method without partial self-consistency, specifically when only thermodynamical
properties like phase transitions are of interest.

5.4.4 Kinetic Energy Consistency

One can make use of the f -sum rule Eq. (4.43) and directly replace the q-dependent 1/ω2 tail:

lim
∣ω∣→∞

(iωm)
2χω

d/m,q = 2∑
kσ

(2εk − εk+q − εk−q)G
ν
k =∶ 2∑

kσ

tk,qG
ν
k (5.60)

⇒ lim
∣ω∣→∞

(iωm)
2χ

λd/m,ω

d/m,q
!
= 2∑

kσ

tk,qG
λ,ν
k (5.61)

The λ-corrections leave the 1/ω2 tail unchanged, as can be seen via Taylor expansion of the definition in
Eq. (4.47). This extension was already proposed as a future improvement in [202]. While some versions
of the code do support an approximate scheme for this method, we did not find sufficient evidence of
large violations of the kinetic energy consistency between one- and two-particle levels in any models we

7While we do use ED, which does not exhibit statistical noise such as CTQMC, the truncation of Lehmann summands
and finite bath-sites effects (in our case 4) required to obtain results often introduces nonphysical or non-convergent
behavior in the lDΓA algorithm.
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Figure 5.11: Left panel: Linear extrapolation of Im Σν
k to ν = 0, including estimated Fermi surface

in black for different tail correction schemes, with and without partial self-consistency.
Right panel: Linear extrapolation estimate of quasi-particle weight Zk, including estimated
Fermi surface in black for different tail correction schemes, with and without partial self-
consistency. Data is shown for the 2 dimensional cubic lattice with hopping parameters
t = 0.25, t′ = 0.05, t′′ = 0.025 at n ≈ 0.83, β = 20 and U = 2.

investigated. These are typically well below 5% for the full tail correction of the self-energy and below
3% for the EoM tail correction scheme. Consequently, the additional numerical challenges introduced
by this method due to inherently noisy data from the 1/ω2 high-frequency tail as well as the ambiguous
choice of the correction schemes (because λ corrections do not affect the 1/ω2 tail of the susceptibilities),
we do not present a further discussion here. However, it is worth keeping in mind that without this
correction, the kinetic energy on the two-particle level remains on the DMFT level, and the discrepancy
to the two-particle value should be observed as an internal consistency check for all other λ correction
schemes.

5.4.5 Fulfillment and Violation of Consistencies in lDΓA

By design, the λ corrected lDΓA method fulfills the Mermin-Wagner theorem Sec. 4.5.2 and at least
some two-particle consistency by enforcing potential energy between and Pauli-principle values between
one- and two-particle levels to match .
We stress that this is only enforced on an effective level and one has to make concessions in approximate
methods. The possibly best example is the electron density n, which appears explicitly in the following
equations (also discussed in Sec. 4.5):

n
!
= ∑

νk
Gλmλd,ν

k (5.62)

n

2
(1 − n

2
)

!
= ∑

ωq
(χλd,ω

d,q + χλm,ω
m,q ) (5.63)

U2 n

2
(1 − n

2
)

!
= lim

ν→∞
Re [iνn (Σλmλd,iνn

k −
Un

2
)] (5.64)

lim
∣ω∣→∞

(iωm)
2χω

d/m,q = ∑
k
(2εk − εk+q − εk−q)nk (5.65)

Having access to 3 free parameters (λm, λd, µ) we are only able to fix 3 of the 4 conditions, through these
parameters, at most. Furthermore, the structure of Eq. (5.65) and Eq. (5.64), which involves limits,
makes a systematic correction on finite grid sizes ambiguous. In addition, one also has to consider the
feedback of the other correction parameters on the Green’s function in Eq. (5.65), when computing
nk = ∑νkG

λmλd,ν
k . The various sub-methods discussed above give some freedom for the choice of

which consistencies to preserve and which to use as an internal consistency check. In Fig. 5.10 and
Fig. 5.11 we argued that the remaining inconsistencies predominantly influence the spectral properties
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Figure 5.12: Comparison of magnetic and charge susceptibilities for the simple cubic lattice in 3 di-
mensions at U = 2 and β = 1. the blue and orange lines show the asymptotic method with
different starting points Γr = ±U is labeled “RPA start”.

of the system and are certainly a valuable concern for future extension of the method. However, for
the systems we investigated in Sec. 7.1 and Sec. 7.2 we did find only minor improvements with added
consistencies beyond the lDΓAdm method, so specific models in which, for example, the inconsistency
of the f -sum rule Eq. (5.65) contributes significantly to the driving physics of the system.

5.5 Asymptotic Ladder Approximation

This section describes an attempt to incorporate the asymptotic contributions discussed in Sec. 6.2
directly into the method. As of the writing of this thesis, there are still many open questions and
the results presented here are preliminary. This is especially true for the aspects of this method that
introduce effects beyond the ladder approximation by introducing a channel mixing in the irreducible
two-particle vertex. Nonetheless, I want to give a short introduction here, because initial benchmarks
show very promising results for many parameter regimes of models that are notoriously difficult to
access by the previously described methods. However, the code as discussed in Sec. 6.8.5 and Sec. 6.8.6
already supports this method partially for the particle-hole symmetric case where χd = χpp.
The idea is to replace the irreducible vertices Γr for each channel by their asymptotic contributions,
derived in [256]. These consist of physical susceptibilities that can be obtained from the BSE after an
initial guess of RPA (Γνν′ω

r ≡ ±U) or DMFT (see also Fig. 5.12). Iterative computation of physical
susceptibilities, replacement of Γνν′ω

r , etc. did indeed lead to convergence in our tests at half-filling.
While more rudimentary in the structure of the vertex in the core regions, this method includes feedback
beyond the capability of the ladder approximation. Specifically, the diagonal contributions of F νν′ω

r,q
from Eq. (6.37) and Eq. (6.38) (derivation and discussion from [256]) which are the local physical
susceptibilities, stay local, while only the background changes, as can be verified from the construction
in Eq. (I8.40).

F νν′ω
d/m,asympt ∼ ±U −U

2χω
→ ±U −U2χλ,ω

q (5.66)

By replacing the asymptotic contributions explicitly, we not only eliminate the remaining local contri-
butions but also introduce full parquet-like feedback between scattering channels. Moreover, extensions
of this method could be considered, in which a core region is an irreducible vertex Γ that is still taken
from DMFT to retain local non-perturbative contributions.

Scaling to lDΓA

The method can be extrapolated towards the lDΓA variants by the introduction of a cutoff parameter
Ncut

ν of an inner region for the irreducible two-particle vertices Γr. One then inserts the DMFT vertex
instead of the asymptotic contributions in this region. Clearly Ncut

ν → Nmax
ν recovers lDΓA . An

intriguing open question that could be investigated through this method would be how the non-local
update in the full vertex F ννω (which remains on DMFT level in lDΓA ) affects the predictive power
of this class of methods.

Open Questions

While the stabilization of the self-consistency seems to be possible for the three-dimensional cubic
lattice at half-filling and moderate interaction strength (up to U = 2 and β = 20), the validity away
from half-filling and in two dimensions needs to be established. In addition, this approach seems to be
a viable path for the investigation of further inter-channel renormalization effects beyond the effective
renormalization that we introduced with the λ corrected lDΓA method. This could be of interest by
comparison with the λ RPA method since the irreducible vertex of RPA (which is Γr ± U) can be
systematically extended, by including the physical susceptibilities. This comparison is certainly also
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interesting from the point of violation of consistencies between one and two-particle levels, which could
as well be reintroduced by λ corrections in the asymptotic case.
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6 Numerical Details

In this chapter, we will discuss numerical methods that were either necessary to stabilize
the lDΓA method or were developed for related projects. Readers who are developing
methods involving Feynman diagrammatic techniques will hopefully find useful discus-
sions here. For a general understanding of the capabilities of these approaches and the
understanding of the phenomena they describe, this chapter may be skipped.
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6 Numerical Details

6.1 Improved Summations (Series Acceleration)

This section is somewhat isolated from the rest of the chapter, as none of it is applicable to the programs
developed during the thesis. The methods discussed here were tested in a first attempt to improve the
summation of functions over Matsubara frequencies. However, after thorough testing, it turned out
that sums over multiple indices (such as needed in the equation of motion) can suffer from considerable
stability issues. We will give an overview here nonetheless, because the general resummation formulas
are very general, whereas the method discussed in Sec. 6.3 serves as a reference for more specialized
summation methods or can be used when no other methods are available. Furthermore, the general
idea of improved summations, (i.e. obtaining a limit from a finite number of summands of an infinite
series that is closer to the true limit than plain summation) without introducing additional physics-
related information will serve as a preparatory step. Lastly, the concept of improved summation has a
surprising connection to the analytical continuation problem that we encounter whenever moving from
the Matsubara formalism back to retarded Green’s functions. In fact, a direct generalization of this
concept can, for example, be used to obtain critical exponents in the 3 dimensional XY model [212]
or assign a limit to divergent perturbation series [213]. The code implementing some of these ideas is
publicly available [248] (see also Sec. 6.8.1).

6.1.1 Introduction

Our task will be to improve the estimation of infinite series from a finite number of summands. The
reason is, of course, that Matsubara sums run over infinitely many frequencies, but one has to define an
energy cutoff for numerical computations. Here, we discuss several ways to deal with this inconsistency
and improve the estimation of the true value of the sum above plain summation over just some subset
of indices. We therefore introduce the index set IN = {a, ..., b} with N = b − a + 1.

∑
n∈I∞

Fn → ∑
n∈IN

Fn (6.1)

Note that the approximation may depend heavily on the index set. This is especially important since
we often have very well-behaved, symmetrical tails for both N → ±∞, and unique features appear only
in a limited region. Centering the summation around that point can yield greatly improved results.

6.1.2 Series Limits

In the following, we derive formulas for the improved numerical summation over functions of Matsubara
frequencies. We will, for now, not assume any knowledge of the convergence to infinity and present some
well-known general summation formulas before presenting techniques that incorporate the coefficients of
a Taylor expansion around∞. These coefficients can be obtained from diagrammatic considerations and
allow us to sum up contributions analytically, leaving only higher-order sums for numerical evaluation,
thus reducing finite-size errors.
In both cases, we split the summation of a function Fn with n ∈ Ω into two. Typically Ω ≡ Z or Ω ≡ Z2.
However, we leave the definition for the index set intentionally general for now since these sets can
have slightly more complicated definitions. Specifically, for two indices, one may depend on the other,
see Sec. 6.4. Let Tn be some analytically known function with Tn ∼ Fn, i.e. limn→∞ Tn/Fn = 1 [40,
Chapter 3].

∑
n∈Ω

Fn = ∑
n∈Ω
(Fn − Tn + Tn)

= ∑
n∈Ωcore

(Fn − Tn) + ∑
n∈Ωshell

(Fn − Tn) + ∑
n∈Ω

Tn

∼ ∑
n∈Ωcore

(Fn − Tn) + ∑
n∈Ω

Tn (6.2)

In the last line, we made the necessary approximation only to include numerical data in a finite
interval. However, by choosing a good approximation Tn of the function Fn, we can hope to improve
the numerical accuracy since some contributions are included up to infinity. This may also be motivated
as follows: Taylor expansion of Fn around∞ gives rise to some series ∑l

cl

xl . By choosing Tn as the first
few terms, we only have to numerically sum terms that tend to 0 quickly. For later reference, we first
rewrite partial sums over Matsubara frequencies in terms of a closed expression, using the definition
of special functions. This helps readability and implementation performance (because there are fast
implementations available, for example, using the Euler-Maclaurin summation formula or tabulation
of the Bernoulli polynomials).

6.1.3 Useful Identities

We first collect a number of definitions and identities that are used for the derivation of the improved
sum formulas or their evaluation. This is mainly used for the numerical evaluation of the sums;
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6.1 Improved Summations (Series Acceleration)

the references to the codes are given below. The Hurwitz ζ and polygamma functions are defined,
respectively, as

ζ(a, b) =
∞
∑
n=0

1
(n + b)a

(6.3)

ψ(a)(b) =
da+1

dza+1 ln Γ(z) (6.4)

For our purposes (finite temperature Green’s functions), we will only need integer arguments of these
functions. Here, the series representation of the polygamma function ψ(m)(z) can be used:

ζ(a + 1, b) = (−1)aψ
(a)
(b)

a!
=
∞
∑
n=0

1
(n + b)(a+1) + δa0 (

∞
∑
n=1

1
n
− γ) (6.5)

Note also that an index shift leads to a formula for finite and linearly transformed sums:

N

∑
n=0

1
(n + b)a

= ζ(a, b) −
∞
∑

n=N+1

1
(n + b)a

= ζ(a, b) − ζ(a,N + 1 + b) (6.6)

∞
∑
n=0

1
(c ⋅ n + d ⋅ b)a

=
1
ca
ζ (a,

d ⋅ b

c
) (6.7)

We will use these identities to express sums over Matsubara frequencies. For autocorrelation tails, we
will use:

1
(iωm + iνn)

k
=

1

(i (2m)π
β
+ i (2n+1)π

β
)

k
= (

β

πi
)

k 1
(2m + n + 1)k

(6.8)

Furthermore we can rewrite Matsubara sums for fermionic (iνn) and bosonic (iωm) frequencies as
follows:

⇒
∞
∑

n=N

(
1
iνn
)

l

= (
β

2πi
)

l ∞
∑

n=N

1
(n + 1

2)
l
= (

β

2πi
)

l ∞
∑

n=N

1
(n + 1

2)
l

= (
β

2πi
)

l ∞
∑
n=0

1
(n +N + 1

2)
l
= (

β

2πi
)

l

ζ (l,N +
1
2
) (6.9)

∞
∑

m=M

(
1
iωm
)

l

= (
β

2πi
)

l

ζ(l,M) (6.10)

⇒
N

∑
n=0
(

1
iνn
)

l

= (
β

2πi
)

l

(ζ (l,
1
2
) − ζ (l,N +

3
2
)) (6.11)

M

∑
m=1
(

1
iωm
)

l

= (
β

2πi
)

l

(ζ(l) − ζ (l,M + 1)) (6.12)

Note that sums over Matsubara frequencies pick up an additional normalization factor of 1
β

that is
omitted here. The first (approximate) values, which are used in our calculations, are given in table 6.1
for reference.

n factor ζ(n)

1 β
2πi

∞

2 −(
β

2π
)

2 π2

6
3 i ( β

2π
)

3 1.2021
4 (

β
2π
)

4 π4

90
5 −i ( β

2π
)

5 1.0369
6 −(

β
2π
)

6 π6

945
7 i ( β

2π
)

7 1.0083
8 (

β
2π
)

8 π8

9450

Table 6.1: Zeta function values

6.1.4 Aitken’s ∆2-Process and Shanks Transformation

The arguably simplest series acceleration method can be obtained by assuming that the residual term
of the partial sum (SN = ∑n∈IN

Fn) follows a power law:

Sn − S = αq
n (6.13)
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Where the exact limit is S, and the error decays with some q < 1. The 3 parameters α, q and S can
then be obtained by evaluating Eq. (6.13) at three different partial sums [40, Sec.8.1]:

S = Sn − αq
n
+O(qn

), S = Sn+1 − αq
n+1
+O(qn

), S = Sn+2 − αq
n+2
+O(qn

) (6.14)

This can be solved, yielding the Aitken ∆2 process [3]:

(an) ∶=
Sn+1Sn−1 − S

2
n

Sn+1 + Sn−1 − 2Sn
+O(qn−1

) (6.15)

= Sn −
(∆Sn)

2

∆2Sn
(6.16)

Where we defined the forward difference operator of the k-th derivative:

∆ka0 =
k

∑
n=0
(−1)n(k

n
)ak−n (6.17)

Eq. (6.16) is numerically more stable compared to Eq. (6.15). In fact, the denominator can be used to
check for underflow in the iterated Aitken’s ∆2-process.
(an) is a sequence constructed by this process that often converges faster toward S than Sn.
Around 1980 it was independently discovered by Berzenski and Håvie, that the error term in Eq. (6.13)
can be treated more generally [94, 37]:

Sn = S +
k−1
∑
j=0

cjfj(n) (6.18)

Where fj(n) are known, but arbitrary (even divergent) functions. The extrapolation of the series
limit then follows analogously to the ∆2-process, but for k equations [289]. Using Cramer’s rule, the
extrapolated value is obtained via

ek(Sn) =

RRRRRRRRRRRRRRRRRR

Sn ⋯ Sn+k

f0(n) ⋯ f0(n + k)
⋮ ⋱ ⋮

fk−1(n) ⋯ fk−1(n + k)

RRRRRRRRRRRRRRRRRR

/

RRRRRRRRRRRRRRRRRR

1 ⋯ 1
f0(n) ⋯ f0(n + k)
⋮ ⋱ ⋮

fk−1(n) ⋯ fk−1(n + k)

RRRRRRRRRRRRRRRRRR

(6.19)

ek(Sn) stands for the transformation operation and has the value of the improved sum. Eq. (6.19) can be
solved via a recursive algorithm instead of (the numerically unfeasible) ratio of determinants. However,
the very general form is in practice often less useful than specific choices for the sequence of functions
fj [289]. Let us briefly mention the two most prominent cases. The Levin-Weniger transformation,
where fj(n) = (n + β)

−j was first used by H. Levine and J. Schwinger to compute diffraction of scalar
planar plane wave [160].
The Shanks transformation, with fj(n) =∆n+j can be thought of as fitting the sequence of derivatives
of the partial sum sequence [223, 230]:

Sn = c0 + c1∆mSn + c2∆2mSn + ...ck∆kmSn (6.20)

Again, there exist specialized algorithms circumventing the calculation of the expression from Eq. (6.19).
Specifically Wynn’s ε-algorithm [292]. Because this approach turned out to be unsuccessful for the pur-
pose of this thesis, we leave the discussion to the literature [289]. The implementation used for initial
versions of the lDΓA method with improved asymptotic treatment is available as a Julia package [248]
(see Sec. 6.8.1). The close relationship to Padé approximants1 makes this technique seem especially
intriguing for Green’s functions2. If the Shanks transformation is applied to a function of the type
f(z) = ∑

∞
l=0 αlz

l, the result is a Padé approximant (that can be obtained by Wynn’s ε-algorithm)

ekfn(z) = [
n + k

k
]

f

(z) (6.21)

A very approachable derivation and discussion of features and disadvantages of the methods above and
respective algorithms including source code are given E. J. Weniger in [289]. Extensions to resummation
techniques of divergent series are discussed in [40, Chapter 8].

6.1.5 Richardson

One of the oldest schemes for accelerated summation of series is the Richardson extrapolation. It was
first formally introduced by L.F. Richardson in 1911 [201] but was already used by Huygens for the
calculation of π in 1654 [285, 38]. This method specifically excels at slowly convergent series of the

1Wynn
2Here, these are often used to analytically continue Matsubara Green’s functions to the real axis. There has also been

work on choosing a Shanks-like transformation specifically for Green’s functions [47].
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form
Sn = ∑

k∈Ie

ak

nk
(6.22)

With Ie ⊂ N0 being a set of exponents, which must include 0. We can immediately notice that for
limn→∞ Sn = a0 = ∑n∈I∞ f(iωn) will yield the limit. It is possible to obtain a0 from closed form
expressions, [40, Eq. 8.1.16]:

a0 =
N

∑
k=0

Sn+k(n + k)
N
(−1)k+N

k!(N − k)!
(6.23)

Specifically for the case of Matsubara summations over symmetric domains around 0, one can also
obtain a version that does not require the computation of factorials but instead extrapolates via a
matrix-vector multiplication [202, G. 9]:

a0 =
Nmax

∑
n=Nmin

w0nSn (6.24)

with

win =M
−1
il n

−l, Mil =

Nmax

∑
n=Nmin

n−ln−i (6.25)

Here, M can be precomputed for the desired domain. Both methods have been implemented and tested
for one- and two-particle Green’s functions in [248]. However, for two-particle Green’s functions, this
method proved to be extremely unstable and was not further developed. Instead, the significantly more
stable approach using the known diagrammatic contributions for the high-frequency tail (discussed in
the following) was implemented in [244].

6.2 Asymptotics

In this section, we will discuss the asymptotic behavior of all quantities used for the lDΓA method.
These asymptotic contributions will then be used to improve the sum of the respective quantities in
Sec. 6.3. For the following sections, we occasionally deviate from our usual notation of k-space integra-
tion as a sum. Instead, we use an integral symbol to indicate that this k-space integration is independent
of the sampling chosen for the BSE, that implies the sampling for all other lDΓA related quantities (for
the numerical setup in this thesis) as a consequence of the convolution algorithm Sec. 6.4.2.
The derivations of the asymptotic contributions and improved sum formulas are based on unpublished
notes by Georg Rohringer and [256].

Spectral Moments of Green’s functions

We start with the best-known high-frequency expansion, that of the single-particle Green’s function.
The so-called spectral moments cl,k can be obtained via integration by parts from the imaginary time
Green’s function:

Gν
k = ∫

β

0
dτGk(τ)e

iνnτ

= [Gk(τ)
1
iνn

ei(2n+1)π
β

τ
]

β

0
−

1
iνn
∫

β

0
dτ ( d

dτ
Gk(τ)) e

iνnτ

=
1
iνn
[ lim

τ→β−
Gk(τ)e

i(2n+1))π
β

τ
− lim

τ→0+
Gk(τ)e

i(2n+1)π
β

τ
] −

1
iνn
∫

β

0
dτ ( d

dτ
Gk(τ)) e

iνnτ

=
1
iνn
[−Gk(β

−
) −Gk(0+)] −

1
iνn
∫

β

0
dτ ( d

dτ
Gk(τ)) e

iνnτ

=
1
iνn
[Gk(0+) −Gk(0−)] −

1
iνn
∫

β

0
dτ ( d

dτ
Gk(τ)) e

iνnτ

Where we used the β periodicity of the imaginary time Green’s function, also discussed in Sec. 2.2.
Note also that limτ→β− and limτ→0+ have to be treated carefully and partial integration is only allowed
because limτ→0G(τ)e

iνnτ exists.
Iteration of the integration-by-parts formula yields a series expansion of the Green’s function,

Gν
k =

∞
∑
l=1

cl,k

(iνn)l
(6.26)

with spectral moments, defined by the time derivatives of the imaginary time Green’s function

cl,k = (−1)l ( lim
τ→0+

d(l−1)

dτ (l−1)Gk(τ) − lim
τ→0−

d(l−1)

dτ (l−1)Gk(τ)) (6.27)
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We can evaluate this explicitly for the first terms of the Green’s function of the Hubbard model:

Important 6.2.0.1 (Spectral Moments of the Hubbard Model Green’s Function)
Evaluation of Eq. (6.27) using the Heisenberg equation of motion Eq. (2.16) with the definition
of the AIM Eq. (3.99) (local) or Hubbard Hamiltonian Eq. (3.12) (non-local) yields the following
spectral moments for the one-particle Green’s function:

c1 = 1 (6.28a)

c2,k =
Un

2
− µ +

⎧⎪⎪
⎨
⎪⎪⎩

0 local
εk non − local

(6.28b)

c3,k = (
Un

2
− µ)

2
+ fν

k = (
Un

2
− µ)

2
+U2 n

2
(1 − n

2
) +

⎧⎪⎪
⎨
⎪⎪⎩

∑l V
2

l local
ε2

k + 2εk (
Un
2 − µ) non − local

(6.28c)

Fig. 6.1 and Fig. 6.2 show the asymptotic behavior of impurity and local Green’s function respectively
for the first 400 Matsubara frequencies. The Green’s functions were obtained using ED with 4 bath
sites on a square lattice with parameters U = 2, µ = 1.4 and n ≈ 0.2395 at β = 20. These example plots
here are meant to give an idea of how we typically investigate the convergence of quantities to their
asymptotic behavior.

(a) c1 coefficient for impurity
Green’s function, and Gν

imp ⋅ ν.

(b) c2 coefficient for impu-
rity Green’s function, and
(Gν

imp − c1
ν
) ⋅ ν2

(c) c3 coefficient for impu-
rity Green’s function, and
(Gν

imp − c1
ν
− c2

ν2 ) ⋅ ν3

Figure 6.1: Tail coefficients for impurity Green’s function, obtained from ED with 4 bath sites, with
U = 2, µ = 1.4, n ≈ 1.087. Convergence of the Green’s function multiplied with the tail,
demonstrates the correct asymptotic behavior.

(a) c1,k coefficient for local Green’s
function, and Gν

k=0 ⋅ ν.
(b) c2,k coefficient for local Green’s

function, and (Gν
k=0 −

c1,k
ν
) ⋅ν2.

(c) c3,k coefficient for local Green’s
function, and (Gν

k=0 −
c1,k

ν
−

c2,k
ν2 ) ⋅ ν3

Figure 6.2: Tail coefficients for local Green’s function on a square lattice, obtained from ED with 4
bath sites, with U = 2, µ = 1.4, n ≈ 1.087.

6.2.1 Bare Susceptibility
The bare susceptibility is defined as the autocorrelation (particle-hole channel) or convolution (particle-
particle channel) of the DMFT Green’s function. We can therefore obtain the asymptotic behavior by
investigating the contributions from the Green’s functions for both arguments to the χω

0,q and sort
the coefficients by powers of iνn + iωm using partial fraction decomposition to decouple fermionic and
bosonic sums.

χω
0,q = −β∑

νk
Gν+ω

k+qG
ν
k = −β∑

k
∑
n∈N

∑
r∈N>0

cr,k

(iνn)r
∑

s∈N>0

cs,k+q

(iνn + iωm)s
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This is a more specific form of the general expansion, that does not assume further knowledge about
spectral moments:

Gν
kG

ω+ν
q+k =

Gν
k −G

ω+ν
q+k

(Gω+ν
q+k)

−1 − (Gν
k)
−1 (6.29)

=
1
ω

Gν
k −G

ω+ν
q+k

1 + (εk +Σk − εq+k −Σq+k) /ω

1
ω
=

1
ω
(Gν

k −G
ω+ν
q+k) +O(1/ω2

) (6.30)

The first few terms of the moment expansion are given in the following table. Note that the expansion
only holds for ω ≠ 0, since the 1

ω
factor is not well defined otherwise. However, in this case, the left-hand

side is readily evaluated instead. Each line corresponds to a pair of coefficients, where all contributions
with coefficients cj,k with j ≤ 3 are listed.

(1) c1,kc1,k+q ∶
1

ν1
1

(ν+ω)1 = 1
ω
⋅ ( 1

ν
− 1

ν+ω
)

(2) c1,kc2,k+q ∶
1
ν

1
(ν+ω)2 = 1

ω
⋅ (− 1

(ν+ω)2 ) + 1
ω2 ⋅ (

1
ν
− 1

ν+ω
)

(3) c1,k+qc2,k ∶
1

ν2
1

(ν+ω)1 = 1
ω
⋅ ( 1

ν2 ) + 1
ω2 ⋅ (−

1
ν
+ 1

ν+ω
)

(4) c1,kc3,k+q ∶
1
ν

1
(ν+ω)3 = 1

ω
⋅ (− 1

(ν+ω)3 ) + 1
ω2 ⋅ (−

1
(ν+ω)2 ) + 1

ω3 ⋅ (
1
ν
− 1

ν+ω
)

(5) c2,kc2,k+q ∶
1

ν2
1

(ν+ω)2 = 1
ω
⋅ 0 + 1

ω2 ⋅ (
1

ν2 +
1

(ν+ω)2 ) + 1
ω3 ⋅ (−

2
ν
+ 2

ν+ω
)

(6) c1,k+qc3,k
1

ν3
1

(ν+ω)1 = 1
ω
⋅ ( 1

ν3 ) + 1
ω2 ⋅ (−

1
ν2 ) + 1

ω3 ⋅ (
1
ν
− 1

ν+ω
)

(7) c2,kc3,k+q ∶
1

ν2
1

(ν+ω)3 = 1
ω
⋅ 0 + 1

ω2 ⋅ (
1

(ν+ω)3 ) + 1
ω3 ⋅ (

1
ν2 +

2
(ν+ω)2 ) + 1

ω4 ⋅ (−
3
ν
+ 3

ν+ω
)

(8) c2,k+qc3,k ∶
1

ν3
1

(ν+ω)2 = 1
ω
⋅ 0 + 1

ω2 ⋅ (
1

ν3 ) + 1
ω3 ⋅ (−

2
ν2 −

1
(ν+ω)2 ) + 1

ω4 ⋅ (
3
ν
− 3

ν+ω
)

(6.31)
Here, many terms vanish, since ∀l > 1 ∶ ∑ν

1
νl = ∑ν

1
(ν+ω)l and terms with odd l do not contribute,

according to Eq. (6.81). For the analytical sums without the coefficients over the 8 terms above one,
therefore, arrives at:

(1) ∶ − δω,0
β

4

(2) ∶ + 1 − δω,0

ω

β

4

(3) ∶ − 1 − δω,0

ω

β

4

(4), (6) ∶ δω,0
β3

48
+

1 − δω,0

ω2
β

4

(5) ∶ δω,0
β3

48
− 21 − δω,0

ω2
β

4

(7) ∶ + 21 − δω,0

ω3
β

4

(8) ∶ − 21 − δω,0

ω3
β

4

Next, we sort by orders of 1/ωl and evaluate all coefficient combinations for the local and non-local

Figure 6.3: Tails for χω
0 coefficients as a function of the bosonic Matsubara index, according to table 6.31

at β = 5. The sums are carried out numerically without the use of the improved sum
technique and are shown to converge against the limits computed in this section.

cases. This will result in the corresponding coefficients for the expansion in 1/ω of the bare susceptibility.
We also simplify using c1,k → 1 and ∀fk ∶ ∫ fk+qdk = ∫ fkdk.

χω
0,q = −β

⎡
⎢
⎢
⎢
⎢
⎣

δω,0
⎛
⎜
⎝
−
β

4 ∫
k∈BZ

1 + β
3

48 ∫
k∈BZ

(c3,k+q + c3,k + c2,kc2,k+q)
⎞
⎟
⎠

(6.32)

+
1

iωm

β

4
⎛
⎜
⎝
∫

k∈BZ

(c2,k+q − c2,k)
⎞
⎟
⎠
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U
χω
r

λν′ω
r

χν′−ν
r

(a) Asymptotic contributions to the full ver-
tex F νν′ω

r . The physical susceptibility χω
r

counteracts the double counting from both
λνω

r and λν′ω
r . The illustration shows a

schematic view F νν′ω
r of for a fixed ωm as a

function of ν and ν′. The blue region is the
constant (in ωm) background consisting of
±U ±U2χr.

(b) Example of full vertex F νν′ω
m at ω30 with a shifted (by

−15) fermionic grid. The axis labels show the indices.
The size of the central features is dependent on the tem-
perature. Here, β = 20 on a 2D simple cubic lattice
around half-filling was used to generate the full vertex.

Figure 6.4: Asymptotic Structure of the full vertex

+
1

(iωm)2
β

4
⎛
⎜
⎝
∫

k∈BZ

(c3,k+q + c3,k − 2c2,kc2,k+q)
⎞
⎟
⎠

+
1

(iωm)3
β

2
⎛
⎜
⎝
∫

k∈BZ

(c2,kc3,k+q − c2,k+qc3,k)
⎞
⎟
⎠
+O(

1
ω4 )

⎤
⎥
⎥
⎥
⎥
⎦

= δω,0
⎛
⎜
⎝

β2

4
−
β4

48 ∫
k∈BZ

(2c3,k + c2,kc2,k+q)
⎞
⎟
⎠

−
β2

2(iωm)2

⎛
⎜
⎝
∫

k∈BZ

(c3,k − c2,kc2,k+q)
⎞
⎟
⎠
+O(

1
ω4 )

= δω,0 (
β2

4
−
β4

48
(2c̃3 + c̃2,q)) −

β2

2(iωm)2
(c̃3 − c̃2,q) +O(

1
ω4 ) (6.33)

Where we have defined the tail coefficients for χω
0,q (in terms of the coefficients of the Green’s function):

c̃1 = ∫
k∈BZ

c2,k =

⎧⎪⎪
⎨
⎪⎪⎩

(Un
2 − µ) local
∫ (

Un
2 − µ + εk)dk non-local

(6.34)

c̃2,q = ∫
k∈BZ

c2,kc2,k+q =

⎧⎪⎪
⎨
⎪⎪⎩

(Un
2 − µ)

2 local
∫ (εk − µ +

Un
2 ) (εk+q − µ +

Un
2 )dk non-local

(6.35)

c̃3 = ∫
k∈BZ

c3,k =

⎧⎪⎪
⎨
⎪⎪⎩

(Un
2 − µ)

2
+U2 n

2 (1 −
n
2 ) +∑l V

2
l local

∫ (εk − µ +
Un
2 )

2
+U2 n

2 (1 −
n
2 )dk non-local

(6.36)

The derivation here was presented for the particle-hole channel. For the particle-particle channel, the
formulas are obtained by a formal substitution of ν + ω → ω − ν and q + k → q − k.

6.2.2 Full Vertex
For the remaining quantities, we will use the known asymptotic contributions to the local full vertex
F νν′ω [256]. We restrict the discussion to the particle-hole channel for this section. The full vertex
asymptotic behavior is given by

F νν′ω
d,asym = U +

U2

2
χν′−ν

d +
3U2

2
χν′−ν

m −U2χν+ν′+ω
pp +Uλνω

d +Uλ
ν′ω
d +U2χω

d (6.37)

F νν′ω
m,asym = −U +

U2

2
χν′−ν

d −
U2

2
χν′−ν

m +U2χν+ν′+ω
pp +Uλνω

m +Uλ
ν′ω
m +U2χω

m (6.38)

Fig. 6.4a gives a schematic overview of the asymptotic contributions to the local full vertex F νν′ω
r .

Here, the green regions correspond to the physical susceptibilities (χω
d/m/pp), the orange areas to the

λνω
r and the dark orange regions are the overlap of λνω

r and λν′ω
r . Algebraically, λνω

r and λν′ω
r both

contain ν/ν′ independent contributions from the susceptibilities χω
r , that are double counted and must

be subtracted accordingly. The blue region is the constant ±U and U2χω background. A vertex
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6.2 Asymptotics

obtained from DMFT will have a significant low-energy frequency dependence, which is not captured
by the asymptotic contributions.
The contributions for the irreducible vertex Γνν′ω are given by:

Γνν′ω
d,asym = U +

U2

2
χν′−ν

d +
3U2

2
χν′−ν

m −U2χν+ν′+ω
pp (6.39)

Γνν′ω
m,asym = −U +

U2

2
χν′−ν

d −
U2

2
χν′−ν

m +U2χν+ν′+ω
pp (6.40)

The derivation of the asymptotic behavior is left to the literature [207, 131, 290, 256]. However, we
will make use of the location of the intersection of the susceptibilities, given by the green bars in the
illustration Fig. 6.4a. For this, we consider the possible scattering processes at a bare vertex U , which
are given by where the susceptibilities (which decay as 1/ω2) intersect when ν = ν′ and ν + ν′ + ω = 0.
This is the case at ν = −ω/2 (see also [256] for a discussion of this shift). We, therefore, employ a
sampling scheme that centers around this feature. In Sec. 6.4, we discuss details in conjunction with
symmetry reductions.

6.2.3 Triangular Vertices

Here, we derive the asymptotic behavior of the triangular vertices. The calculations for the improved
sums of the lDΓA quantities are a verbatim copy of unpublished notes from Georg Rohringer.
We will discuss two different derivations of the asymptotic behavior: (i) an algebraic version, using
Ward identities and the decay of diagram classes, (ii) a Feynman diagrammatic derivation.

Algebraic Derivation: We start with the local (DMFT) case, at the Ward identity:

∑
ν′
(iωm +∆ν′

−∆ω+ν′
)χνν′ω

d/m = G
ω+ν
−Gν (6.41)

Eq. (I8.34)
⇔−iωm −∆ν

+∆ω+ν
− iωm∑

ν′
Gν′Gω+ν′F νν′ω

d/m

−∑
ν′
(∆ν′

−∆ω+ν′
)Gω+ν′F νν′ω

d/m = (Gω+ν
−Gν

) (χνω
0 )

−1 (6.42)

Eq. (I8.21)
⇔−iωm −∆ν

+∆ω+ν
∓ iωmλ

νω
d/m

−∑
ν′
(∆ν′

−∆ω+ν′
)Gω+ν′F νν′ω

d/m = iνn + µ −∆ν
−Σν

− iνn − iωm − µ + ε +Σω+ν

⇔∓iωmλ
νω
d/m,kq − ∑

ν′k′
(∆ν′

−∆ω+ν′
)Gω+ν′F νν′ω

d/m

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
O(1/ω)

= −Σν
+ Σω+ν

²
O(1/ω)

(6.43)

⇔ λνω
d/m = ±

Σν
−ΣH

iωm
+O(

1
iωm
) (6.44)

For the non-local case, we start with the local version of the Ward identity in Sec. 4.4.2.1.

∑
ν′k′
(iωm + εk − εk+q)χ

νν′ω
d/m,kk′q = G

ω+ν
q+k −G

ν
k (6.45)

∑
ν′k′
(iωm + εk − εk+q)χ

νν′ω
d/m,kk′q = G

ω+ν
q+k −G

ν
k (6.46)

Eq. (I8.34)
⇔−iωm − εk + εk+q − iωm ∑

ν′k′
Gν′

k′G
ω+ν′

q+k′F
νν′ω
d/m,kk′q

− ∑
ν′k′
(εk′ − εq+k′)G

ω+ν′

q+k′F
νν′ω
d/m,kk′q = (G

ω+ν
q+k −G

ν
k) (χ

νω
0,q)

−1 (6.47)

Eq. (I8.21)
⇔−iωm − εk + εk+q ∓ iωmλ

νω
d/m,kq

− ∑
ν′k′
(εk′ − εq+k′)G

ω+ν′

q+k′F
νν′ω
d/m,kk′q = iνn + µ − εk −Σν

k

− iνn − iωm − µ + εq+k +Σω+ν
q+k

⇔∓iωmλ
νω
d/m,kq − ∑

ν′k′
(εk′ − εq+k′)G

ω+ν′

q+k′F
νν′ω
d/m,kk′q

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
O(1/ω)

= −Σν
k + Σω+ν

q+k
²

ΣH+O(1/ω)

(6.48)

⇔ λνω
d/m,kq = ±

Σν
k −ΣH

iωm
+O(

1
ω2 ) (6.49)
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With the Hartree part of the self-energy as usual ΣH =
Un
2 .

Notably, the bosonic frequency tail of the triangular vertex is independent of the bosonic momentum
q.

Alternative Derivation and λ0: The correction term in the lDΓA equation of motion λνω
0,q exhibits the

same asymptotic behavior. Here, an alternative derivation is presented, relying on the fact that only
the irreducible diagrams of the full vertex F do not decay in 1/ω:

F νν′ω
r = Γνν′ω

r +Φνν′ω
r = Γνν′ω

r +O(
1
ω
) (6.50)

We furthermore use the partial fraction decomposition strategy from Sec. 6.2.1 to rewrite the bubble
term

Gν
kG

ω+ν
q+k =

1
iωm

(Gν
k −G

ω+ν
q+k) +O(

1
ω2 ) (6.51)

This leads to the same result as before:

λνω
d/m,kq = ± ∑

ν′k′
Gν

kG
ω+ν
q+kF

νν′ω
d/m (6.52)

Eq. (6.51)
=

1
iωm

(Gν
k −G

ω+ν
q+k)F

νν′ω
d/m +O(

1
ω2 ) (6.53)

Eq. (6.50)
=

1
iωm

(Gν
k −G

ω+ν
q+k)Γνν′ω

d/m +O(
1
ω2 ) (6.54)

Eq. (4.33)
= ±(Σν

k −Σω+ν
q+k) +O(

1
ω2 ) (6.55)

= ±
Σν

k −ΣH

iωm
+O(

1
ω2 ) (6.56)

The high-frequency tail of the local correction term for the lDΓA equation of motion λνω
0,↑↓,q can be

obtained directly from the definition in Eq. (I8.22).

Summary The λ asymptotic in 1/ωn is not explicitly used in the improved summation formulas of
lDΓA but is nevertheless important for the understanding of the asymptotic behavior in this method.
Specifically for the understanding of the self-energy tail from the restoration of the Pauli principle, we
require the γνω

r,q asymptotics.

Important 6.2.3.1 (λ and γ High Frequency Tail)

λνω
d/m = ±

Σν
−ΣH

iωm
+O(

1
ω2 ) (6.57)

λνω
d/m,kq = ±

Σν
k −ΣH

iωm
+O(

1
ω2 ) (6.58)

λνω
0,↑↓,q = O(

1
ω2 ) (6.59)

For the triangular vertex without susceptibility contributions, we have the static limit of 1:

∀q, ω ∶ lim
ν→±∞

γνω
r,q = 1 (6.60)

∀q, ν ∶ lim
ω→±∞

γνω
r,q = 1 (6.61)

6.2.4 Self-Energy

Single Particle Case

The high-frequency tail of the self-energy can be immediately obtained from the tail of the Green’s
function.

Gν
k = [ν + µ + f

ν
k ]
−1
=

1
ν

1
1 + µ−fν

k
ν

(6.62)

Where we have defined fν
k as before, absorbing the difference between local and non-local versions. ∆ν

is the hybridization function, here expressed in terms of l bath parameters,

fν
k = Σν

k +∆ν (6.63)
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= O(
1
ν2 ) +ΣH +

1
ν
U2 n

2
(1 − n

2
) +

⎧⎪⎪
⎨
⎪⎪⎩

1
ν ∑l V

2
l local

−εk non-local

From this, we follow for the self-energy tail:

Σν
k = ΣH +

1
ν
U2 n

2
(1 − n

2
) +O(

1
ν2 ) (6.64)

Two-Particle Case

We can also obtain the (non-local) self-energy from lDΓA through the SDE. Here, we obtain the asymp-
totic behavior by considering the full vertex F .

Σν
k = ΣH −U ∑

ν′ωk′q
Gν′

k′G
ν′+ω
k′+qF

νν′ω
↑↓,kk′qG

ν+ω
k+q (6.65)

We start with the following observations: (i) Gν+ω
k+q =

1
iνn
+O ( 1

ν2 ), following the proof for Eq. (6.81).
(ii) We only need to consider constant (ν-independent) contributions of the full vertex for the leading
orders of the high-frequency expansion of the self-energy because the Green’s functions suppress all
contributions by at least O( 1

ν
).

In order to obtain the constant contributions for (ii), we need to consider the Bethe-Salpeter equation in
the ↑↓ channel, which implies the substitution of F νν′ω

↑↑ with a full vertex of different spin and frequency
arguments (the BSE mixes these, see Eq. (2.256) or [205, Figure B.1]). The lowest order contribution
is:

F νν′ω
↑↓ =

Gν
↑

Gω+ν
↑

Gν′
↓

Gω+ν′
↓

+ F ν1ν′ω
↓↓

Gν
↑

Gω+ν
↑

Gν′
↓

Gω+ν′
↓

Gν1
↓

Gω+ν1
↓

+O(
1
ν
) (6.66)

= U +U∑
ν1

Gν1
k1
Gω+ν1

q+k1
F ν1ν′ω
↑↑,k1k′q +O(

1
ν
) (6.67)

We used the SU(2) symmetry and set F ν1ν′ω
↓↓ = F ν1ν′ω

↑↑ in the above equation. With the first-order
contribution in hand, we find the asymptotic behavior of the self-energy:

Σν
k = ΣH −U ∑

ν′ωk′q
Gν′

k′G
ω+ν′

q+k′
1
iνn

⎛

⎝
U +U ∑

ν1k1

Gν1
k1
Gω+ν1

q+k1
F ν1ν′ω
↑↑,k1k′q

⎞

⎠
+O(

1
ν2 ) (6.68)

Eq. (2.233)
= ΣH +

U2

iνn
∑

ν1ν′ωk1k′q
χν1ν′ω
↑↑,k1k′q +O(

1
ν2 ) (6.69)

Eq. (4.53)
= ΣH +

U2

iνn

n

2
(1 − n

2
) +O(

1
ν2 ) (6.70)

This proves the correct asymptotic behavior of the self-energy when obtained from the SDE for the
general non-local self-energy. However, lDΓA leads to an approximate full vertex F that depends only
on a single momentum index q. The term F ν(ν+ω)(ν′−ν) which leads to the factor of 3 in front of the
magnetic full vertex in Eq. (5.56) introduces an imbalance between the local and non-local ↑↓ vertices
that in turn leads to a violation of the asymptotic behavior of the self-energy. Moreover, we typically
do not compute the full vertex, only the susceptibilities and triangular vertices. On the level of these
quantities, we can construct an explicit expression for the condition required to fulfill the correct tail
asymptotic.

Σν
k = ΣH −

U

2 ∑ωq
(−3γνω

m,q(1 +Uχλm,ω
m,q ) + 2 + γνω

d,q(1 −Uχλd,ω
d,q ) −∑

ν′
χν′ω

0,qF
νν′ω
↑↓,DMFT)G

ω+ν
q+k (6.71)

ν→∞
∼ ΣH −

U

2 ∑ωq
( (−3γνω

m,q + 2 + γνω
d,q)G

ω+ν
q+k

− (2Uχλm,ω
m,q +Uχ

λm,ω
m,q +Uχ

λd,ω
d,q +Un(1 − n

2
))

1
iνn
) +O(

1
ν2 ) (6.72)

ν→∞
∼ ΣH −

U

2
⎛

⎝
2U∑

ωq
(δq0χ

ω
m,loc − χ

λm,ω
m,q ) −Un(1 −

n

2
)
⎞

⎠

1
iνn
+O(

1
ν2 ) (6.73)

The last line follows from the fact, that the DMFT equation of motion exhibits the correct 1
ν

behavior
and therefore

lim
n→∞

iνn∑
ωq
(2 − 3γνω

m,q + γ
νω
d,q)G

ω+ν
q+k =

Un

2
(1 − n

2
) − 2U∑

ω

χω
m,loc (6.74)
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This leaves the following error term to be considered for the correct tail behavior:

Σ̃ν
tc = −

U2

iνn

⎛

⎝
∑
ωq
χλm,ω

m,q −∑
ω

χω
m,loc

⎞

⎠
(6.75)

Instead of using the exact limits, we typically use the difference between local and non-local summed
susceptibilities instead, to also incorporate error compensations (because both susceptibilities have
been obtained over the same truncated Matsubara frequency space):

Σν
tc = −

U2

iνn

⎡
⎢
⎢
⎢
⎣
∑
ωq
χλm,ω

m,q −∑
ω

χω
m,loc +

1
3∑ωq

χλd,ω
d,q −

1
3∑ω

χω
d,loc

⎤
⎥
⎥
⎥
⎦

(6.76)

The second term is derived by assuming the same decomposition into χω
r and γνω

r in the local correction
term as in the non-local Another approach of forcing correct high-frequency behavior is to modify the
SDE directly. Here, we argue that λνω

m,q still contains the local, not λ-corrected magnetic susceptibility
χω

m in the 1/(ν + ω) tail. This can be fixed by introducing the correct asymptotic behavior as follows:

⇒ γ̃νω
m,q = γ

νω
m,q

1 +Uχω
m,loc

1 +Uχλm,ω
m,q

(6.77)

For the equation of motion, we then use:

Σλ,ν
k −ΣH = −U∑

ωq
(2λλ,νω

↑↓,q − λ
νω
↑↓,q)G

ω+ν
q+k (6.78)

= −U∑
ωq
(

1
2
(λλ,νω

d,q + λλ,νω
m,q ) + λ

λ,νω
m,q − λ

νω
↑↓,q)G

ω+ν
q+k (6.79)

= −U∑
ωq
(

1
2
γνω

d,q (1 −Uχλd,ω
d,q ) −

1
2
γνω

m,q (1 +Uχλm,ω
m,q )

− γ̃νω
m,q (1 +Uχλm,ω

m,q ) )G
ω+ν
q+k +U∑

ωq
λνω
↑↓,q (6.80)

In Sec. 6.3.4, we discuss the tail correction schemes for improved summation and the correct asymp-
totic behavior in more detail, including an analysis of the validity of this approach, where the trans-
verse spin fluctuations remain local. Fig. 6.5 shows the tail behavior of the individual parts of the
non-local self-energy. The square brackets indicate which summand of the equation of motion is used,
e.g. Σ[χm] =

U
2 ∑ωq (−3γνω

m χλm,ω
m,q )G

ω+ν
q+k and Σ[γd] =

U
2 ∑ωq (γ

νω
d )G

ω+ν
q+k.

Consistency Checks We occasionally replace the local F↑↓ vertex with Fm for the local counter term
in the equation of motion. This can be done since F↑↑ does not contribute to the asymptotic, as
demonstrated in the following. This heuristically tends to improve numerical calculations due to

Figure 6.5: Example for the asymptotic behavior of different parts of the non-local self-energy.

better-conditioned summations.
The following calculations further verify that we did consider all contributing diagrams by checking
that the sum rule for the two-particle Green’s function is fulfilled.

6.3 Improved Matsubara Sums

In this section, we will derive improved summation formulas for all quantities in the DΓA variants.
We will use the asymptotic behavior of the quantities derived in Sec. 6.2 to improve the numerical
value of computed limits. The central idea was already discussed in the introduction of Sec. 6.1 but is
now extended to summations over two indices, and explicit formulas will be computed. Many of the
examples here, including further documentation, can be found in 4 Jupyter notebooks. Sigma_Tail
and Thermodynamics of the LadderDGA.jl project; BSE_Asym_Demo and Bubble_Test of the BSE_Asym
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ν′n

νn

ωm
2 νNmax−

ωm
2

ν′Nmax−
ωm

2

Ωf,core(ω)

Ωf,asym(ω)

Figure 6.6: Illustration for core and asymptotic regions. The orange region has full numerical data
available. The gray region is known from asymptotic contributions, but no further data is
available. Note that the center of this region may not be at 0, depending on the quantity
and chosen sampling of the Matsubara space.

project (see also Sec. 6.8.5 and Sec. 6.8.6).

Fig. 6.6 illustrates how summation regions are set up, in this case for a 3 frequency object like the
full vertex (which has asymptotic contributions shown in Fig. 6.4a). Numerical data is available in the
orange core region, while leading-order asymptotic contributions are assumed to be sufficient for the
gray region.
The following calculations involve quantities with 4 different superscripts:

core: fcore denotes a quantity that is obtained by plain summation over the numerically available
points in a region; The frequency indices in this region are also written with this subscript.
Furthermore, we give an f or b, indicating fermionic or bosonic summations, e.g. Ωf,core(ω) for
fermionic summation over a core region, which may be shifted (Sec. 6.4.1).

asym: fasympt is the analytically obtained asymptotic contribution. Summations of asymptotic contri-
butions will sometimes be split into f shell asymptotic contributions outside the core region) and
f rem for remaining asymptotic contributions from inside the core region.

impr: f impr indicates the improved expression that contains numerical and analytic tail information.

We again indicate terms that can be obtained with higher accuracy in k-space (since they do not
depend on the k-space sampling of the BSE and related convolutions, see Sec. 6.4.2), by using the
integral symbol.

6.3.1 Bare Susceptibility
We start with the improved summation formula for the bubble term, using the asymptotic contributions
obtained in Sec. 6.2.1. Here, we use general sum formula of the form

∑
ν

(F ν+ω
k −

∞
∑

n=−∞

c1,k

(iνn + iωm)
) =

1
β

∞
∑

n=−∞

∞
∑
l=2

cl,k

(iνn + iωm)l

=
1
β

∞
∑
l=2
cl,k

∞
∑

n=−∞
(i
(2n + 1)π

β
+ i
(2m)π
β
)

−l

=
1
β

∞
∑
l=2
cl,k (

iπ

β
)
−l ∞
∑

n=−∞
(

1
2n + 1 + 2m

)
l

=
π2

4
−β2

π2β
c2,k sin−2

(xm)

+
π3

8
−iβ3

π3β
c3,k ⋅

cos(xm)

sin3(xm)
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+
π4

48
β4

π4β
c4,k ⋅ (sin−4

(xm) +
cos2
(xm)

sin4(xm)
)

+ . . .

with xm =
π(2m+1)

2 . This can further be simplified, using ∀m ∈ Z ∶ sin(xm) = 1 ∧ cos(xm) = 0

= −
β

4
c2,k +

β3

48
c4,k −

β5

480
c6,k + . . . (6.81)

Note, that the limit does not depend on iωm.
The coefficients for the local (χω

0 ) and non-local (χω
0,q) bare bubble improved sum terms are readily

obtained from the asymptotic behavior derived above in Sec. 6.2.1. This leads to the following improved
sum:

χimpr,ω
0,q = −∫

k∈BZ

∑
ν

Gν
kG

ω+ν
q+k = −∫

k∈BZ

(∑
ν∈

Ωf,core(m)

Gν
kG

ω+ν
q+k +∑

ν∈
Ωf,asym(m)

Gν
kG

ω+ν
q+k) (6.82)

= χcore,ω
0,q −

⎛
⎜
⎜
⎝
∫

k∈BZ

3
∑

j,l=1
∑
ν

cj,kcl,k+q

νj(ν + ω)l
− ∫

k∈BZ

3
∑

j,l=1
∑
ν∈

Ωf,core(ω)

cj,kcl,k+q

νj(ν + ω)l

⎞
⎟
⎟
⎠

+O (∣ω + ν∣−5
) (6.83)

= χcore,ω
0,q + χasym,ω

0,q − χrem,ω
0,q +O (∣ω + ν∣−5

) (6.84)

with

χasym,ω
0,q

Eq. (6.33)
= −δω0 (

−β

4
+ c̃2,q

β3

48
+ c̃3

β3

24
) − β

1 − δω0

2ω2 (c̃3 − c̃2,q) (6.85)

χcore,ω
0,q = −∑

ν∈
Ωf,core(ω)

∑
k
Gν

kG
ω+ν
q+k (6.86)

χrem,ω
0,q = −∑

ν∈
Ωf,core(ω)

3
∑

j,l=1
∫

k∈BZ

cj,kcl,k+q

νj(ν + ω)l
(6.87)

χshell,ω
0,q = χasym,ω

0,q − χrem,ω
0,q (6.88)

The improved summation formula in Eq. (6.84) leads for the bare susceptibility to a correct tail up
to 5th order. The necessary tail coefficients have been derived in Eq. (6.34) to Eq. (6.36). We again
indicate k-space integrations that are independent of the sampling for the lDΓA quantities with an
integral sign.
The implementation of this can be found in the χω

0,q constructor of the lDΓA code (see Sec. 6.8.6)
and also demonstrated in the example notebook for the asymptotic improvement code (see Sec. 6.8.6).

6.3.2 Triangular Vertex

Next, we derive the improved summation formula for the electron-boson vertex λνω
q . The lDΓA method

uses the Hedin vertex γνω
q instead, because it does not contain any susceptibilities and can therefore

be treated on a DMFT level. However, it is sufficient to formulate improved summations for λνω
q and

χω
q and then use Eq. (I8.25) to obtain γνω

q . For the following calculation, the upper sign corresponds
to the charge, the lower to the magnetic channel.

λνω
r,q = ±

∑ν′ χ
νν′ω
r,q

χνω
0,q

∓ 1 = ±
∑ν′ (χ

νν′ω
0,q −∑ν1ν2 χ

νν1ω
0,q F ν1ν2ω

r χν2ν′ω
0,q )

χνω
0,q

∓ 1

= ∓
∑ν′ (∑ν1ν2 χ

νν1ω
0,q F ν1ν2ω

r χν2ν′ω
0,q )

χνω
0,q

= ±
∑ν′ (∑ν1ν2k1k2 (δνν1βG

ν
k1G

ω+ν1
q+k1
)F ν1ν2ω

r (δν′ν2βG
ν2
k2
Gω+ν2

q+k2
))

Gν
kG

ω+ν
q+k

= ±
∑ν′ (G

ν
kG

ω+ν
q+kF

νν′ω
r Gν′

k′G
ω+ν′

q+k′)

Gν
kG

ω+ν
q+k

= ±∑
ν′
(F νν′ω

r Gν′

k′G
ω+ν′

q+k′)

= ±∑
ν′∈

Ωcore(ω)

(F νν′ω
r Gν′

k′G
ω+ν′

q+k′) ±∑
ν′∈

Ωshell(ω)

(F νν′ω
r Gν′

k′G
ω+ν′

q+k′)

≈ ±∑
ν′∈

Ωcore(ω)

(F νν′ω
r Gν′

k′G
ω+ν′

q+k′) ±∑
ν′∈

Ωshell(ω)

(F νν′ω
r,asymG

ν′

k′G
ω+ν′

q+k′)
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= ±λνω
r,q ±∑

ν′∈
Ωshell(ω)

(F νν′ω
asym,r +Uλ

νω
r,q ±U)G

ν′

k′G
ω+ν′

q+k′ (6.89)

⇔ λimpr,νω
r,q = ±

⎛
⎜
⎜
⎜
⎝

1 ∓U∑
ν′∈

Ωshell(ω)

Gν′

k′G
ω+ν′

q+k′

⎞
⎟
⎟
⎟
⎠

−1

⋅ (λcore,νω
r,q + λasym,νω

r,q )

≈ ±(1 ±Uχshell,ω
0,q )

−1
⋅ (λcore,νω

r,q + λasym,νω
r,q ) (6.90)

Eq. (6.89) is obtained by considering Eq. (6.38) and Eq. (6.37) as well as the asymptotic regions of
F νν′ω

r depicted in Fig. 6.4a. We have also defined:

F νν′ω
asym,m =

U2

2
χν−ν′

d −
U2

2
χν−ν′

m + χν+ν′+ω
pp,↑↓ (6.91)

F νν′ω
asym,d =

U2

2
χν−ν′

d +
3U2

2
χν−ν′

m − χν+ν′+ω
pp,↑↓ (6.92)

λasym,νω
r,q = ∑

ν′∈
Ωshell(ω)

F νν′ω
asym,rG

ν′

k′G
ω+ν′

q+k′ ±Uχ
shell,ω
0,q (6.93)

Note, that the λν′ω
r term does not appear in F νν′ω

asym,r. This is due to the fact, that the λν′ω
r Gν′

k′G
ω+ν′

q+k′

term is (i) unknown in the asymptotic region (ii) decays as O(1/ν3
).

The susceptibilities appearing in Eq. (6.91) and Eq. (6.92) are local and can be directly obtained from
the DMFT impurity solver, see for example Sec. 6.8.3. This is a feature of the ladder approximation
that arises from the fact that the vertex is not self-consistently updated through parquet equations, as
discussed in Sec. 5.3. Here a numerical parameter determines the size of the asymptotic region over
which to approximate the limit of this sum and in which the asymptotic object F νν′ω

asym,r is constructed
according to Fig. 6.4a. From our experience, values of additional 10 to 30 frequencies lead to a
convergence of the improved sum for λνω

r,q in terms of double precision accuracy.
Additional approximations can be made to F νν′ω

asym,r in order to increase the numerical performance for
the evaluation of the asymptotic contributions further. Details are discussed in Sec. 6.8.6 and example
plots are presented in the supplemental notebook BSE_SC_test.ipynb of that project.

6.3.3 Physical susceptibilities
The physical susceptibility can be obtained in a similar fashion. However, the additional summation
requires some attention to avoid double counting the dark orange regions in Fig. 6.4a.

χω
r,q = ∑

νν′
χνν′ω

r,q = ∑
νν′

⎛

⎝
χνν′ω

0,q − ∑
ν1ν2

χνν1ω
0,q F ν1ν2ω

r χν2ν′ω
0,q

⎞

⎠

= ∑
νν′
χνν′ω

0,q −∑
νν′
Gν

kG
ω+ν
q+kF

νν′ω
r Gν′

k′G
ω+ν′

q+k′

= χcore,ω
r,q +∑

νν′∈
Ωasym(ω)

χνν′ω
0,q −∑

νν′∈
Ωasym(ω)

Gν
kG

ω+ν
q+kF

νν′ω
r Gν′

k′G
ω+ν′

q+k′

≈ χcore,ω
r,q +∑

νν′∈
Ωasym(ω)

χνν′ω
0,q −∑

νν′∈
Ωasym(ω)

Gν
kG

ω+ν
q+k (F

νν′ω
asym,r +U(∓1 +Uχω

r,loc))G
ν′

k′G
ω+ν′

q+k′

−Uχshell,ω
0,q ∑

ν∈
Ωshell(ω)

(±1 + λνω
r )G

ν
kG

ω+ν
q+k −Uχ

shell,ω
0,q ∑

ν′∈
Ωshell(ω)

(±1 + λν′ω
r,loc)G

ν′

k′G
ω+ν′

q+k′ (6.94)

= χcore,ω
r,q + χshell,ω

0,q + χasym1,ω
r,q +U(∓1 +Uχω

r,q) (χ
shell,ω
0,q )

2

− 2Uχshell,ω
0,q ∑

ν∈
Ωshell(ω)

(±1 + λνω
r,q)G

ν
kG

ω+ν
q+k (6.95)

= χcore,ω
r,q +U(∓1 +Uχω

r,q) (χ
shell,ω
0,q )

2
+ χasym,ω

r,q (6.96)

⇔ χimpr,ω
r,q = (1 − (Uχshell,ω

0,q )
2
)
−1
(χcore,ω

r,q + χasym,ω
r,q ) (6.97)

Eq. (6.94) again uses Fig. 6.4a to collect all asymptotic contributions. Here, the λνω
r and λν′ω

r terms
correspond to the left/right and top/bottom regions for any given ω. The U(∓1+Uχω

r,q) is the double
counting subtraction from the overlap of the horizontal and vertical λνω

r,q regions. Note, this is the
non-local susceptibility; the local contributions are contained in the F νν′ω

asym,r term, as before. The ±U
term subtracts the double-counted background contribution in the shell region, which is already taken
into account by χω

r,q. The factor 2 in front of the ν sum in Eq. (6.96) comes from the fact that
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∑ν λ
νω
r = ∑ν′ λ

ν′ω
r . The contribution of λνω in the asymptotic region with ν and ν′, both outside of

Figure 6.7: Demonstration of improved summation for physical susceptibility. Orange circles show χω
r

directly sampled from the impurity, red crosses the improved summation with χimpr,ω
r =

∑νν′ χ
νν′ω
r and green for the plain summation. The range with nonphysical (negative)

susceptibilities is shaded.

the core region, has to be neglected (this is allowed because it decays as 1/ν, as discussed before) since
we cannot obtain λνω

r,q in that region, as already mentioned in the previous section.
We have also defined:

χasym1,ω
r,q = ∓U (χshell,ω

0,q )
2
−∑

νν′∈
Ωasym(ω)

Gν
kG

ω+ν
q+kF

νν′ω
χ,r,asymG

ν′

k′G
ω+ν′

q+k′ (6.98)

χasym,ω
r,q = χshell,ω

0,q + χasym1,ω
r,q − 2Uχshell,ω

0,q ∑
ν∈

Ωshell(ω)

(±1 + λνω
r,q)G

ν
kG

ω+ν
q+k (6.99)

Details for the numerical evaluation are, again, discussed in Sec. 6.8.6.
Fig. 6.7 shows the local (i.e. DMFT, the BSE is used with χνω

0,q obtained from the impurity Green’s
function) physical susceptibility χω

r obtained from the generalized susceptibility χνν′ω
r in the magnetic

and density channel. In this case, the physical susceptibility can also be directly sampled (see Sec. 6.6.1
and Sec. 2). This is shown with orange circles. Fig. 6.8 shows the same for the non-local case,
(i.e. χνν′ω

r,q is obtained through the BSE from the k depended local Green’s function) as discussed for
the lDΓA method in Sec. 5.4.1. The local susceptibility is also shown here but serves only as a reference
for the change of fluctuations due to non-local correlations.

Kinetic Energy

From the f-sum rule in Eq. (4.42), we know that the kinetic energy can be obtained as

E
(2)
kin = lim

m→∞
(iωm)

2
∑
q
χω

r,q (6.100)

This energy remains on the DMFT level unless we employ the partial self-consistent method from
Sec. 5.4.3 to explicitly replace it with the lDΓA value. We can therefore explicitly use this tail for
summations over q-summed susceptibilities, according to table 6.1:

χimpr
r = ∑

ω

⎛

⎝
∑
q
χω

r,q
⎞

⎠
−

E
(2)
kin

(iωm)2
−
β

12
(6.101)

Importantly, the λ-correction (see for example Sec. 5.4.1) does not change the tail as Taylor expan-
sion of (c2x

2
+ c4x

4
+⋯ + λ)

−1 demonstrates (all susceptibilities are real in the context of this thesis
and we therefore only consider even powers). This improved summation is used, for example, in the
computation of the Pauli-Principle value for the λ-correction of the magnetic channel.
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Figure 6.8: Demonstration of improved summation for non-local physical susceptibility. Red crosses
the improved summation with χimpr,ω

r = ∑νν′q χ
νν′ω
r,q and green for the plain summation.

The range with nonphysical (negative) susceptibilities is shaded. Orange circles show χω
r

directly sampled from the impurity; for the non-local case, this purely serves as a reference
to the change due to non-local correlations.

6.3.4 Self-energy

There are three components to the correction of the self-energy term: (i) the ω-sum, (ii) the local
correction term, and (iii) the asymptotic correction. Out of all improved summation formulas, the
improved summation of the self-energy (i) has the smallest impact on the numerical calculations in our
experience. In fact, the change between plain and improved summation is typically only barely resolv-
able with double precision. However, the correction term (ii) significantly depends on the summation
type. The tail correction term (iii) has already been discussed leading up to Eq. (6.108). Here, we also
discuss potential numerical fixes to avoid a substantial change of limν→0 Σν

k with that term.

Sum Correction

We start with the equation of motion for the self-energy from Sec. 6.2.4:

Σν
k −ΣH = U∑

ωq
∑

ν′k′
Gν′

k′G
ω+ν′

q+k′F
νν′ω
↑↓ Gω+ν

q+k = U∑
ωq
λνω
↑↓ G

ω+ν
q+k

= −U∑
ωq
∑

ν′k′
Gν′

k′G
ω+ν′

q+k′F
νν′ω
d Gω+ν

q+k = −U∑
ωq
λνω

d Gω+ν
q+k

= ∑
ωq
∑

ν′k′
Gν′

k′G
ω+ν′

q+k′F
νν′ω
m Gω+ν

q+k = U∑
ωq
λνω

m Gω+ν
q+k

=∶ U∑
ωq

Σνω
kqG

ω+ν
q+k −ΣH

We can use Eq. (6.49) to obtain the improved summation formula:

Σν
k −ΣH = ∑

ωq
Σνω

kq = U∑
ω∈

Ωcore(ν)

∑
q

Σνω
kq +U∑

ω∈
Ωasym(ν)

±(Σν
k −ΣH)

(iωm)2
+O(

1
ω2 ) (6.102)

⇔ Σimpr,ν
k =

⎛
⎜
⎜
⎝

1 ∓U∑
ω∈

Ωasym(ν)

1
(iωm)2

⎞
⎟
⎟
⎠

−1

U∑
ω∈

Ωcore(ν)

∑
q

Σνω
kq +ΣH +O(

1
ω2 ) (6.103)

This formula carries over when rewriting Σνω
kq in the usual lDΓA from:

Σimpr,ν
k = ΣH −

U

2 ∑ωq
(−3γνω

m,q(1 +Uχλm,ω
m,q ) + 2 + γνω

d,q(1 −Uχλd,ω
d,q ) − λ

νω
0,q)G

ω+ν
q+k +U∑

ω∈
Ωasym(ν)

Σν
k −ΣH

(iωm)2
(6.104)
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λ0 Correction

The DMFT correction term λνω
0,q can be obtained again by considering the asymptotic contributions of

F νν′ω
r in Fig. 6.4a, given in Eq. (6.37) and Eq. (6.37). We obtain:

λνω
0,q = ∑

ν′k′
Gν′

k′G
ω+ν′

q+k′F
νν′ω
↑↓ (6.105)

= ∑
ν′∈

Ωcore(ω)

∑
k′
Gν′

k′G
ω+ν′

q+k′F
νν′ω
↑↓ +∑

ν′∈
Ωshell(ω)

∑
k′
Gν′

k′G
ω+ν′

q+k′ (U(1 + λνω
↑↓ ) +U

2χν′−ν
m −U2χν′−ν

pp ) (6.106)

= λcore,νω
0,↑↓ +Uχshell,νω

0,q (1 + λνω
↑↓ ) +U

2χshell,νω
0,q

⎛
⎜
⎜
⎜
⎝

∑
ν′∈

Ωshell(ω)

χν′−ν
m − χν′−ν

pp

⎞
⎟
⎟
⎟
⎠

(6.107)

The calculation of the λνω
0,q term is done in the calc_λ0_impr function of the code discussed in Sec. 6.8.6.

In practice, the diagonal term involving the local susceptibilities was often omitted because its contri-
bution was negligible, while it has the largest performance impact for large q grids.

Self-Energy Tail Correction

Obtaining the correct tail for the self-energy is not just limited to the improved summation technique,
but also requires a correct counter term, as discussed in the previous section. At the same time, the
correct asymptotic behavior is crucial in order for the partial self-consistency method (see Sec. 5.4.3).
It furthermore contains the filling, which we aim to keep consistent in all other places. Therefore,
considerable effort was put into fixing this issue.

Ad-Hoc Fixes This section discusses the method of fixing the self-energy tail via an ad-hoc fix. To
this end, we use the known deviation in the lDΓA self-energy and add the difference in the 1/ν tail
back in:

Σν
tc,Full = −

U2

iνn

⎛

⎝
∑
ωq
χλm,ω

m,q −∑
ω

χω
m,loc

⎞

⎠
(6.108)

Σplain = ΣH −
U

2 ∑ωq
(−3γνω

m,q(1 +Uχλm,ω
m,q ) + 2 + γνω

d,q(1 −Uχλd,ω
d,q ) − λ

νω
0,q)G

ω+ν
q+k (6.109)

Σν
k = Σν

k,plain +Σν
tc,Full (6.110)

This method is referred to as ΣTail_Full in the codes. It can be expected that this method considerably
over-corrects low frequencies, and it does, in fact, sometimes lead to a positive imaginary part of the
self-energies at some k-points (we never observed this at the Fermi surface), as demonstrated in Fig. 6.11
where it is shown in green. If we assume that the lowest frequencies are captured correctly by the non-
tail corrected formula, we can employ a fade-in of the tail correction. In the codes, this is referred to
as ΣTail_ExpStep{δ}. Here, we introduce a numerical parameter δ that governs the transition speed
of a step function. As a measure of the proximity to the asymptotic behavior, we use the difference
between the high-frequency limit of the tail and the impurity self-energy:

∆ν
Σ ∶= Re[Σν

loc ⋅ iνn] +
U2n

2
(1 − n

2
) (6.111)

Σν
tc,ExpStep ∶= exp(−(∆

ν
)

2
Σ

δ
)Σν

tc,Full (6.112)

Σν
k = Σν

k,plain +Σν
tc,ExpStep (6.113)

This method is shown for different values of δ for two different fillings n in Fig. 6.9. The δ parameter
interpolates between the full (δ →∞) and plain (δ = 0) corrections and governs how fast the tail correc-
tion is switched on, proportional to the distance between the impurity self-energy and the asymptotic
tail. While the imaginary part of the self-energy is negative, contrary to the example shown for the
full correction method, we can now observe problematic behavior in the intermediate regime. Here, the
self-energy exhibits an unusual behavior when the slope changes. While this may seem certainly more
acceptable than the previous attempt, we now have a numerical parameter that can have a substantial
influence on the potential energy. The potential can depend on the choice of δ, and the difference in
potential energies on the one and two-particle levels may lead to different solutions for the λd param-
eter (even be accompanied by a sign change in λd). This is demonstrated in Fig. 6.16. Note that the
solution range is not arbitrary because any root for the potential energy condition must fall between
that of the ΣTail_Full and the ΣTail_Plain method. We furthermore stress that the role of the λd
parameter is that of renormalization for the susceptibilities. For a detailed analysis of the influence of
the tail correction schemes, see Sec. 7.2.
While the potentially non-causal self-energies and parameter-dependent λd solutions are problematic,
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6.3 Improved Matsubara Sums

(a) n = 1.

(b) n ≈ 0.83.

Figure 6.9: Comparison between different exponential step parameters δ for self-energies at two different
fillings. Data is shown for the first tail coefficient 1/ν at k = (0,0), for the 2 dimensional
cubic lattice (see Sec. 7.2) at β = 20, U = 2.

the parameter range in which they can occur is exotic. Specifically, very large corrections to the den-
sity channel due to non-local correlations and substantial doping are required to observe this behavior
combined with insufficient k-space sampling. The roots for the fade-in method are also typically unique
since the left side of curves, such as the green one shown in Fig. 6.16, can be excluded for different
reasons as will be discussed in the root-finding section Sec. 6.5.1. This can be done by iteratively
searching for condition curves with increasing δ, such as shown in Fig. 6.16 until a unique solution is
obtained. As demonstrated in the right panel of that figure, even in numerically unstable cases such
as these, the solution does not change qualitatively.

Giving up on the Pauli Principle Instead of using the λm value to restore two-particle consistency for
the density and thereby fixing the Pauli principle, one can also use the λm parameter to fix the tail
explicitly, as done in the first publication of the λ corrected lDΓA method [125].
Using the knowledge of the EoM tail, we can achieve the corrected tail in a closed form by requiring,
similar to the dual boson self-consistency condition [270], which is fixed by computing the appropriate
λm:

Σ −ΣH = −
U

2 ∑ωq
(−3γνω

m,q(1 +Uχλm,ω
m,q ) + 2 + γνω

d,q(1 −Uχλd,ω
d,q ) − λ

νω
0,q)G

ω+ν
q+k (6.114)

ν→∞
∼ −

U

2 ∑ωq
(−Uχλm,ω

m,q −Uχ
λd,ω
d,q ) −U
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2
(1 − n

2
) (6.115)
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ωq
χλm,ω

m,q
!
=

1
3
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n(1 − n

2
) −∑

ωq
χ

λ∗d,ω

d,q
⎞

⎠
(6.116)

Where λ∗d is an external parameter, as usual, and we used the asymptotic behavior of lambda and that
∑ωq λ

νω
0,qG

ω+ν
q+k ∼ U

2 n
2 (1 −

n
2 ). Here, we call this tail correction scheme ΣTail_λm (or just tail, e.g. in

Fig. 5.11). Eq. (6.116) is the condition used to determine λm.
This method has not been used in practice for three reasons: (i) The central idea of this thesis to restore
thermodynamical consistency stands opposed to the emphasis on microscopic features (such as the high-
frequency tail) of this tail correction scheme; (ii) The results tend to produce unacceptable levels of
causality violation of the self-energy or otherwise nonphysical solutions such as extreme suppression
or enhancement of the susceptibilities, see Fig. 5.11, thereby not even improving spectral properties;
(iii) The λ values and consequently the thermodynamical properties obtained from this method tend
to follow the equation of motion scheme (discussed below) closely.

Modified EoM The modified version of the equation of motion has already been discussed in Eq. (6.80).
Here, we want to discuss some numerical properties. Fig. 6.11 and Fig. 6.10 show self-energies and the
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(a) n = 1.

(b) n ≈ 0.83.

Figure 6.10: Comparison between different tail correction schemes for the self-energy. Data is shown for
the first tail coefficient 1/ν at k = (0,0), for the 2 dimensional cubic lattice (see Sec. 7.2) at
β = 20, U = 2. λd = 150 has been chosen deliberately large to demonstrate the differences
in schemes. The value fulfilling the potential energy condition is on the order of λd ∼ −1
and would show almost no visual difference between the schemes.

first tail coefficient for this modified equation of motion in blue, using the removal of the λ-corrected
susceptibility from a portion of the magnetic channel:

γ̃νω
m,q = γ

νω
m,q

1 +Uχω
m,loc

1 +Uχλm,ω
m,q

= λνω
m,DMFT,q (6.117)

The orange line shows a slightly modified version, where instead γ̃νω
r,q is calculated by using the q-

integrated non-local susceptibility instead.

γ̃νω
m,q = γ

νω
m,q

1 +Uχω
m,loc

1 +U ∑q χ
λm,ω
m,q

(6.118)

In Fig. 6.11, we observe that this scheme is the only one that tends to move the solution closer to
the local one (shown with dark yellow triangles). This does not necessarily translate to the predicted
values of the λ-parameters, as demonstrated in Fig. 6.16, where the λd is greater in magnitude than
for the other correction schemes. This version of tail corrections has been observed to be the most

(a) Electron density n = 1. x-axis is over the
fermionic Matsubara index n

(b) Electron density n ≈ 0.83. x-axis is over the
fermionic Matsubara index n

Figure 6.11: Comparison between different tail correction schemes for the self-energy. Data is shown at
k = (0,0), for the 2 dimensional cubic lattice (see Sec. 7.2) at β = 20, U = 2. λd = −1 was
set externally since the potential energy conditions do not agree between tail correction
methods. In fact, the plain and full tail correction produce non-causal self-energies for
n ≈ 0.83. See also Fig. 6.12.
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stable, with no positive imaginary parts of the self-energy or unstable solutions for the potential energy
condition in any lattice type. Fig. 6.12 demonstrates that the equation of motion correction keeps a
causal self-energy over large ranges of λd. We can often restrict the range of admissible λd to cases
with causal self-energies, as will be discussed in Sec. 6.5.2.

(a) n = 1 (b) n ≈ 0.83

Figure 6.12: Im Σλ,iν0
k=kmax

with kmax being the k vector that maximizes the imaginary part of the self-
energy. Data is shown for different tail-correction methods, for the 2D simple cubic, U = 2,
β = 20 (see Sec. 7.2). The magnetic λ-correction for each λd value has been done before
obtaining a self-energy.

The full self-energy in this modified equation of motion approach reads:

ΣEoM −ΣH =
U

2 ∑ωq
(−γνω

m,q(1 +Uχλm,ω
m,q ) − 2γνω

m,q(1 +Uχω
m,loc) + 2 + γνω

d,q(1 −Uχλd,ω
d,q ) − λ

νω
0,q)G

ω+ν
q+k

(6.119)

Validity of the EoM approach and alternatives

By breaking the symmetry between the magnetic channels, we violate not only this symmetry but
also a core assumption that the spin fluctuations must be renormalized close to phase transitions
because their non-local components are not treated within DMFT. However, even in two dimensions
at relatively low temperatures and away from half-filling, where DMFT as a mean-field theory will
certainly produce inaccurate results, including spurious phase transitions that violate the Mermin-
Wagner theorem Sec. 4.5.2, the thermodynamic properties do not change qualitatively between the
different tail-correction approaches, except the modified EoM approach. We demonstrate this, for
example, in Fig. 6.16. This again shows that two-particle consistencies (such as the fulfillment of local
sum rules for the density in the self-energy tail, discussed in Sec. 4.4) and thermodynamic consistencies
(as discussed in Sec. 4.3) are, in large parts, independent of each other in this approximate theory. One
has to decide which questions a (necessarily approximate many-body) theory one wants to answer in
order to make a decision on which consistencies to violate or preserve.
We focus on thermodynamic consistencies and thereby expect quantities derived from these to be more
precisely captured in the lDΓA theory. However, if one wants to obtain spectral properties, such as the
retarded self-energy via analytic continuation, one has to give up on some properties that may stabilize
thermodynamical calculations. This is clearly illustrated by the problem of choosing a suitable tail-
correction scheme. Here, one could also choose to give up on the Pauli principle and instead obtain
λ parameters that explicitly retain the correct tail behavior, as done in the first publication of the
lDΓA method [264]. As argued in Sec. 4.3.1, the conservation of the particle number is closely connected
to thermodynamic consistencies, and therefore we find this approach to be less desirable. Moreover,
in the case of our investigations in Sec. 7.1, the differences in the tail-correction schemes are so minor
that we neglected them altogether (in the three-dimensional case they all roughly coincide). There is
another significant downside to the applicability of this tail-correction scheme discussed in Sec. 7.2,
as it may not be able to fully capture the momentum differentiation in cuprates. This demonstrates
that for any investigation involving spectral properties, one must carefully argue which form of the
self-energy is deemed appropriate and for what reason.

6.3.5 Energies

The potential and kinetic energies obtained from the one-particle level can also be computed using
improved summation formulas. The two-particle summations use the high-frequency tail of the suscep-
tibilities discussed in the last section.
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Potential Energy

The 1-particle potential energy is obtained via the Galitskii-Migdal formula.

E
(1)
pot = ∫

k∈BZ

∑
ν

Gν
kΣν

k (6.120)

The corrections terms rely on the high-frequency expansion of the Green’s function (Eq. 6.28) and
self-energy (Eq. 6.64). We also disregard the 1/ν3 term, as it is asymmetric over a symmetric interval
and therefore 0. Furthermore, we use ∑ν
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Carrying out the sums over the asymptotic contributions analytically, analogously to Sec. 6.2, we
obtain the following coefficients. Because the third tail coefficient of the potential energy is unknown,
the coefficient c̃4 is incomplete and we only use c0 and c2.
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The resulting improved summation formula is then
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Kinetic Energy

The 1-particle kinetic energy is given by the usual improved summation formula for the single-particle
Green’s function with the coefficients given in Sec. 6.2.0.1. Note that, as for the potential energy above,
∑n (

1
i(2n+1))

3
= 0 and we therefore only need to take the first two coefficients into account.
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6.3.6 Filling

We use the Hurwitz ζ function, as in Eq. (6.12):

2
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(
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2
ζ(2,N − 1
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) (6.125)

Again, we only need to consider the two first tail coefficients, because the third tail coefficient does not
contribute because of the symmetric sum over an antisymmetric function):

n
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k
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(a) Convergence of plain summation of the second
power of the fermionic Matsubara frequencies
for increasing cutoff. Compared to exact solu-
tions β/4 and the closed form solution in terms
of the Hurwitz zeta function.

(b) Convergence of plain summation of the second
power of the fermionic Matsubara frequencies
for increasing cutoff. Compared to exact solu-
tions β/4 and the closed form solution in terms
of the Hurwitz zeta function.
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Fig. 6.13a demonstrates the convergence behavior of the plain summation over Matsubara frequencies
against the analytically computed one. In Fig. 6.13b the convergence of plain (green) and improved
(orange) summation for the electron density is plotted against the number of summands (Ncut). This
is done for the impurity Green’s function for which the exact result can be obtained directly.

6.4 Symmetry Reductions and Convolutions

We have already discussed symmetries of two-particle Green’s functions in Chapter 2, which were also
derived in detail for the full vertex F νν′ω

r and the generalized susceptibilities χνν′ω
r in [205]. Fig. 6.4

demonstrates some of these visually. In addition, there are also the well-known lattice symmetries that
are present in the non-local quantities. In this section, we will discuss how these can be exploited in
order to reduce the system memory demands and runtime of the lDΓA algorithms. We will discuss the
general setup; some additional details can be found in the description or the SymmetryClasses and
TightBinding codes in Sec. 6.8 and their documentation. By symmetries in the context of this section,
we also include relationships that are trivial to compute, such as f(x) = −f∗(−x).

6.4.1 Algorithm for Minimal Sampling

The following algorithm is implemented in the EquivalenceClassesConstructor.jl Julia package (see
also Sec. 6.8.2) and is used for Matsubara grids and k-space sampling.
It requires a sampling space (e.g., a list of 3-tuples with Matsubara indices or a list of k-vectors) and a
list of relationships, for example, f(x) = [−f(−x),f∗(x + 3)]. Furthermore, a list of operation identifiers
can be given, for example, here [1,2] 3. The algorithm then constructs a forest of trees with all sam-
pling points being nodes, connected by labeled edges for each relationship. This is done by setting up
two parent arrays (the code uses hash maps to avoid constructing an additional list that maps between
the node index and content, requiring the user to specify the vertices in a compressed format for very
large inputs; see Sec. 6.8.2). The parent array contains at the index i, the child index of the node
with index i. The parent_edge hash map does the same for the operation that leads from the child
to the parent. Furthermore, a hash map of open (not checked) vertices and a stack of next-to-check
vertices are defined. The parent arrays are initialized with each vertex being its own parent (i.e. the

3There is a version of the code available that operates on a set of predicates and constructs an adjacency matrix. This
version is not used for the lDΓA method and will not be discussed here.
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graph initially consists of a forest of a forest with trees of size 1).

Figure 6.14: Example for symmetry
classes graph.

Then, each node in the sampling space is checked in an outer
loop if it is marked open (with the corresponding index in the
open list set to false). The node is first pushed to the search
stack. Then the current search stack is iteratively treated as
follows: One element el is removed. If it is marked open, then
all neighbors ne are obtained from f(x). If the neighbor is con-
tained in the sample space and marked open, it is pushed to
the current search stack, and the parent arrays are marked with
parent[el]=ne. The parent arrays are then returned. Fig. 6.14
shows a representation of the graph for our example from be-
fore. This representation is not unique, as it depends on the
ordering of the lists of nodes.
This graph can now be used to determine the minimal set re-
quired and the mapping from the minimal set back to the full
sampling set. This is done by iterating through the parent ar-
ray and picking out all root nodes as class representatives. In
our example above we obtain -5 and -3. The reconstruction of
the full grid is then later possible by iterating through all nodes
of the sampling space and following the parent array values up
the tree (tracking the operations here is crucial) until a computed value is found. This must be the
case at least for the root node; the unknown elements along the path are then obtained recursively; see
also Sec. 6.8.7.

Matsubara Grids and Lattice Symmetries The algorithm above is used in two places for the lDΓA re-
sults: Generation of (i) Matsubara frequency grids (ii) k/q sampling for the first Brillouin zone. Case
(i) is completely detached from the actual runtime but only required as a postprocessing for the DMFT
solution. We exclusively used ED for the two-particle Green’s function since the noisy CTQMC data
is less suitable for method development and requires significantly more compute time. This means a
self-consistent impurity Green’s function is obtained (possibly with a different impurity solver such as
CTQMC) from which the Anderson bath parameters εl and Vl are fitted (see Sec. 6.6.2). These can
then be used to obtain a two-particle Green’s function from the Lehmann representation with a set
of frequency triples. Because these terms are independent between frequencies (see, for example, in
the one-particle case in Eq. (6.160)), it is sufficient to pre-generate a minimal frequency grid accord-
ing to the symmetries in [205, Table. 2.2], perform the summation of all energy eigenstates and then
restore the full vertex. There is no performance benefit in using the reduced frequency grid in the
lDΓA method. This method is dominated by the impact of the k-space sampling, and repeated reduc-
tion and expansion in the frequency space does not yield a performance benefit. This is particularly
important close to a phase transition, where the k-space resolution becomes the limiting factor.
The reduction of the k-sampling is done in the tight-binding module (see Sec. 6.8.4). Some lattice
types have hard-coded reduction and expansion algorithms, but the option to implement new ones
rapidly is aided by this module. Here, the reduction and expansion are crucial for the performance of
the lDΓA method. Specifically, the convolutions and cross-correlations, which have been implemented
using the Fast Fourier Transform (FFT), require the expansion to the full sample space, as we will
discuss next.

6.4.2 Convolutions

There are two places in the lDΓA algorithm where we encounter sums of the following type:

hνω
ph/pp,k = ∑

q
KqG

ω+ν
q±k (6.131)

χνω
0,q ∶ Kq = G

ν
q, (6.132)

Σν
k ∶ Kq = ∑

r∈{d,m}
crλ

νω
r,q − λ

νω
0,q (6.133)

Where K refers to the q-sampled quantity at some externally fixed frequency indices. The two occur-
rences are the calculations of the bare susceptibility χνω

0,q and the non-local self-energy Σν
k. Especially

the second quantity requires a fast algorithm since it typically has to be computed many times to
obtain a solution for the λd parameter. Here, every step of the Newton algorithm requires at least 3
evaluations (one for the value of the function, two for an estimator of the derivative) of the self-energy.
The self-energy requires Nω×Nν convolutions of k-sampled quantities. This number is typically around
100,000. If the partial self-consistent method is used, this is further multiplied by the number of self-
consistent iterations.
The bare susceptibility is only calculated once for the setup discussed in this thesis, but the code does
allow for a fully self-consistent lDΓA cycle as described for a much more generic setting in [128]. Here,

118



6.5 lDΓA Details

the fast computation of this quantity is crucially important. For these reasons, we employ the convo-
lution theorem to reduce the runtime for the computation of Eq. (6.131) for Nk k-points, from O(N2

k)

to O(Nk log(Nk)).
We define the operations for convolution and cross-correlation as follows:

Conv [K,G]i = ∑
j

KjGi−j (6.134)

CrossC [K,G]i = ∑
j

KjGi+j (6.135)

The convolution theorem then allows us to rewrite these as the element-wise multiplication of the
Fourier transform of f and g and subsequent inverse Fourier transformation F−.

Conv [K,G] = F−1
(F [K] ⋅ F [G]) (6.136)

We can map the cross-correlation to the convolution within O(Nk) by including 2 reverse operations,
denoted with a R superscript below. This reverses the N dimensional array along each dimension,
i.e. GR

(kx,ky, . . . ) to g(−kx,−ky, . . . ).

CrossC [K,G]q = ∑
k
KkGq+k = (∑

k
KkG−q+k)

R

= (∑
k
Kk G

R
q−k)

R

(6.137)

= (Conv [K,GR
]q)

R
(6.138)

Even though we are in principle dealing with a continuous function over k-space, the application of the
fast Fourier algorithm requires a discrete and evenly spaced (see discussion regarding sampling below)
sampling. This is, as usual, emphasized by using sums over k-space. The discrete Fourier operation is
then defined as follows in our context (Nl is the number of k-points in each dimension):

F[xk] =
Nl−1

∑
k1

e
− 2πi

Nl

Nl−2

∑
k2

e
− 2πi

Nl ⋯xk (6.139)

For the computation of convolutions, we employ FFT provided by the FFTW3 package4. The algorithm
design and properties are very thoroughly explained in the publication of the lead developers [72]. We
will therefore skip an explanation here, but instead comment on some points that are important to the
implementation within the lDΓA method.

Expansion to Full Grid and Sampling As discussed in the beginning of this section, the symmetries
of the lattice can be used to reduce memory and computational costs. All quantities in q space only
need to be computed and stored over the minimal set. The FFT implementation requires the data fully
expanded and pre/post-processed. This is accomplished by the tight-binding module described further
in Sec. 6.8.4. The important concepts here are (i) buffers for the repeated expansion, reverse, and
multiplication operations5 and (ii) index maps for reduction and expansion. The buffers are essential
because millions of convolutions are computed in a single lDΓA run, while the index maps provide fast
copying between reduced and expanded forms of the data.
Specifically, at low temperatures and close to phase transitions, one would prefer a k-sampling with
an adaptive mesh that centers around the dominant q-vector at which the susceptibility becomes
spiked. However, while there are non-equidistant FFT algorithms available, they do typically require
approximations and are far less straightforward to use. Consider, for example, the sum over Gk+q
in Eq. (6.137). In case of an arbitrary (or even just different) sampling of k and q, the sum or
difference between both would certainly fall on values that have not been calculated. This would
require interpolations for these values, and we, therefore, use equal spacing in all k-grids.

6.5 lDΓA Details

This section describes necessary algorithms that are specific to the lDΓA method. The general structure
and characteristics of the code used to produce the results for this thesis are outlined in Sec. 6.8.5.
Here, we discuss the most important numerical algorithms of the method.

6.5.1 Root finding

The λ parameters and their role have been extensively discussed in this thesis. Their algorithmic
determination using a root-finding algorithm, such as Newton’s method, will be substantiated here.

4specifically the Julia frontend, FFTW.jl.
5In addition, the result from FFT requires a circshift operation to recenter the data, in our case, so the q = 0 vector

is at the expected index. This reordering of the output is a somewhat sparsely documented but very prevalent
property of many implementations of FFT algorithms.
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The lDΓA method requires some considerations with regard to these algorithms due to (i) divergences
and physically admissible solution ranges, (ii) uniqueness of the solution, and (iii) variation in the
numerical cost of a function call. These have to be considered in detail because the correction in the
density channel is either impossible numerically (when the divergences and non-uniqueness are not
treated properly) or dominates the total runtime by an order of magnitude when obtained without
choosing a suitable algorithm. The second issue then excludes the partial self-consistency from being
numerically feasible.
The λ parameters in the lDΓA method are obtained by finding roots to the corresponding two equations
for the Pauli principle and the potential energy. There are 3 functions for which we need to determine
a root for λm, λd and µ:

fλd,µ
m (λm) =

1
2∑ωq

(χλd,ω
d,q + χλm,ω

m,q ) −
n

2
(1 − n

2
) (6.140)

fλm,µ
d (λd) =

1
2∑ωq

(χλd,ω
d,q − χλm,ω

m,q ) −U
n2

4
−

1
U
∑
νk
Gλ,ν

k Σλ,ν
k (6.141)

fλm,λd
µ (µ) = nimpr

(Σλ,ν
k ) − n ≈ ∑

νk
(iνn + µ − εk −Σλ,ν

k )
−1
− n (6.142)

These must be solved in the following hierarchical structure:

1. λm fixes the Pauli principle and must be determined first to obtain a well-defined potential energy
and filling.

2. µ determines the filling and needs to be adjusted when computing the Green’s function.

3. λd, just as λm, requires specific attention with regard to the smallest value λd,min, since there
are divergencies for smaller values. The admissible interval may depend on the value of µ, as
discussed in the next section. Note that we used the previously discussed improved summation
for the electron density, making the last equation in Eq. (6.142) approximate

A simultaneous determination including λm is impossible because the algorithm would pick pairs (or
triples) of values that do not lead to physical self-energies and routinely lead to infinities, causing
the algorithm to crash. µ and λd could be determined simultaneously, but our tests have shown that
the performance gain from this change is negligible in exchange for significantly deteriorated stability.
The reason is vastly different requirements for the root-finding algorithm for both cases, which we will
discuss next.
Eq. (6.142) is well-behaved, without divergencies, and the derivative is accessible analytically and
through automatic differentiation6. A call to this function is numerically as expensive as Eq. (6.140)
(see discussion below). It is also strictly monotonic in a reasonable range around the initial guess and
changes little from the chemical potential of DMFT, further increasing performance. We will discuss
suitable algorithms below in Sec. 6.5.3 after investigating the properties of Eq. (6.140) and Eq. (6.141).

6.5.2 Divergencies and Minimal Values
Next, we discuss the admissible range of λ parameters and our choice of algorithm to guarantee a
solution in that interval. As also discussed in Sec. 4.5.1 only the largest root of Eq. (6.140) and

(a) Divergencies of ∑q χλm,ω0
m,q . The largest (in

λm) divergency, λm,min, is marked with an or-
ange vertical line.

(b) Comparison of λmin (Eq. (6.143) ) and
λd,min,Epot (see Eq. (6.144)).

Figure 6.15: Conditions for minimal λ values.

Eq. (6.141) guarantees positivity of the susceptibilities according to Eq. (4.47).
6Automatic differentiation replaces the argument, in this case µ with a dual-type, that traces f(x) as well as f'(x)

through the full function, thereby almost completely eliminating the computational overhead of computing the
derivative while also yielding exact results.
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Both Eq. (6.140) and Eq. (6.141) have divergences at 1
λd
= −χλd,ω

d,q and 1
λm
= −χλm,ω

m,q according to
this definition. The largest divergence (in λr) can be determined in the following way. We want to
renormalize the susceptibility at the classical frequency ω = 0, at which the susceptibility will diverge
towards the phase transition and become negative below it, then approaching 0 from below7; therefore,
we only need to consider the q index. The Nq divergences in Eq. (4.47) are at the points λq = −

1
χ

ω0
r,q

,

the largest of which (called λr,min) guarantees the positivity of χλr,ω
r,q :

λr,min = −min
q
[

1
χω0

r,q
] (6.143)

As is also discussed in more detail in [219, Chapter 2.4], differentiation of Eq. (4.47) with respect to
λ demonstrates that fm(λ) is strictly monotonically decreasing and therefore has exactly one root in
the admissible region. Note that the form of Eq. (6.143) needs to renormalize the largest positive, but
crucially, also all negative susceptibilities. Those are present when the DMFT phase transition has
already been crossed. It is clear that this form guarantees exactly the desired behavior.
Fig. 6.15a shows the divergences of ∑q χ

λm,ω0
m,q . This range marks the lower bound of both Eq. (6.140).

There is another constraint we typically want to enforce: the causality of the self-energy. As demon-
strated in Fig. 6.12, for some datasets and tail-correction schemes, it is necessary to restrict further the
value λd,min. This is done by also imposing a causality constraint on the self-energy. The comparison
for the two different schemes of determining λr,min is demonstrated in Fig. 6.15b. Especially in the

Figure 6.16: E(1)pot −E
(2)
pot for different tail-correction methods. Data for 2D simple cubic, U = 2, β = 20,

n ≈ 0.83 (see Sec. 7.2).

left panel of Fig. 6.16, for the plain correction scheme, we see that a typical dataset can produce a
very noisy condition curve. Details are discussed in the next paragraph. We observe that the EoM tail
correction scheme almost always succeeds in doing so, even in otherwise numerically unstable cases. In
Sec. 5.4, we have demonstrated that this does not impact thermodynamical properties severely. Refined
(typically extremely numerically costly) computations for the input can, therefore, often be avoided.

Potential Energy Term Eq. (6.141) exhibits the same divergencies as Eq. (6.140), but the right-hand
side (for λm it is n(1 − n/2)) is no longer constant, but self-consistently dependent on the left-hand
side. Monotonicity and even divergencies from the previous consideration can be different, depending
on the choice of tail correction for the self-energy. This is demonstrated in Fig. 6.16 for a particularly
badly behaved parameter set. Here, the DMFT vertex was obtained with very aggressive numerical
cutoff parameters in the energy differences of the Lehmann representation, and a small number of k
and q points was chosen to illustrate potential problems with this condition. For many temperatures,
it is not feasible to calculate the vertex or Brillouin zone sampling any better, but one can still find
suitable algorithms to stabilize a solution.
We employ two different schemes: For the full and EoM tail correction (see Sec. 6.3.4), λr,min can
be obtained as for Eq. (6.140). Here, the stability of the causality condition for the self-energy (see
Fig. 6.12 and discussion) leads to a stable single-particle potential energy over a wide (or even full)
spectrum of the λd parameter. The ExpStep method, however, can show singularities of the right-hand
side (GλΣλ) in extreme parameter ranges. Specifically, this happens when the self-energy violates the
causality condition and the calculation of the lDΓA Green’s function from Dyson’s equation diverges:

E
(1)
pot = ∑

νk
[iνn + µ − εk −Σλ,ν

k ]
−1

Σλ,ν
k

⇒ λd,min,Epot > λd,min∃n ∶ iνn + µ − εk ≈ Σλ,ν
k (6.144)

This clearly depends on the self-energy at the lowest Matsubara frequency Σλ,iν0
k , which is the first to

become positive. We can therefore check this condition to obtain a larger λd,min and avoid divergencies
in the search range.

71/χω0
qC(T ) ∼ T − TC around the phase transition for mean-field theories such as DMFT.
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Of course, one should instead try to obtain a vertex with less numerical instability on a larger fre-
quency grid to avoid unphysical (i.e., non-causal) self-energies. However, for many questions, we are
not interested in the spectral properties but in thermodynamic ones. These do not involve self-energy
directly but instead are derived quantities governed by normalized susceptibilities. Even for this de-
liberately problematic input vertex, we observe little change in the difference between the obtained
renormalization parameters λr, which determine the thermodynamical observables.

Time per Call The last point that separates the three condition equations is the time per function
call and the availability of a derivative. This plays a crucial role in the selection of a good algorithm, as
one typically has to trade off the order of the method (higher order means faster convergence) against
the number of calls to the function. Eq. (6.140) is just a sum over an array and the derivative can be
determined analytically. The runtime for the function is negligible, and therefore, high-order methods
are a natural choice. We will discuss this below.
Eq. (6.142) still possesses an analytic derivative in µ and has no significant runtime. Here, however,
two circumstances make those methods less appealing: (i) memory allocations for the computation of
the Green’s function from the self-energy (and potentially also the derivative), (ii) a very precise initial
guess is available. The chemical potential does not change much from DMFT to lDΓA or between
self-consistency cycles of the partially self-consistent lDΓA method. Therefore, even the lowest-order
derivative-free methods converge very quickly.
Condition Eq. (6.141) is different from the last two in that a function call can take many core hours (in
the case of the partially self-consistent method). To complicate matters, we do not have access to the
derivative of the function8 which excludes many algorithms. Together with the problematic behavior
in many parts, due to divergencies or nonmonotonicity, this condition requires the most attention.
We will next discuss which algorithms have been tested, are available in the code, and have proven
successful for all three conditions.

6.5.3 Root finding Algorithms
The very different requirements for the equations above require us to pick an algorithm based on
very specific details. However, at least the asymptotic efficiency is one generic measure that is often
employed and useful in our context. As a definition of asymptotic efficiency, we follow [296] where it is
defined through the order of convergence q and the number of required function calls r:

eff = q1/r (6.145)

With r being the number of function calls and the order of convergence q, which is defined for a
sequence (xn)n∈N with limit x∗ and rate of convergence µ as:

lim
n→∞

∣x(n+1)
− x∗∣

∣x(n) − x∗∣
q = µ (6.146)

Newtons Method

Probably the best-known method for determining the root of a nonlinear equation is Newton’s method.
It constructs the solution by iteratively moving closer to the root from an initial guess x0 with steps
that are obtained from the value of the function at that point divided by the slope.

xn+1 = xn+1 −
fr(xn+1)

f ′r(xn+1)
(6.147)

One can see that direction and step length scale as desired by considering all 4 possible cases (f
>
< 0

and f ′
>
< 0). More generally, the class of Householder methods of order p [105, Chapter 4.2] is given by:

xn+1 = xn+1 − (p + 1) (1/f)
(p)
r (xn)

(1/f)(p−1)
r (xn)

(6.148)

This recovers Newton’s and Halley’s method for p = 1 and p = 2 and has an order of convergence of
p + 1, from which we follow an asymptotic efficiency of p1/p [105, Chapter 4.2]. Increasing orders p
improve the asymptotic efficiency but also require higher-order derivatives, which, even if these are
available, can also decrease numerical stability and lead to more function calls (note the chain rule in
Eq. (6.148), which generates the additional terms). The efficiencies for Newton and Halley’s method
are then effNewton = 21/2

≈ 1.41 and 31/3
= 1.44.

This class of methods is well suited with high order for Eq. (6.142) where little numerical instability
is expected and lower orders for Eq. (6.142) which may exhibit some instability. For the latter, we

8Automatic differentiation is tough to impossible to implement because one cannot easily build automatic differentia-
tion on top of the existing FFT implementation, which is required for the evaluation of the equation of motion with
each λd step. This means that each evaluation of a derivative requires at least 2 function evaluations to obtain an
approximation of the derivative.
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have already arrived at our choice of algorithm. However, the previously discussed divergencies of
Eq. (6.141) require a modification to avoid jumping to a solution with λm < λm,min.

Bisection and Regula Falsi

Following Eq. (6.143), we want to restrict our search to the open interval of the largest root (λmin,∞).
This can be achieved directly by the so-called bracketing algorithms. These typically have a lower order
of convergence but have a guaranteed search interval. Moreover, some of them require only a single
function call per iteration, making them especially well-suited for condition Eq. (6.141).
We first set up an interval [λr,min, λr,max], choosing some arbitrary λr,max. In case the interval is
non-bracketing, i.e. f(λr,min) and f(λr,max) have the same sign, the λr,max is increased.
The most straightforward bracketing method is the bisection method. Here, one divides the initial
interval in half, evaluates the function at that point, and then continues recursively with the interval
that fulfills the bracketing condition. With an order of q = 1 and a number of function calls r = 1 we
have eff = 1 for this method.
The bracketing method that turned out to be the best suited for our purpose is the regula falsi or
false position method. It is with certainty the oldest method for finding roots to non-linear equations,
predating the formalization of algebra, as it has been described in problem 26 on the Rhind Papyrus
1550 BC [127, p. 15]. For a bracket [a, b], the estimation of the root is given by

x =
a ⋅ f(b) − b ⋅ f(a)

f(b) − f(a)
(6.149)

which can then be improved by bisection. The order of this method is q =
√

2 improving the asymptotic
efficiency over the bisection method to effRF =

√
21/1
=
√

2. The real-world performance can further be
improved using different weights for the function calls [74, Table 1]. We found that the Anderson-Björck
algorithm [8] works particularly well for our problem, with typically fewer than 15 function calls. This
makes the regular falsi the optimal candidate for Eq. (6.141), especially for the partially self-consistent
case.

Variable Transform and Reset

Instead of bracketing algorithms, there are also two modifications to Newton’s method that enforce
the correct root of Eq. (6.140). These are advantageous for Eq. (6.140), where the function call is
relatively cheap and the derivative is available. The one we typically refer to as NewtonTransform is
based on a transformation that has been studied for secular equations [168, 169], where the variable is
transformed so that convergence to the correct root is guaranteed, often with increased performance.
In order to achieve that, we introduce a transformation function g with the following properties (this
is according to [168], where also the rate of convergence, admissible transformations, and their effect
have been discussed):

lim
x→−∞

g(x) = λmin, lim
x→∞

g(x) = ∞ (6.150)

∀x ∶ g′(x) ≠ 0 (6.151)
∀x ∶ g′′(x) ≤ 0 (6.152)

A natural choice is
g(x) = λmin +

√
x, g′(x) =

1
2
√
x
, g′′(x) = −

1
2x3/2 (6.153)

Since the root can become complex in cases of numerical unstable solutions, we also often employ
g(x) = λmin +

1
x2 . Newton’s method can still be applied directly on f(g(x)), keeping the chain rule in

mind:

xn+1 = xn −
f(g(x))

f ′(g(x)) ⋅ g′(x)
(6.154)

Note that the root of f is then given as g(x∗) with x∗ determined as a fixed point of the Newton
iteration of Eq. (6.154).
This has by far the fastest rate of convergence in our performance testing but does require additional
function calls. Therefore, it is typically used for Eq. (6.140). Table 6.2 shows that there is little
difference between some bracketing methods and the transformation method. However, empirically, it
performs better over a wide range of datasets.
Another method that has been developed for a previous variant of the lDΓA implementation, we will
call NewtonReset [206]. Here, in each Newton iteration, one checks if λr < λr,min and, if so, instead
reverts to a bracketing method. This has a slower convergence rate than NewtonTransform but typically
requires fewer function calls. Table 6.3 gives a comparison for slow function calls, such as Eq. (6.141).
Here, we can immediately notice that the total runtime is completely dominated by the number of
function calls. The Newton methods could outperform bracketing methods but require at least two
additional function calls for each step because the derivative is not available analytically or through
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Method Time (ms) Function Calls
A42 151 12
NewtonReset 103 24
Bisection 101 32
AlefeldPotraShi 36.5 11
ITP 34.2 19
Ridders 32.0 14
Brent 31.3 9
FalsePosition 27.2 7
Chandrapatla 25.0 12
NewtonTransform 24.0 10

Table 6.2: Comparison of methods by exe-
cution time and number of func-
tion calls for an intermediate size
dataset. Methods implemented
in [254] and [275]. Data for λm cor-
rection. Compared to the λd cor-
rection we observe that higher order
methods with more function calls
can outperform lower order meth-
ods. The time is given to provide
an intuition on the performance im-
pact of the root finding step.

Method Time (s) Function Calls
Bisection 4.09 33
AlefeldPotraShi 2.53 20
Ridders 2.25 18
NewtonTransform 2.17 18
Brent 2.15 17
Chandrapatla 2.14 17
A42 2.12 17
NewtonReset 1.89 15
ITP 1.88 15
FalsePosition 1.16 9

Table 6.3: Comparison of methods by exe-
cution time and number of func-
tion calls for an intermediate size
dataset. Data for λd correc-
tion. Methods implemented in [254]
and [275]. The time serves (i) as
a reference for the order magni-
tude for the λd-correction with a k-
sampling of 400 points on a 3003

Matsubara frequency grid and (ii)
as a relative comparison between
methods.

automatic differentiation, as discussed before.
Future extensions of the method may want to adopt more sophisticated bracketing methods for the
Halley and Newton methods, presented in [4]. The algorithms presented here are sufficient to make the
λ corrections (including the partially self-consistent version) negligible in computational costs compared
to the inversions involved in the solution for the BSE.

6.5.4 Implementation Details and Usable Ranges
We will present some auxiliary considerations that are necessary for the lDΓA method to work properly;
more details can be found in the documentation for the code [254].

Handling of Improved Summations

All data shown in this thesis is computed for shifted and reduced Matsubara grids. How these can be
obtained is discussed in Sec. 6.4, Sec. 6.8.2, and the appendix of Sec. 7.1. After reading the input, a
helper struct is initialized by the code described in Sec. 6.8.6. This deals with all quantities involved
in improved summation formulas and keeps asymptotic quantities and caches (used, for example, in the
improvement of λνω

0,q) allocated. The summations of k and frequency axis are then carried out using
specialized functions that take the high-frequency expansion into account automatically.

Usable Ranges

In order to exclude data from insufficiently sized fermionic Matsubara grids and allow computations
without improved summations, we also compute usable intervals of iωm frequencies for physical suscep-
tibilities. This interval is defined in such a way that ∑q χ

ω
r,q is positive and monotonically decreasing

from iω0 (see also Fig. 6.8). The frequency range is then adjusted internally to a suitable range to avoid
unphysical cancellations in the equation of motion. Note that this algorithm must take the divergence
(and subsequently negative) susceptibility at second-order phase transitions at ω0 into account and not
treat these negative values as the end of the usable ωm range.
The computation of the SDE presents another pitfall regarding the frequency ranges. The previously
discussed shift in the fermionic Matsubara frequencies leads to a ν dependence of the ω range. Specif-
ically for ν > νmax/2 we have less ω frequencies available than below. This has a noticeable effect on
the tail behavior, which then starts to deviate from the asymptotic behavior. We solve this issue by
defining a cutoff ν-frequency that is set to ωm/2 for shifted grids. Starting from that point, we use
the local tail of the impurity self-energy. The partially self-consistent lDΓA method requires repeated
evaluation of the equation of motion and would otherwise reduce the length of the usable ν range to 0.

Sanity checks

Because the two-particle Green’s function is very costly to obtain, approximations are often made. Most
prominently, there is a cutoff for small energy differences in the Lehmann representation when using
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ED and small frequency grids. This can lead to problems that are sometimes hard to detect. To help
identify problematic input data or program settings, a number of “sanity checks” are employed. The
local full vertex F νν′ω

r and irreducible vertex Γνν′ω
r can be checked manually for the correct asymptotic

behavior according to [256]. This often has to be done by hand as there is no clear threshold to which
contributions have to be converged, how large the “inner region” is, and how many deviations affect the
lDΓA calculations. The code responsible for asymptotic summations, Sec. 6.8.6, provides a notebook
with a summary of all values that can be checked. However, most of the time, the derived quantities
are sufficient to exclude bad data.
Because the impurity solver constructs an exact solution of the AIM, we know that the equation of
motion must be fulfilled for the input data. We can, therefore, give the discrepancy between the
impurity self-energy and the self-energy obtained from the two-particle Green’s function as a measure
for the error in the full vertex:

∆Σimp = ∣∑
ν

[ΣH −U∑
νν′
F νν′ω
↑↓ Gν′

impG
ω+ν′

imp Gω+ν
imp ] −Σν

imp∣ (6.155)

However, this does not reflect possible cut-off effects that are amplified through the inversion of the local
and non-local BSE, which is used to obtain the irreducible vertices Γνν′ω

r . This effect can usually only
be observed from the physical susceptibility (obtained from Eq. (2.257)) by checking the magnitude of
the violation of Eq. (4.40).

∆χr = ∣∑
ω≠0

χω
r,q=0∣ (6.156)

6.6 Exact Diagonalization

The exact diagonalization method has many shortcomings compared to tailored approaches for certain
physical limits or more accurate Monte Carlo methods, but it does excel in terms of simplicity and
numerical stability. This is the reason why it is still of great use when numerically stable observables
in settings with small enough Hilbert spaces are required. This was, for example, the case for the
Green’s function inputs of lDΓA in this Thesis. Although somewhat well known9 and easy to derive,
the following contains a very brief derivation of the formulas for the 1 and 2-particle Green’s function.

6.6.1 Lehmann Representation of 1 and 2-particle Green’s function

1 particle Green’s function

We have already derived the Lehmann representation of the single-particle Green’s function in Sec. 2.

G
R/A
σk (t) = −

i

Z
Θ(±t)∑

nm

(e−βEn + e−βEm) ei(En−Em)t∣ ⟨n∣ ĉ σk ∣m⟩ ∣
2 (6.157)

Gσk(τ) =
1
Z
∑
nm

(e−βEn + e−βEm) e(En−Em)τ ∣ ⟨n∣ ĉ σk ∣m⟩ ∣
2 (6.158)

G
R/A,ν
σk =

1
Z
(e−βEn + e−βEm)

∣ ⟨n∣ ĉ σk ∣m⟩ ∣
2

ν ± iη +En −Em
(6.159)

Gν
σk =

1
Z
(e−βEn + e−βEm)

∣ ⟨n∣ ĉ σk ∣m⟩ ∣
2

iνn +En −Em
(6.160)

Note that the Wick-rotated version of this derivation (i.e. finite temperature) also has a factor of i
missing in the exponent, according to Eq. (2.57) and that the energy levels are shifted by −µn, as
before. This expression is algorithmically evaluated in 3 steps: (1) definition of a Fock basis and
corresponding basis states in terms of actual vectors, (2) diagonalization of the Hamiltonian in this
basis, (3) computation of the overlaps. I will give a very brief overview of how the jED.jl code
accomplishes these steps as an example of how to obtain a solution concretely.

Step (1) For the N -site Anderson impurity model a Boolean vector of length 2N is defined, the first N
entries store True if a σ =↑ electron is present at that site; the second half of the vector does the
same for σ =↓ (compare file States.jl). The basis contains a set of all possible combinations
(i.e. 4N vectors).

Step (2) The eigenspace is constructed by explicitly iterating through all possible transitions Hij = ⟨j∣ Ĥ ∣i⟩
with ∣i⟩ , ∣j⟩ ∈ basis. Typically, one segments the basis into blocks of good quantum numbers
first. For example, if the Hamiltonian is particle number conserving, only blocks of equal particle
numbers need to be considered (and those can decompose again). After constructing the (blocks
of the) Hamiltonian as an explicit matrix Hij in this way, a diagonalization routine is called to
obtain eigenvectors and eigenvalues (compare file Eigenspace.jl).

9At least in the case of the 2-particle Green’s function, the Lehmann representation is still subject of current re-
search [90, 232].
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Step (3) The list of overlaps is constructed similarly to step (2), although this is now done in the eigenspace
(compare _overlap_cdagger_ev!) and finally, one iterates over the eigen energies and desired
number of frequencies.

2 particle Green’s function

The procedure above is similar for arbitrary combinations of creation and annihilation operators. How-
ever, the number of possible time-ordering combinations that we were able to circumvent in the single-
particle case grows faster than exponentially. We will go through the derivation of one term as an
example and then give the full expression for example, derived in the documentation of this code [241].
We first note that of the 4 spin indices only 2 survive (see Sec. 2.7.2) and then start with Sec. 2.1.2.3
written in a more compact form of Θ1>2>3 ∶= Θ(τ1−τ2)Θ(τ2−τ3) furthermore, we used En,m ∶= En−Em

and lmnop(1,2,3) ∶= e−βEmeτ1Em,neτ2En,oeτ3Eo,p (compare Eq. (2.7.1.1)).

fνν′ω
ph,α1...α4 =∫ dτ1τ2τ3e

i(ω+ν)τ1eiν′0e−iντ ′1e−i(ω+ν′)τ ′2fph,α1...α′2
(τ1,0; τ ′1, τ ′2)

We now insert a full basis, as before in the one-particle case:

G↑↓(τ1,0; τ2, τ3) = ∑
mnop

e−βEn1 [

Θ1>2>3lmnop ⟨m∣ ĉ
†
σ(τ1) ∣n⟩ ⟨n∣ ĉ σ(τ2) ∣o⟩ ⟨o∣ ĉ σ(τ3) ∣p⟩ ⟨p∣ ĉ

†
σ(0) ∣m⟩

+Θ1>3>2lmnop ⟨m∣ ĉ
†
σ(τ1) ∣n⟩ ⟨n∣ ĉ σ(τ3) ∣o⟩ ⟨o∣ ĉ σ(τ2) ∣p⟩ ⟨p∣ ĉ

†
σ(0) ∣m⟩

−Θ2>1>3lmnop ⟨m∣ ĉ σ(τ2) ∣n⟩ ⟨n∣ ĉ
†
σ(τ1) ∣o⟩ ⟨o∣ ĉ σ(τ3) ∣p⟩ ⟨p∣ ĉ

†
σ(0) ∣m⟩

+Θ2>3>1lmnop ⟨m∣ ĉ σ(τ2) ∣n⟩ ⟨n∣ ĉ σ(τ3) ∣o⟩ ⟨o∣ ĉ
†
σ(τ1) ∣p⟩ ⟨p∣ ĉ

†
σ(0) ∣m⟩

−Θ3>1>2lmnop ⟨m∣ ĉ σ(τ3) ∣n⟩ ⟨n∣ ĉ
†
σ(τ1) ∣o⟩ ⟨o∣ ĉ σ(τ2) ∣p⟩ ⟨p∣ ĉ

†
σ(0) ∣m⟩

+Θ3>2>1lmnop ⟨m∣ ĉ σ(τ3) ∣n⟩ ⟨n∣ ĉ σ(τ2) ∣o⟩ ⟨o∣ ĉ
†
σ(τ1) ∣p⟩ ⟨p∣ ĉ

†
σ(0) ∣m⟩ ]

We obtain the Matsubara frequency representation by Fourier transform. The frequency arguments
f1, f2, f3 are arbitrary and a matter of convention, see Sec. 2.7.2.1 and Sec. 2.7.2. Straight forward
calculation yields [241]:

l̃mnop(f1, f2, f3) ∶= ∫ dτ3e
if1τ3

∫ dτ2e
if2τ2

∫ dτ1e
if1τ1 Θ1>2>3lmnop(1,2,3)

=
−1

f1 +Em,n
[

1
f2 +En,o

(
e−βEo + e−βEp

f3 +Eo,p
+
e−βEn − e−βEp

f2 + f3 +En,p
)

−
1

f1 + f2 +Em,o
(
e−βEo + e−βEp

f3 +Eo,p
−

e−βEm + e−βEp

f1 + f2 + f3 +Em,p
)] (6.161)

The exchange of the frequency arguments then leads to the following representation.

Gνν′ω
↑↓ = ∑

mnop

[

l̃mnop(ω + ν,−ν,ω + ν
′
) ⟨m∣ ĉ†

σ(τ1) ∣n⟩ ⟨n∣ ĉ σ(τ2) ∣o⟩ ⟨o∣ ĉ σ(τ3) ∣p⟩ ⟨p∣ ĉ
†
σ(0) ∣m⟩ (6.162)

+ l̃mnop(ω + ν,ω + ν
′,−ν) ⟨m∣ ĉ†

σ(τ1) ∣n⟩ ⟨n∣ ĉ σ(τ3) ∣o⟩ ⟨o∣ ĉ σ(τ2) ∣p⟩ ⟨p∣ ĉ
†
σ(0) ∣m⟩ (6.163)

− l̃mnop(−ν,ω + ν,ω + ν
′
) ⟨m∣ ĉ σ(τ2) ∣n⟩ ⟨n∣ ĉ

†
σ(τ1) ∣o⟩ ⟨o∣ ĉ σ(τ3) ∣p⟩ ⟨p∣ ĉ

†
σ(0) ∣m⟩ (6.164)

+ l̃mnop(−ν,ω + ν
′, ω + ν) ⟨m∣ ĉ σ(τ2) ∣n⟩ ⟨n∣ ĉ σ(τ3) ∣o⟩ ⟨o∣ ĉ

†
σ(τ1) ∣p⟩ ⟨p∣ ĉ

†
σ(0) ∣m⟩ (6.165)

− l̃mnop(ω + ν
′, ω + ν,−ν) ⟨m∣ ĉ σ(τ3) ∣n⟩ ⟨n∣ ĉ

†
σ(τ1) ∣o⟩ ⟨o∣ ĉ σ(τ2) ∣p⟩ ⟨p∣ ĉ

†
σ(0) ∣m⟩ (6.166)

+ l̃mnop(ω + ν
′,−ν,ω + ν) ⟨m∣ ĉ σ(τ3) ∣n⟩ ⟨n∣ ĉ σ(τ2) ∣o⟩ ⟨o∣ ĉ

†
σ(τ1) ∣p⟩ ⟨p∣ ĉ

†
σ(0) ∣m⟩ ] (6.167)

The frequency arguments can be obtained from our definition in Eq. (2.7.1.1), i.e. f1 = νn+ωm, f2 = −νn

and f3 = −ωm + ν
′
n. Further considerations in equilibrium let us use symmetry to avoid computation of

some terms [241]; moreover, we can avoid the computation of some l̃mnop(1,2,3) by introducing cutoff
parameters for the exponents, disregarding summands. Nonetheless, the number of summands grows
very quickly, and one is limited to 4 bath sites for reasonable ∼ 3003 frequency grids and 5 bath sites
for smaller 503 grids. We found these parameters to be sufficiently close to CTQMC calculations in all
investigated models and parameter ranges.

6.6.2 Parameter Fitting Details

The choice of algorithm and cost function for the fitting of bath parameters has an immense influence
on the quality of the 2-particle Green’s functions. I will, therefore, give a brief overview of the setup
that ended up producing reliable vertices.
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Even though CTQMC has become the state-of-the-art algorithm for solving the impurity problem in
DMFT because it is able to produce an unbiased solution for the infinite bath-site AIM, there are
advantages of using ED, especially in method development. Importantly for our case, it produces exact
(in the sense of a solution for the finite bath site AIM) values without Monte Carlo noise. Additionally,
vertices over large frequency grids can be obtained in a very reasonable time by trading off accuracy
through a lower number of bath sites or cutoffs in the Lehmann representation (see last section).
However, the greatly improved performance is brought about by several free numerical parameters
that need to be adjusted correctly.

Fits

Our fit method for the l bath parameters uses the local Green’s function (for CTQMC, the hybridization
function is often preferable in order to suppress noise).

G ν
0

!
= [∑

k
(iνn + µ − εk −Σν

)]

−1

+Σν (6.168)

G ν
0 =

1

iνn + µ −∑l

V 2
l

iνn−εl

(6.169)

We found that the Broyden-Fletcher-Goldfarb-Shanno (BFGS) yielded the best results [71]. As a
gradient-based method, one has to take care to use a reasonable initial guess, often based on the
atomic limit Sec. 3.3.1. Direct methods such as least squares fit have been outperformed by this
method in our tests over a large range of lattice types, temperatures, and interaction strengths.
Another numerical degree of freedom is the choice of the distance function. Finding one for the specific
application is crucial, and the ED code written for this thesis contains a benchmark script comparing
different ones. After thorough testing and advice from H. Kitatani, we found that the following distance
and transformation functions yielded the best results at low temperatures:

∣f(Gν
0 , iνn) − f(G

ν
0 , iνn)∣

2 !
= 0 (6.170)

f(Gν , ν) =
1

Gν ⋅
√
ν

(6.171)

For more details, see also Sec. 6.8.3 and the examples in the referred code.

Consistency Tests

We employ multiple checks for the validity of data, 4 of which are done on the single particle level and
3 on the two-particle level. On the single particle level, we check that all bath sites contribute, and the
correct high-frequency tail is obtained by checking the following values.

∑
l

V 2
l

!
=

1
4

(6.172)

minVl
!
> εcut (6.173)

min ∣εl − εl′ ∣
!
> εcut (6.174)

With εcut ∼ 0.01.
These tests give a good indication if the DMFT and fitting routine have been successful and can, of
course, also be employed when calculating a solution with CTQMC and then fitting an ED bath to
obtain the 2 particle Green’s function and physical susceptibilities10 there.
Checks on the 2 particle level are:

• Calculation of the local equation of motion

• Direct asymptotics checks

• Violation of the f -sum rule.
Since DMFT yields the exact solution of the (finite bath site) AIM, the local equation of motion must
hold.

Gν′Gω+ν′Gω+νF νν′ω
↑↓ = Σν

imp (6.175)

For valid solutions this holds to around 0.1%to5% accuracy at the lowest frequencies.
The check of asymptotics is done using the known high-frequency behavior of Γνν′ω

r and F νν′ω
r , see

Sec. 6.2 and [256].
The violation of the f -sum rule can be checked by comparing the following condition [277]

∑
ω≠0
∣χω

r,q=0∣ < εcut (6.176)

10Physical susceptibilities are needed for our improved summation formulas in Sec. 6.3. Equal time operators are
notoriously difficult to obtain from Monte Carlo samplers.
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The last condition is also dependent on the choice of the k-sampling, and a strong violation may still
lead to valid results, but it is an indication of problematic parameter settings or corrupt input data.
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6.7 Compressed Representation of Single-Particle Green’s Functions

In this sub-project, we trained a neural network to learn some structure of the LWf, discussed in
Sec. 4.3. While not fully successful as of the writing of this thesis, two unrelated but very promising
partial results were obtained from this project. Some of the code for this project was developed with
help from Daniel Springer and Marco Knipfer.

6.7.1 Neural Networks
Machine learning, in general, and neural networks especially, have become very popular in almost all
fields of research in the past years. This field is by far too vast and too far out of the scope of this thesis
that we can hope to give an appropriate introduction here [32, 82]. Therefore, we focus on two of the
simplest network types and investigate their applicability to the Green’s function methods discussed
in this thesis. Specifically, we will use feedforward neural networks and autoencoders. Feedforward
networks, while algorithmically just a sequence of linear algebra operations, can be thought of as
layers of neurons vi that are activated with a (non-linear) activation function f , via weighted edges eij

from other neurons f(eij). This is implemented as repeated matrix-vector multiplications with each
resulting vector modified by the activation function f (typically some Fermi-function-like step function,
e.g. tanh) [32, Sec. 6.3]:

v(l+1)
= f (l)(M (l)v(l) + b(l)) (6.177)

The index l enumerates the layers of the network, and b(l) is a vector of bias weights in each layer. The
entries of the matrix M (l) and the bias vector b(l) are called parameters of the model and need to be
learned from training data. This is done by supplying known input-output pairs (x,y). Training with
such labeled data is called supervised learning. The prediction of a network with L layers, ŷ ∶= v(L), is
then compared to the known label, yielding an error under a distance function (called the loss function)
d:

E(x) = dist(ŷ,y) (6.178)

Note that we distinguish predicted values from labeled (i.e. given during training) data with a hat.
The parameters of the network can be learned using backpropagation [32, Chapter 8], which uses the
gradient of the error to tune all parameters of the network.
Besides the parameters, there are several undefined quantities, such as the choice of loss function, non-
linear activation function, and so on. These are called hyperparameters and are also subject to tuning
for a given use case. These, however, are typically set explicitly by the programmer after performing
experiments with the datasets. We will also employ autoencoders, which work exactly as feedforward
networks, by having size-restricted layers, i.e. M (l)

∈ Rn×m with n < m for the first few layers and
n >m after that. The innermost layer with the fewest nodes encodes data of the so-called latent space.
Here, the essential information of the data is contained in a compressed representation. In order to
train autoencoders, one sets the labels equal to the input (x,y) → (x,x), where the difference between
predicted output E = dist(x, ŷ) and input data is called reconstruction error.

6.7.2 Connection to the Luttinger Ward Functional
The aim of this project is to learn the structure of the LWf by obtaining data from an exactly solvable
model, the AIM and use the identity Eq. (4.18), δΦ[G]

δG(1;1′) = Σ(1′; 1). Two open questions need to be
answered before this project can be concluded: (i) By providing pairs of G and Σ, some relationship
between both is learned. However, at the time of writing, it needs to be clarified how the functional
derivative should be formulated and built into the machine learning apparatus; (ii) We currently employ
an equilibrium ED solver. This means 1 ≡ 1′, which clearly makes it impossible to learn a structure
that would be able to generate the two-particle irreducible vertex Γνν′ω (even though Γνν′ω0 could be
learned).
Nonetheless, approaching a model that is able to learn some relationship between the Green’s function
and self-energy of a system with some residual universality from the LWf would certainly be valuable.
Moreover, we were able to achieve two important results, purely on the level of Green’s functions as a
partial success of this project, which will be discussed below.

6.7.3 Setup and Hyperparameters
Because the rest of this thesis is focused on physics, we give a brief introduction to common terminology
and our algorithmic setup that is typically omitted in publications. For the current training runs, we
chose a 2 bath site AIM as training data with variable hybridization and onsite energies Vl and εl

and a range of chemical potentials µ. The interaction strength U has been fixed since it is also an
external parameter to the LWf; the temperature has been fixed in order to avoid different spacings
of the Matsubara frequencies νn. Furthermore, the dataset has been pruned not to include extreme
electron dopings, with n /∈ [0.1,0.9]. These restrictions may seem severe, but many of them, especially
the number of bath sites and the temperature, have been relaxed in tests without problems for the
model, but hugely increased computational and memory demands. In order to validate the applicability
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of this model, these tests need to be systematically investigated.
The current neural network architectures employ automatic differentiation for the backpropagation
algorithm that updates the weights. These algorithms typically are not implemented for complex
numbers, and we therefore prepare the input data as follows:

x = [n,β,ReGν , ImGν
] (6.179)

6.7.4 Hyperparameters
We investigated a number of commonly used hyperparameters for different network setups. The follow-
ing gives a short introduction to their generally expected effect on networks and their specific impact
on our models.

Test and Validation Data, Epochs For supervised learning, the full dataset is split into three parts:
training, test, and validation sets. The training set is used to train the network. After all training
data has been seen, the performance of the model is tested on the validation set. Here, the optimizer
can use the loss on this unseen data to tune hyperparameters like the learning rate. One such cycle is
called an epoch. The test set is withheld from training and used to judge the final performance of the
model. It is important not to mix any information from the test set into the training process to detect
potential overfitting and measure the ability of the model to generalize to unseen data. One can also
decide to segment certain classes of inputs (for example, Green’s functions belonging to insulators) in
this set.

Optimizer The optimizer governs the minimization of the loss function. They find a (local) optimum
(or even just a saddle point), similar to the fitting procedures discussed in the previous sections for the
bath parameter fit in ED; however, in much higher-dimensional space. Because of the high-dimensional
space, many traditional optimization methods are ineffective. We employ a version of gradient descent
that uses an adaptive learning rate. In the first algorithm of this class we are using, AdaGrad [59], the
weights w(τ)i at epoch τ are updated using a learning rate η (an important hyperparameter for the
training) and a stability parameter δ [32, p. 7.3.3]:

r
(τ)
i = r

(τ−1)
i + (∂wiE(w))

2 (6.180)

w
(τ)
i = w

(τ−1)
i −

η
√

r
(τ)
i + δ

(∂wiE(w)) (6.181)

A further development was RMSProp (Root-Mean-Square propagation) [100] and Adam (adaptive mo-
ments) [130]. We tested Adam and a plain version of SGD (Stochastic Gradient Descent). Adam is known
to converge much faster but seems to prefer steep minima, sometimes leading to worse generalization
performance [299]. SGD, however, requires much more fine-tuning and practical experience with the
training of models. Since we did not manage to find hyperparameters for SGD rivaling the performance
of Adam, all training runs, except these tests, were performed with the latter.

Dropout Dropouts (statistically ignoring individual neurons) lead to fewer co-adaptations11 between
neighboring neurons, resulting in networks that generalize better and are, therefore, used to regularize
overfitting. Our experiments with dropout layers in hidden layers yielded smoother functions in predic-
tion. This was especially noticeable in the test runs for the denoising network. The range of dropout
percentages we found to work the best in our case was between 10% and 40%.
However, dropouts in the input layer result in substantially worse models (not even the general shape
of the self-energy is captured). These results, for now, do not fall in line with the common wisdom that
dropouts in the input layers of autoencoders lead to a denoising behavior. Consequently, dropouts will
have to be revisited in future extensions of this work. We would expect that the optimizer would push
the network in a direction where co-adaptations responsible for high-frequency behavior (manifesting
as noise in the self-energy) are eliminated.

Activation Function Not many tests have been done using this hyperparameter with different choices.
Initial scans over the typically used ones did not make any significant difference. We therefore stuck
with ReLU:

ReLU(x) =max(0, x) (6.182)

One has to keep in mind that this activation function is not self-normalizing, so normalization layers
should be tested, especially in deeper networks. It is known that increasingly deep neural networks run
into the problem that some weights grow disproportional to others, leading to diminishing returns when
more layers are added. This can be partially counteracted by normalization layers or self-normalizing
activation functions [137].
11Co-adaptations are highly correlated weights, i.e. there is less information stored in the set of co-adapted neurons

than in independent ones.
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Batch Size Grouping multiple instances of training data results in much faster training and can
smooth out the gradient while learning. However, with increasing batch size, the network parameters
are updated less frequently, and the training time typically increases. Especially for our training setup
with an AIM with only 2 bath sites, we are working with (relatively) small datasets and networks. We
did, however, perform several experiments with different batch sizes between 4 and 4028 and observed
that training performance improved when larger batch sizes were chosen for the initial epochs of the
training process, where smoother gradients are especially useful and then gradually reduced. The batch
size obviously depends on the dataset size and type of data. In our case, 32 to 128 seemed to give
the best results for Set1 results. Fewer instances result in extremely long training due to the under-
utilization of GPU and difficulty determining the learning rate of the optimizer gradient. The batch
size parameter needs to be adjusted for each new training set and GPU memory.

Normalization Normalization layers can improve performance by rescaling data between layers’ out-
puts along different ranks of the tensors: x̃ = x−µx

σx
. This form is only practicable for input data. Within

the network, the normalization is typically done over a batch or layer. Accordingly, these are called
BatchNorm, InstanceNorm or LayerNorm) [32, p. 7.4.1]. In our experiments, we found that for very few
layers (NL < 10), normalization does not make any difference. With more layers, the loss can diverge
without batch normalization layers. However, for the small models discussed here, we were able to
obtain results avoiding this additional dimension in the hyperparameter space.

Loss Function As a choice for the loss function, we investigated the commonly used mean squared
error MSE = 1

n ∑n (y − ŷ)
2 and a scaled version that attempts to bring the real and imaginary parts to

a similar scale:

sre =
max(yre)

max(yre) −min(yre)
(6.183)

sim =
max(yim)

max(yim) −min(yim)
(6.184)

scaledMSE(ŷ,y) =mean(sre(ŷre − yre)
2
) +mean(sim(ŷim − yim)

2
) (6.185)

The scaledMSE did improve the predictive power in some test cases but did not yield as consistently
good results as MSE. Especially for the autoencoder setups, the scaled loss did not perform well and
was therefore not used. However, one has to keep in mind that datasets over a wider range of physical
parameters (temperature β and interaction strength U) will lead to more variation in the input, and
the scaledMSE could be more stable in these cases.
We have been able to converge all networks presented here to a degree where further improvements in
the loss function seem unnecessary. However, for future extensions, one should also keep in mind that
the lowest frequencies of the self-energy are the most important ones for the determination of physical
properties on the real axis. One should, therefore, keep the distance functions discussed in Sec. 6.6.2
as an option for the loss function in mind.

6.7.5 Training Data and Setup
The following datasets have been used in training. For all training, a 80/20 split between the training
and validation set has been performed. The order of the training set was randomized before storage,
but not the split, in order to prevent leakage of information with repeated training. A further dataset
(Set0) has been generated exclusively for testing, with little to no overlap with the other datasets.

Set1: Set 1 is a 2 bath site Anderson model, i.e., the Weiss Green’s function is defined as:

G
ν
0 = (ν + µ −∑

l

V 2
l

ν − εl
)

−1

(6.186)

With the following parameter range: U : fixed at 1.0; β: fixed at 30; µ: 20 samples, linearly spaced
between −U and 2U , Vl: 30 samples, linearly spaced between 0 and 1; εl: 30 samples, linearly spaced
between −2U and 2U . Samples with an electron density smaller than 0.1 or larger than 1.9 have
been removed from the dataset. This leads to 2.7 million data points for 2 bath sites. This set has
been generated for 3 and 4 bath sites, with the latter having fewer sampling points for the Anderson
parameters.

Set2: After the initial training on 2 bath sites, an extension to 3 is the next step in order to verify
that the model extends to more realistic physics. While the test with predictions of models exclusively
trained on 2 for 3 and 4 bath sites test data (Fig. 6.18a and Fig. 6.18b) already indicates that the sparse
encoding remains in good agreement, we also prepared a dataset with 210 million data points. Here,
35 samples for each bath level εl and hopping Vl and 20 samples for µ were taken for 3 bath levels.
Again, the density was pruned to n ∈ [0.1,0.9] (by removing all samples that have fillings outside this
range after the dataset has been generated).
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Set3: This dataset was generated for testing and has not yet been used in training. It consists of

approximately NS ≈ 10.000.000 sample points (∼ 30GB) in the range of Set1 with s = ⌊N
1

2NB+1
S ⌋ samples

for each bath level εl, hopping Vl and µ. All sample points are smeared out by a Gaussian distribution
with xi = xi +N(xi, σ

2
p), where we chose σp to be the mean distance between samples of the non-noisy

parameter (εl, Vl, µ). Extreme densities are pruned, as before. This dataset has a significantly improved
coverage of the space of possible Green’s functions for this model. However, due to its significantly
larger size and lack of reproducibility, we did not use this dataset in training.

6.7.6 Outline of Models
In order to facilitate more consistent learning of the properties of the LWf, the overall architecture of
this project is as follows: Two autoencoders are trained. One for the Green’s function and one for the
self-energy. These pre-trained networks are then used in conjunction with a third network, connecting
the latent spaces of both, an illustration is given in Fig. 6.21. This setup is meant to ensure that
the mapping between Green’s function and self-energy is learned just from the relevant data, possibly
using different network architectures. This approach is compared to a baseline mapping achieved
by a dense feedforward network directly mapping the Green’s function to the self-energy. We will,
therefore, now discuss three different architectures: (i) autoencoders and their capabilities to encode
Green’s functions and self-energies; (ii) fully connected networks mapping Green’s functions to self-
energies; (iii) a combined architecture that maps Green’s functions to self-energies using a compressed
representation.

6.7.7 Autoencoders
The autoencoders we investigated consist of 1 to 30 layers with dimensions linearly interpolated between
the input dimension of 200 and the latent dimension of 4 to 50. This means, according to Eq. (6.179),
that we took the first 100 positive values of the Green’s function (the electron density is not given to
the autoencoder network). After initial tests, we found diminishing returns for more than 3 layers,
independent of the latent dimension, and will therefore only show results for 3 or less.

Training Setup

For the training of the AE, we used Adam as the optimizer algorithm with a dynamically determined
learning rate. The maximum number of epochs was 250. For this small network with less than 100k
free parameters and, accordingly, small training sets, the batch size had the largest impact on the
training speed of the model. Furthermore, the probability of convergence to a better optimum seems
greatly enhanced when starting with a very large batch size and gradually decreasing it. This could
also be achieved with careful tuning of the learning rate (including a scheduler).

Latent Dimension Scaling

Fig. 6.17a shows the validation loss as a function of the latent dimension for shallow autoencoders. We
observe an exponential decrease in the validation loss as a function of the latent dimension up until 10
to 16, depending on the number of layers. After that point, an improvement in accuracy is negligible on
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(a) Validation loss as a function of latent dimension
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codes the real and imaginary part of the Green’s
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(b) Validation loss of autoencoder for the Green’s
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a function of the latent dimension. Dataset 1 was
used 6.7.5.

Figure 6.17: Scaling of autoencoder for batch-size and latent dimensions.

the scale of the variance. This means 10 to 14 real values are enough to reconstruct a complex-valued
Green’s function over 100 data points up to machine precision. Note that the single-layer autoencoder
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without activation function is just a linear transformation Ax+b with a closed-form solution [240]. This
falls in line with the concept of sparse modeling via a singular value decomposition [186, 283].
We observe in Fig. 6.17a that the 3 layer network seems to be outperformed by the 1 and 2 layer ones.
This, however, is the case due to a more stable convergence with a wider range of hyperparameters
in smaller networks. Hyperparameter tuning and tests on the larger input set Sec. 6.7.5 indicated
that the larger networks indeed outperform the smaller ones when trained more carefully. Since we
already achieved a reconstruction error close to machine precision, the final hyperparameter search to
attain optimal performance has been postponed until the full setup, specifically the prediction of the
latent representation of the self-energy from one of Green’s functions, is completed. Furthermore, large
datasets require an increase in model size as well in order to prevent overfitting. The larger dataset
was, therefore, also not suitable for most initial model exploration tests.
Fig. 6.17b demonstrates convergence to a slightly better minimum by choosing a smaller batch size.
This serves as an example of how hyperparameters can influence the performance of the model. Note
that the relationship between hyperparameters, such as the batch size and network performance, is
seldom linear and can change during training. For example, choosing a small batch size at the start
of the training will typically lead to inferior performance. In the end, using gradient accumulation of
512 to 1 times the batch size, decreasing over the first 80 epochs, turned out to be the most stable
approach. We investigated the previously mentioned hyperparameters in a wide range but found that
dropouts and normalization layers degraded the reconstruction error.

Scaling in Bath Sites

Fig. 6.18a shows the reconstruction loss of various AEs when applied to Green’s functions generated
from 3 bath sites after being trained exclusively on 2 bath site Green’s functions. We observe some
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(a) Loss of AE for Green’s functions generated
from 3 bath sites. The model has been trained
exclusively on 2 bath sites.
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(b) Loss of AE for Green’s functions generated
from 4 bath sites. The model has been trained
exclusively on 2 bath sites.

Figure 6.18: Test loss on input with different number of bath sites, than seen during training.

decrease in performance, but the loss changes by less than an order of magnitude. This indicates clearly
that generalization in the number of parameters is possible even without giving examples of different
bath site data points.

Green’s Function Compression and Denoising

As a side effect of this approach, we obtain a network that is able to compress one-particle Green’s
functions, even outperforming others, at the moment, more general setups using basis functions [231,
283, 175]. It is known that shallow, linear (without activation functions) autoencoders are equivalent to
principal component analysis (PCA) [193], i.e. yield the same results as singular value decompositions
(SVD) [240]. For this reason, we expect similar results for our autoencoder setup in this edge case, as
previously obtained from SVDs [283].
Even without convolutional layers and training on noisy data, the autoencoder architecture turns out
to be very capable of predicting denoised Green’s functions. This was achieved without the use of
dropout layers, indicating that the sparse representation is sufficient when the network is trained on
data without noise. Fig. 6.19 shows the prediction of a 2 layer AE that has been trained on noise-free
data (set 1 6.7.5). The orange lines show the imaginary (left panels) and real (right panels) parts of
the Green’s function data points as calculated with ED. The green lines show the same data but with
added Gaussian noise (σ = 0.01). Blue and red lines show the compressed and then decompressed data
for the non-noisy and noisy data, respectively. We observe a negligible decrease in the validation loss
from non-noisy to noisy data of less than a factor of 5.

6.7.8 Fully Connected Network
We now switch the discussion from just encoding of either the Green’s function or self-energy to a
prediction of Σν from Gν . We will first investigate a simple, fully connected network and then discuss
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Figure 6.19: Predictions of 2 Layer AE with a latent dimension of 4 with added Gaussian noise (σ =
0.01). The input data is shown in yellow, and the data with added noise is in green. The
predictions of the autoencoder from the data without (with) noise are shown in blue (red).
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Figure 6.20: Loss of fully connected network, trained on 2 bath sites (Set1), loss computed on tests
sets generated from 2, 3 and 4 bath sites for Set3.

a more sophisticated setup.
Tests for a fully connected network with 202 inputs, according to Eq. (6.179) with Gν0 to Gν99 , Nd
dense hidden layers with width Wd,i ≡ 200, 1 output layer of width 200 (real part Σν , imaginary
part Σν). The number of dense layers is a hyperparameter that we tuned by training networks with
Nd ∈ {1, ...,16}. Fig. 6.20 shows the loss as a function of the number of layers (number of trainable
parameters). The blue line shows the loss on the training set Set1. The other three lines show the
loss on Set3 generated for 2, 3, and 4 bath sites. It appears that the model performs better on 3 and
4 bath sites than on the original set. As of now, it is unclear why the datasets with more bath sites
perform better. One potential explanation is that a substantial percentage of the Green’s function/self-
energy pairs generated by very few bath sites are not representative of the vast majority of these data
points for more bath sites. This would mean that data points for a larger number of bath sites have
a higher probability of being “easy” to predict. An example of a rare data point is the particle-hole
symmetric case, for which the bath levels are paired up with opposite signs and equal hoppings. A
further investigation with even more bath sites would be beneficial to substantiate this point. However,
generating a sufficiently large dataset that is consistent with the definition of Set3 becomes impossible
because of the low number of samples for each bath site, while other methods risk sampling an effective
dimensional space by keeping one bath site fixed.
The performance of this model, again, indicates an exponential decrease in loss with an increase in
layers and a saturation at around 4 layers (163618 parameters), which could also be attributed to the
rather small training dataset Set1 and lack of normalization or dropout layers for this reference model.
Further improvements can certainly be made to this approach in the future.
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Figure 6.21: Illustration of the latent mapping. Two autoencoders are pre-trained to encode a sparse
representation of Gν and Σν . Then a network is trained that maps the latent space
representation of Gν to that of Σν .

6.7.9 Latent Space Mapping

For this architecture (below referred to as AE_FC), we combine the pre-trained autoencoders with (for
this first attempt) a fully connected network in latent space; the network setup is illustrated in Fig. 6.21.
Here, the encoder part of the pre-trained Green’s function autoencoder network and the decoder part
of the self-energy autoencoder are connected by a fully connected network. The combined network is
then given the same training data as the fully connected network. Note that in this setup, we are very
unlikely to exceed the loss of the autoencoder that is responsible for the latent space representation.
To allow the network to find a better encoding for the transfer part, we investigated a setup with
and without freezing the parameters of the autoencoders. Frozen parameters are not allowed to change
during the training process, so in this case, the previously learned latent space representation of Green’s
function and self-energy is enforced.
After identifying 14 AE latent dimensions as sufficient for the sparse representation of Green’s function
and self-energy, we keep the latent dimension fixed at that value. However, the dimension of the
fully connected network may be larger. This means the restriction layer of width 14 still exists, but
the network may use wider layers after that, before again restricting to 14 layers before the self-energy
decoder part. Fig. 6.22b shows the logarithm of the MSE on Set0 for different numbers of fully connected
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layers and dimensions of these layers. Fig. 6.22a shows the number of parameters for the corresponding
models, and Fig. 6.22c shows the log loss divided by the logarithm of the number of parameters. It is
worth noting that the hyperparameter search for this model has not been completed as of the writing of
this thesis. Therefore, models with a large number of parameters, especially, have a significant error bar
attached to their performance (test loss). It can be expected that this performance could be significantly
improved by carefully fine-tuning the parameters of the optimizer. The same is true for the bath site
scaling as in the fully connected case, even though the encoding is worse, according to the AE section
above. However, we observe a clear trend that the test loss does not seem to improve significantly
after a network size of 1000 parameters is reached. In terms of modern neural network architectures,
this is incredibly small and indicates that the inclusion of more bath sites would certainly be possible.
Fig. 6.24 and Fig. 6.25 show examples for predictions of the FC and AE_FC network, respectively. The
left panels are for 2, and the right panels are for 3 bath sites; the networks have been trained on 2 bath
sites. These are not the best-converged networks but just general examples of an average network of
this type.
In Fig. 6.23 we also show the log(MSE) for predictions of the networks from Fig. 6.22 with test data
from Set 3 for 2, 3 and 4 bath sites. As before, the network has been trained on Set 1 with 2 bath
sites. We, again, observe better performance for an increase in the number of bath sites, but the
performance is below that of the validation loss by about 0.5 to 2 orders of magnitude.
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Figure 6.23: Comparison of test loss for a network trained on two bath sites with Dataset 1 and tested
on data from Set 3 for 2, 3 and 4 bath sites.

6.7.10 Open Questions
The generalization of these models must be explored in more detail. Here, it would be desirable to find
more parameters that divide the input space in a meaningful way. Examples would be insulating or
metallic behavior or Green’s function within or outside the Kondo regime.
The convergence of the models has not yet been explored in detail. From observing the convergence
of loss rates over many experiments, it seems that a systematic exploration of the hyperparameter
space, specifically employing different learning rate schedulers, optimizers, and training set sizes (for
example, more noisy sampling), could improve the performance of larger models by at least one order
of magnitude.
Scaling of performance in both bath sites and temperature would add more information to learn for the
networks, specifically by learning different representations because the temperature induces a changed
spacing of the samples on the Matsubara axis.
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6.7.11 Appendix
Here we demonstrate selected predictions from the FC and AE_FC networks.
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(a) Prediction on 2 bath site Green’s functions.
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(b) Prediction on 4 bath site Green’s functions.

Figure 6.24: Predictions by the FC model with 9 fully connected layers of width 80, trained on 2 bath
sites. Examples have been selected from the set with a loss below the average.
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Figure 6.25: Example predictions of the AE_FC model trained on 2 bath sites, predictions by the AE_FC
model with 9 fully connected layers of width 80. Examples have been selected from the
set with a loss below the average.
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6.8 List of Codes

In the following, I will give a short introduction to the codes developed during this thesis. Most of
them come with their own documentation and examples in the form of scripts and Jupyter notebooks.
However, extensions or improvements of the lDΓA method will necessarily solve similar problems
and hopefully benefit from some of this work. For this reason, the following sections contain a brief
introduction to the core ideas and algorithms needed for each of the sub-problems.

6.8.1 Sum Extrapolations
The improved summation code was written for the first (failed) attempt to obtain better numerical re-
sults for Matsubara summations before the method discussed in Sec. 6.3 was developed [248]. However,
the very general setup makes this technique an interesting black-box approach for many applications.
The code has been published as an official Julia package and is capable of calculating improved sums
through the Richardson method using two different algorithms. Some capability for the Shanks method
is also implemented. Since this method was not successful in obtaining an improved Matsubara sum,
it has not been further developed beyond these initial tests.

6.8.2 Symmetry Classes
Two-particle Green’s functions have many symmetry relations as derived and further discussed in detail
in [205]. These are not necessarily direct symmetries but also relationships of the form f(x) = −f(x+p).
Another example of symmetries is the k grids required for the calculation of non-local quantities.
The code developed [245] for this is very general with the core idea explained above in Sec. 6.4. For the
two use cases above, scripts are given that compute (i) lists of frequencies that the ED solver for the
two-particle Green’s function can read (see also Sec. 6.6.1) (ii) functions that facilitate the generation
of reduced k-grids. Specifically, the second capability is crucial for the tight binding module (see
Sec. 6.8.4), which is responsible for the reduction and expansion of all k/q indexed quantities in the
lDΓA code Sec. 6.8.5. Without this reduction (the expansion is required for FFT base convolutions, see
Sec. 6.4.2), the lDΓA method would be at least one order of magnitude slower. The mappings between
reduced and expanded lattice are computed from the list of well-known lattice symmetries and returned
by the corresponding function. All further capabilities are delegated to higher-order libraries.
The algorithm for the computation of these mappings is not well optimized for very large sample spaces,
as also mentioned in Sec. 6.4. Specifically, the script for the frequency representation circumvents this
issue by mapping symmetries and their operations to representation with as few bits as possible. Since
the construction of a mapping to a reduced representation is very general, there are approaches discussed
in the literature, and future development of this code or replacement by a different one should take
more optimized algorithms into account.

6.8.3 Exact Diagonalization
The jED.jl [121] code is one of the core algorithms developed for this thesis. While there are many
well-developed ED and CTQMC codes available, having very tight control over this simple algorithm12

proved necessary to construct usable input for the lDΓA method. The code has, therefore, also been
written with a priority on readability, which should allow students to extend it where needed. Further-
more, the very specialized nature of this implementation allowed for very rapid computation of Green’s
functions, employed in the machine learning project Sec. 6.7
There is a large number of examples available that may be instructive for students learning DMFT and
investigating different numerical obstacles DMFT faces.
This code relies on the tight-binding module from Sec. 6.8.4 for the construction of the local Green’s
function.

6.8.4 TightBinding
This module [252] serves as a library for all codes using any type of k grid. It can generate tight-binding
dispersions and export a struct from a string definition of the lattice. This struct can then be passed
to any exported function that operates on arbitrary data sampled over this lattice. Specifically, the
k-space integration, reduction, and expansion from and to reduced representation, convolutions, and
autocorrelations (see Sec. 6.4.2) can be done over arbitrary data, supplying this struct in addition to
the data itself. There are internal caches to avoid repeated memory allocations for convolutions that
require mapping from reduced samplings to full ones and back.

6.8.5 LadderDGA
LadderDGA.jl implements all functionality assiciated to the lDΓA and related methods [254]. Besides
lDΓA , the code also provides helpers for the asymptotic lDΓA method discussed in Sec. 5.5, and λ-RPA
12One just needs to construct a basis in Fockspace, diagonalized the Hamiltonian in this basis and can obtain the

Green’s functions from the Lehmann representation.
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from Sec. 5.2.5 13. The original version of this code was very close to a previous implementation by
Georg Rohringer [206] but has evolved a lot throughout this thesis. Nevertheless, the core structure
remains compatible, and there are dedicated I/O functions to move data between both programs.
This code aims to provide a set of functions and data types that are often needed for lDΓA and then
typically used in script-like Julia codes to obtain specific results. There exist examples, scripts, and
notebook directories with a large number of use cases for which the code has been employed. Some of
them are outdated by now due to changes in the API but should nonetheless be easily adaptable.
A typical lDΓA calculation consists of the calculation of the bare susceptibility χν,ω

0,q , the non-local
physical susceptibilities χω

r,q and the triangular vertices γνω
r,q. The code provides functions that cal-

culate these quantities (see example00.jl). From that point on, the program flow depends on the
project, and the code does not attempt to impose a predetermined flow. There are numerous functions
available to handle typical operations such as calculating λ values, k/q integrations, frequency sum-
mations, calculating the non-local self-energy, calculating the non-local Green’s function and fitting a
chemical potential, calculating the potential and kinetic energy, calculating the leading eigenvalue for
the linearized Eliashberg equation (on a sub-sampled lattice).
The code has been written with readability and extensibility in mind, forgoing many performance
considerations, including parallelization14. As such, the code is meant as a baseline for others to un-
derstand the method, test extensions, or be used as a reference for more performant implementations.
This code also provides a helper struct (of type RunHelper, sub-typed for either regular lDΓA , asymp-
totic DΓA or λ-RPA calculations) that provides a context for functions of this package (i.e. all auxiliary
variables for a run).

LambdaCorrections

This is a submodule of the LadderDGA.jl code, responsible for the calculation of the λ correction
values [254]. It exports the main variants of corrections presented in this thesis as functions. These
are both types of lDΓAm , lDΓAdm , lDΓAdm,sc , and lDΓAm,sc , see also Sec. 5.4. All calculations
are returned in the form of a struct that contains additional information, such as validation for
consistencies and the λ-corrected non-local self-energy (specifically important for the partially self-
consistent method).
The different custom Newton methods and wrappers for the bracketing methods (which were discussed
earlier in this chapter) are also implemented here.

6.8.6 BSE Asympt
This library [244] is responsible for the improved Matsubara sum from Sec. 6.3. While it can be used
separately, for example, in order to construct a self-consistently improved full vertex [256], it is mainly
used as a library for the LadderDGA.jl code Sec. 6.8.5. In order to facilitate fast summations, one
first obtains a helper struct by supplying the asymptotic values that are required for the improved
summations Sec. 6.3. This struct also contains caches and auxiliary information required by functions
that implement these summations. One can also specify some approximations; for example, one can
choose to disregard the diagonal part of the asymptotic expansion of the λ0,↑↓ because it rarely has any
influence but is responsible for more than 90% of the computation time.

6.8.7 Vertex Postprocessing
The calculation of lDΓA input data from the local two-particle Green’s function requires inversion of
the local BSE and some other linear algebra operations. While rather simple, these routines are also
very general and have therefore been exported to a standalone code [249]. Noteworthy is the capability
of dealing with shifted grids (i.e. Matsubara grids centered around −ωm/2), expanding vertices from the
reduced representation (through the use of Sec. 6.8.2) and the combination of two vertices (useful for
high precision calculations in the core region and lower precision outside of it). This code also calculates
the particle-particle vertex from the particle-hole notation, in case that vertex is not provided, using
the frequency mapping from Sec. 2.7.1.

6.8.8 PythonWrapper
The lDΓA method relies on a number of other codes (as also demonstrated by this list) in order to work
properly. This glue-code [251] is responsible for managing these multi-stage calculations of

(0) Setup of dependency queue; preallocation of space; editing, copying and compiling of all codes;
writing of input files and startup scripts

(i) The core DMFT loop in either ED or CTQMC.

(ii) Fitting of bath parameters and consistency checks, early stopping if necessary.
13The λ-RPA portion has entirely been developed by Frederik Weißler[288].
14There are some less maintained parallel versions of performance-critical functions, such as the inversion of the BSE

available.
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(iiia) Calculation of physical susceptibility and triangular vertex from the bath parameters (ED).

(iiib) Calculation of the two-particle Green’s function

(iv) Vertex post processing Sec. 6.8.7, including preparation of particle-particle vertex

(v) lDΓA calculations

(vi) Data post processing and cleanup

This code manages these steps: can submit jobs, check for failed jobs, and restart them if necessary,
saving many potentially bug-introducing manual steps. While probably the most useful piece of code
for this thesis, it may also be the only one without any relevance for future work on this method.

6.8.9 Machine Learning Code
This PyTorch based neural network [250] has been used for the attempt to learn details about the LWf
from the Green’s function self-energy pairs generated from the AIM.
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7 Ladder DΓA Results for the Hubbard Model

The following two sections present results of the lDΓA with two-particle consistent im-
provements for the repulsive Hubbard model in three and two spatial dimensions. The
first section is a verbatim copy of previously published results [253], while the latter is
still in preparation as of the writing of this thesis.
Here we want to demonstrate the improved predictive power of the lDΓA method under
restoration of an effective two-particle consistency.
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7.1 Results on the Hubbard Model in three dimensions

7.1.1 Introduction

The description and understanding of interacting many-particle systems represents one of the fundamental
challenges in contemporary physics. It arises in various research areas which include nuclear and atomic
physics [98], solid state theory [96] or soft matter systems [67]. In the latter two cases we are typically
concerned with a very large (Avogadro) number of interacting particles which facilitates a statistical treat-
ment of the problem. Of particular interest are the one- and two-particle correlation functions of the system
such as the (position dependent) pair correlation function in classical statistical mechanics or the position
and time dependent one- and two-particle Green’s functions in many-body quantum systems which de-
scribe one- and two-particle excitations. Apart from being interesting on their own, they provide access to
thermodynamic observable such as pressure, entropy or free as well as kinetic and potential energies. The
calculation of these correlation functions is, however, difficult in the presence of interactions between the
particles. For weakly interacting systems, an effective independent particle description is possible which is
exploited in static mean field [211] or density functional theories [44, 120] where the interaction between
the particles is replaced by a selfconsistent field. At stronger coupling this procedure yields increasingly
unreliable results since the interaction between the particles must be taken into account explicitly. As there
is no exact solution to this problem for more than two particles one has to consider approximations. For
classical systems, the Ornstein-Zernicke equation [185] together with specific closure relations [117] can be
exploited while quantum mechanical Green’s functions can be calculated by Feynman diagrammatic per-
turbation theory [1]. Unfortunately, the correlation functions obtained in this way lead to thermodynamic
inconsistencies. In classical systems thermodynamic observables such as pressure or free energy can be
obtained from the pair correlation functions in different ways. For the exact solution all results of course
coincide, however, an approximate pair correlation function typically provides different results depending on
the route which is exploited for the determination of thermodynamic variables [268]. Such thermodynamic
inconsistencies can be also observed in the quantum case where potential and kinetic energies differ [271,
147] when they are calculated from one- and two-particle Green’s functions respectively. It is obvious that
these discrepancies limit the predictive power of theoretical calculations.

A good example for such thermodynamics inconsistencies is the dynamical mean field theory (DMFT) [172,
80]. For a (finite dimensional) lattice model with purely local interactions between electrons at the same
lattice site, such as the Hubbard Hamiltonian, DMFT approximates the irreducible part of the one- and
two-particle Green’s function (i.e. the electronic self-energy Σ and the vertex Γr irreducible in the scattering
channel r) by summing up all purely local Feynman diagrams for these correlation functions. In this way all
purely local correlation effects in the system are captured exactly while nonlocal correlations are described
on a mean field level. Since DMFT is a conserving theory it satisfies all conservation laws of the system
(except for momentum conservation [99]) which guarantees consistent results for the kinetic energy at the
one- and the two-particle level. However, the potential energy obtained via the one-particle self-energy Σ
differs from the one calculated by the two-particle vertex Γr.

A similar situation is often observed for the diagrammatic extensions of DMFT [204, 264, 209, 210,
205, 261, 20, 18, 19] that include non-local correlations beyond the local ones of DMFT by a Feynman
diagrammatic expansion around the DMFT starting point. Which of the sum rules and conservation laws
are violated in this case depends of course on the actual choice of Feynman diagrams. For example, the
dynamical vertex approximation (DΓA) [264, 269, 63, 146, 144, 16] and the QUADRILEX [18] approach
are based on the parquet formalism [58, 28, 294, 259, 17] using the fully irreducible vertex of DMFT [203,
263]. The parquet equations lead to a fulfillment of the Pauli principle and all sum rules depending on
the EoM, specifically guaranteeing consistency of the potential energy between one- and two-particle levels.
However, for all approximate choices of the fully irreducible vertex, it has been demonstrated [234, 42] that
the parquet formalism violates conservation laws and the related f-sum rule. This implies different results
for the kinetic energy when obtained from one- and two-particle correlation functions.

Another limitation of the parquet formalism is its very high numerical complexity even for single-orbital
models, making its extension to realistic multi-orbital systems unrealistic in the foreseeable future. Hence,
other routes have been pursued to achieve consistent results for the potential energies. Within the dual
boson (DB) method [242, 192] a purely local reference system (analogous to DMFT) with an effective
frequency-dependent interaction is introduced. The latter is determined by the condition that the local
parts of the lattice charge and spin susceptibilities are equal to the corresponding ones of the local reference
system. While this approach certainly improves the consistency between the one- and the two-particle
level, it has recently been shown that an additional term in the calculation of the potential energy from
one-particle correlation function emerges due to the frequency dependence of the interaction [147], which
again destroys the consistency. Moreover, the DB approach requires the repeated solution of an effective
Anderson impurity model (AIM) with a frequency-dependent interaction making it numerically challenging.

In this work, we will consider the consistency of the potential energy within another diagrammatic extension
of DMFT, the ladder version of the dynamical vertex approximation [125, 203, 216, 217, 218]. Within this
approach, the sum rule for the up-up susceptibility (which corresponds to the Pauli principle) has been
already restored by means of a so-called λ-correction parameter in the spin channel. More specifically, the
correlation length of the DΓA spin susceptibility is renormalized with a constant parameter λm determined by
the above-mentioned sum rule. Here we will extend this idea [202] by also correcting the charge susceptibility
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by a second parameter λd. Both parameters are then simultaneously fixed by the sum rule for the up-up
susceptibility and the requirement that the potential energies at the one- and the two-particle level should be
equivalent. This idea shares some similarities with the two-particle self-consistent approach (TPSC) [278,
277] where the fulfillment of two-particle consistency is achieved by considering (different) effective Hubbard
interaction parameters in the charge and spin channel. However, the latter approach is restricted to the weak
coupling regime, while the DMFT input in our improved version of ladder DΓA makes the method applicable
to the entire range of the coupling parameter. With this method, we achieve an improved description of the
phase diagram in the weak-to-intermediate coupling regime and consistent results for the potential energy
in the entire parameter space. Finally, we also restore the correct hierarchy of the kinetic energy between
DΓA and DMFT in the weak-to-intermediate coupling regime.

The paper is organized as follows: In Sec. 7.1.2 we discuss the general formalism of the ladder DΓA
approach and introduce our new method. In Sec. 7.1.3 we present our results for the three-dimensional half-
filled Hubbard model on a simple cubic lattice and discuss the impact of the extended λ correction scheme
on charge and spin susceptibilities, phase diagram, electronic self-energies as well as on the potential and
kinetic energies. In Sec. 7.1.4 we conclude our work.

7.1.2 Method

In this study we will consider the single band Hubbard model,

Ĥ = −t ∑
⟨ij⟩σ

ĉ†
iσ ĉjσ +U∑

i

n̂i↑n̂i↓ (7.1)

with hopping amplitude t between nearest neighbors and effective Hubbard interaction U between particles
at the same lattice site. We will restrict ourselves to the half filled (n = 1) 3 dimensional simple cubic lattice
with nearest neighbor hopping. The energy scale will be fixed to D = 2

√
6t which corresponds to twice the

standard deviation of the noninteracting density of states. Furthermore, we will use ν = (2n+1)π
β

to indicate
fermionic and ω = 2mπ

β
for bosonic Matsubara frequencies. β = 1/T denotes the inverse temperature of the

system. Lastly, the factor of 1
β

for Matsubara sums is omitted, i.e. ∑ν ∶=
1
β ∑

∞
n=−∞ and integrals over the

momentum vectors k or q over the Brillouin zone (BZ) are written as sums ∑k ∶=
1

VBZ ∫BZ dk.

ladder DΓA formalism

The method employed in this work is based on DΓA [264] in its ladder approximation [125, 202]. DΓA is a
natural generalization of DMFT in the following sense: DMFT assumes the one-particle irreducible vertex
(1PI), the electronic self-energy Σν , to be purely local, i.e. k independent. DΓA raises this concept to the
two-particle level and assumes the 2PI vertex Λνν′ω

σσ′ to be local. This is a controlled approximation in the
sense that the theory becomes exact in the limit of n→∞ for local nPI vertices. Λνν′ω

σσ′ introduces nonlocal
correlation effects on top of the local ones of DMFT via a momentum dependent self-energy Σν

k which is
obtained from the equation of motion

Σν
k =

Un

2
−U∑

ν′ωk′q
F νν′ω
↑↓,kk′qG

ν′

k′G
ν′+ω
k′+qG

ν+ω
k+q (7.2)

The full vertex F νν′ω
↑↓,kk′q is calculated from Λνν′ω

σσ′ through the Bethe-Salpeter and parquet equations [58,
259]. The former connect Λνν′ω

σσ′ with F νν′ω
↑↓,kk′q in three different ways, corresponding to fluctuations in the

charge, spin and particle-particle channels. The latter takes into account the mutual renormalization effects
between these three different channels. However, this approach is not only numerically very expensive but
the inherent self consistency loops are also not guaranteed to converge due to intrinsic singularities [215]
in Λνν′ω

σσ′ . The ladder approximation therefore omits the self consistency and calculates the full vertex
only once via a one-shot Bethe-Salpeter equation in the relevant scattering channels. For the repulsive
particle-hole symmetric Hubbard model these are the charge (density, r = d) and the spin (magnetic, r = m)
channel while particle-particle fluctuation are typically strongly suppressed and sufficiently well captured by
DMFT. Moreover, also the Green’s functions appearing in Eq. (7.2) remain on the DMFT level, contrary to
self consistent methods like parquet. Unfortunately, the ladder approximation violates the two-particle self-
consistency. This leads to (i) a spurious 1/iν asymptotic behavior of the self-energy [202] and (ii) ambiguous
results for the potential energy. To overcome these problems it is necessary to rewrite Eq. (7.2) in terms of
physical susceptibilities. To this end we introduce the bare, generalized and physical susceptibilities as well
as the triangular vertex which are defined as follows (the upper sign corresponds to the spin, the lower to
the charge channel):

χνν′ω
0,q = −βδνν′∑

k
Gν

kG
ν+ω
k+q (7.3)

χνν′ω
r,q = χνν′ω

0,q − χνν′ω
0,q ∑

ν1

Γνν1ω
r χν1ν′ω

r,q (7.4)

χω
r,q = ∑

νν′
χνν′ω

r,q (7.5)
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γνω
r,q = ∑

ν′
(χνν′ω

0,q (1 ±Uχω
r,q))

−1
χνν′ω

r,q . (7.6)

Gν
k = [iν +µ− εk −Σν

]
−1 is the DMFT lattice Green’s function and Σν the local DMFT self-energy. Γνν′ω

r

denotes the local vertex which is irreducible in channel r. These quantities allow us to reformulate the
equation of motion: [203, 125, 202]

Σν
k =

Un

2
−U ∑

ν′ωq
[1 + 1

2
γνω

d,q(1 −Uχω
d,q)−

3
2
γνω

m,q(1 +Uχω
m,q) − χ

ν′ω
0,qF

νν′ω
m ]Gν+ω

k+q, (7.7)

where F νν′ω
m is the local full vertex of DMFT.

With these definition we can formulate above problems (i), which corresponds to a violation of the
consistency relation for the ↑↑ (i.e., the sum of charge and spin) susceptibility (equivalent to the Pauli
principle), and (ii) the ambiguity in the potential energy, as

1
2∑ωq

(χλd,ω
d,q + χλm,ω

m,q )
!
=
n

2
(1 − n

2
) (7.8a)

U

2 ∑ωq
(χλd,ω

d,q − χλm,ω
m,q ) +U

n2

4
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k Σλ,ν
k
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E
(1)
pot

, (7.8b)

where we introduced the free parameters λd and λm to fulfill these consistency relations. The λ’s enter
into the formalism via a renormalization of the physical susceptibilities in the spirit of the Moriya theory of
itinerant magnetism [176] as follows[202]

χλr
r = (

1
χr
+ λr)

−1
(7.9a)

A previous version of ladder DΓA[125] has already exploited a simpler version of this idea where the sum
rule in Eq. (7.8a) has been enforced by considering a λ correction only in the spin channel (i.e. λd = 0). In our
new approach we achieve a higher degree of consistency by overcoming the ambiguity in the determination
of the potential energy with a corresponding renormalization in the charge channel.

(a) λm as function of λd for three different values
of U at β = 10 and β = 14. The divergence of
λm(λd) indicates the largest pole of χ

λd,ω
d,q as a

function of λd [see Eq. (7.9a)] after which this
susceptibility would become negative making all
solutions with smaller λd unphysical.

(b) Difference between the potential energies ob-
tained from one- and two-particle correlation
functions as on the right and left hand sides of
Eq. (7.8b) respectively as a function of λd where
λm is obtained (for a given λd) from Eq. (7.8a).
Results at three different values of U at β = 10
and β = 14 are shown, corresponding to weak, in-
termediate and strong coupling. The crossing of
the lines with the x-axis indicates a solution for
the set of consistency Eqs. (7.8).

Figure 7.1: Conditions for λ corrections.

7.1.3 Results

In the following we present results for the charge (density) and spin (magnetic) susceptibilities and the
related magnetic phase diagram, the self-energies as well as the potential and kinetic energies, which are
obtained by our method. We focus particularly on the mutual renormalization effects between charge and
spin fluctuations which are introduced by the consistency relations in Eqs. (7.8). Moreover, we compare our
findings with previous ladder DΓA calculations [125, 203, 202, 217], where only the spin channel has been
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7.1 Results on the Hubbard Model in three dimensions

renormalized, as well as to other diagrammatic and numerical techniques.
In order to more concisely distinguish the different methods, we use the following notation: The previous

version of DΓA will be denoted with lDΓAm . The index “m” indicates that only the magnetic susceptibility
is renormalized by a parameter λm ≠ 0 while λd = 0. lDΓAdm refers to our new approach where both the
charge and spin susceptibility are corrected by renormalization constants λd, λm ≠ 0.

The local DMFT self-energy Σν and vertex functions Γνν′ω
r have been obtained from an exact diagonal-

ization (ED) impurity solver using four bath sites. While the applicability of ED is certainly limited by the
necessity of fitting the hybridization function to a finite bath, it does not suffer from any statistical noise
which typically arises in quantum Monte Carlo calculations. The latter particularly affects the two-particle
vertex Γνν′ω

r which is obtained from a matrix inversion in the space of the fermionic Matsubara frequencies
ν and ν′. For the development of the new method we deemed statistical fluctuations of the input data as
problematic, since the effect of specific features in the approach and the statistical error on the results can-
not easily be disentangled. Such problems are indeed absent in ED which is in any case expected to provide
reliable results at the rather high temperatures above the TN of DΓA. We have nevertheless checked our
numerical findings for a broad range of points in the U vs. T phase diagram with continuous time quantum
Monte Carlo (CTQMC) calculations in the hybridization expansion implementation using the w2dynamics
package [284].

Physical interpretation and determination of λd and λm

Considering an Ornstein-Zernike form for the physical charge and spin susceptibilities

χω
r,q ∼

1
q2 − ξ−2

r
, (7.10)

it is obvious that the λ-corrections introduced in Eqs. (7.9) corresponds to a renormalization of the correlation
length (ξr)

−2
→ (ξλr

r )
−2
= ξ−2

r + λr or, after rewriting, ξr → ξλr
r =

ξr√
1+λrξr

. Let us remark that, from field
theoretical perspective, ξ−2

r corresponds to the mass of the propagator of the corresponding charge and spin
fluctuations and, hence, λr can be also interpreted as a mass renormalization. The actual values of the
parameters λd and λm are determined be the consistency relations Eq. (7.8a) for the Pauli principle and
Eq. (7.8b) for the potential energy, respectively. A numerically efficient algorithm to determine λd and λm
from these equations is discussed in appendix 7.1.7. Here, instead, we present a solution method which
better highlights the physical content of our approach. This method consists in two steps:

First, we use only sum rule Eq. (7.8a), corresponding to the Pauli principle, to calculate λm for given
values of λd. In this way we obtain a function λm(λd) which is depicted in Fig. 7.1a for three different
values of U at β = 10 and β = 14. The values for the temperature are chosen such that the distance to the
phase transition is similar (c.f. Sec. 7.1.3). The allowed range of values for λd and λm is determined by the
condition that both the density and the magnetic susceptibilities χω

d,q and χω
m,q must be real and positive

for all frequencies ω and momenta q (see also appendix 7.1.7 for a discussion of the physically relevant
interval). We observe that λm is monotonously decreasing with increasing λd. This behavior can be directly
understood from Eq. (7.8a): A larger value of λd corresponds to a smaller χω

d,q. Hence, in order to fulfill this
sum rule the decrease of χω

d,q must be compensated by a corresponding increase of χω
m,q which is achieved

by lowering the value of λm. Therefore, Eq. (7.8a) provides in a simplified way the mutual renormalization
of the charge and spin susceptibilities as it is usually achieved only by a full parquet treatment [227, 269,
146] of the problem. To determine the value of λd we have to consider Eq. (7.8b) which corresponds
to the consistency of the potential energies between the one- and the two-particle level. In Fig. 7.1b we
show the difference between the left and the right hand side of this equation as a function of λd for three
different values of U at β = 14. The value of λd at which the curve crosses zero corresponds to a solution
of the consistency equation for the potential energy Eq. (7.8b). For each of the considered values of U we
find such a crossing for positive values of λd. Moreover, we observe that the slope of the lines decreases
with increasing interaction strength. This behavior can be attributed to the overall magnitude of charge
fluctuations in the respective parameter regime. At weak coupling (U = 1), χω

d,q is still comparatively large
and, hence, its inverse is small. Correcting a small value by λd and inverting again [see Eqs. (7.9)] results
in a substantial modification of χω

d,q and all quantities depending on it. On the contrary, at larger values
of U (U = 2 and U = 3.5) close to or beyond the Mott metal-to-insulator transition charge fluctuations
are strongly suppressed and χω

d,q becomes very small. Consequently its inverse gets very large and is only
weakly affected by the addition of the parameter λd in Eq. (7.9) explaining the overall weaker dependence of
observables on λd at strong coupling. This observation has also implications for the numerical determination
of λd: In fact, the calculation of λd becomes gradually more difficult upon increasing U as the correction
of the already strongly suppressed charge susceptibility requires an increasingly higher numerical precision.
This also implies that the solution starts to depend stronger on small changes in the DMFT input in this
parameter regime which requires a particularly precise evaluation of the DMFT correlation functions Σν and
Γνν′ω

r .
Let us briefly address the signs of the (real) renormalization parameters λd and λm. On general grounds

we expect that DMFT overestimates nonlocal fluctuations described by χω
r,q as it is a mean field theory with

respect to spatial degrees of freedom. Hence, the λ corrections should suppress these DMFT fluctuations
by assuming positive values λr > 0. This assertion is indeed true in in the entire parameter regime as can
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be seen in Figs. 7.1b-7.4a. In Fig. 7.1b the curve corresponding to the consistency relation for the potential
energy crosses zero at positive values of λd for all U which is confirmed by the heatmap of λd as a function
of U and T in Fig. 7.4a. In the latter, we indeed observe λd > 0 for all values of U and β which is also true
for λm = λm(λd).

Density and magnetic susceptibilities

(a) (b) (c)

(d) (e) (f)

Figure 7.2: Momentum integrated susceptibilities in spin (top row) and charge (bottom row) channel
for lDΓAdm (red squares) vs. DMFT (i.e. λd = λm = 0, orange circles) and lDΓAm (green
hexagons). Data is presented in the weak (U = 1), intermediate (U = 2) and strong (U = 3.5)
coupling regime above the critical temperature of DMFT. Note that for lDΓAm no charge
renormalization is performed making it equivalent to the DMFT solution in the lower panel.
The local impurity susceptibilities of DMFT (brown triangles) are shown for comparison.

In this section we discuss the lattice susceptibilities χω
r,q in the charge (r = d) and spin (r =m) channels.

These observables are interesting on their own as they are subject to the renormalization procedure discussed
in the previous section. Moreover, they determine the antiferromagnetic phase transition and transfer the
effects of charge and spin renormalization to the electronic self-energy as well as to the potential (and
kinetic) energies via Eqs. (7.7) and (7.8b).

Figure 7.2 shows the frequency dependence of the momentum-integrated charge and spin susceptibilities
obtained by three different methods. The red squares indicate the lDΓAdm results where both the charge and
the spin susceptibilities have been renormalized by a λ correction. They are compared to the corresponding
DMFT results where λd = λm = 0 (orange circles) and the lDΓAm where only the spin susceptibility is
corrected using Eq. (7.8a) (green hexagons). For further comparison, we also present the local impurity
susceptibilities χω

r,loc (brown triangles) which have been obtained directly from the DMFT impurity solver.
We present our data for three different values of U in the weak (U = 1), intermediate (U = 2) and strong
(U = 3.5) coupling regimes at temperatures slightly above the DMFT phase transition.

We observe that the introduction of λ-corrections leads to an overall suppression of the charge and spin
susceptibilities with respect to DMFT in the entire parameter regime. For the spin susceptibility in the upper
panels, this reduction becomes more pronounced upon increasing U . This observation can be attributed to
the overall increase of spin fluctuations by the gradual emergence of a local moment for larger interaction
values. In fact, the absence of two-particle self-consistency in DMFT leads to a substantially larger violation
of the sum rule Eq. (7.8a) when local spin fluctuations enhance the nonlocal spin susceptibility [55]. Let
us remark that the renormalization of the spin susceptibility becomes also stronger when the temperature
is decreased. This can be readily understood by the substantial growth of this correlation function upon
approaching TN of DMFT (where it actually diverges) leading to a stronger violation of Eq. (7.8a).

Let us now address the difference in the spin renormalization between the lDΓAm and lDΓAdm methods.
The reduction is larger for lDΓAm where only the spin fluctuations are renormalized by means of Eq. (7.8a)
(green hexagons) compared to lDΓAdm where we consider a λ-correction in both the spin and the charge
channel (red squares). As discussed in the previous Sec. 7.1.3, this behavior can be understood from
Eq. (7.8a) where a suppression of χω

d,q through λd > 0 must be compensated by a smaller value of λm and,
hence, a larger χω

m,q compared to lDΓAm where λd = 0, to match the constant on the right hand side of
this equation. This effect is more pronounced at weak coupling (U = 1, upper left panel) and gradually
decreases upon increasing U . In fact, while at intermediate coupling (U = 2, upper middle panel) the
difference between lDΓAm and lDΓAdm is still visible (albeit very small) both methods provide virtually the
same result at strong coupling (U = 3.5, upper right panel).

146



7.1 Results on the Hubbard Model in three dimensions

Figure 7.3: Inverse of the antiferromagnetic susceptibility χAF(T ) = χm(ω = 0,q =Π) as a function of
the temperature T = 1

β
for U =1.25 (left panel) and U =2 (right panel) obtained by DMFT

(orange circles), lDΓAm (green hexagons) and lDΓAdm (red squares).

On the contrary, the (relative) change of the charge susceptibility due to the introduction of λd is rather
constant (about 30%) in the entire parameter regime (see difference between red squares and orange circles
in the lower panels of Fig. 7.2). However, the effect of this renormalization on other physical quantities
strongly depends on the coupling strength. At weak coupling (U = 1, lower left panel), charge fluctuations
are still significant (compared to the value of the spin fluctuations) and their correction by means of λd is
indeed highly relevant for the fulfillment of sum rule (7.8a). In fact, at U = 1 the charge renormalization
is almost solely responsible for the enforcement of this consistency relation as the spin susceptibility is
more or less equivalent to DMFT (cf. red squares and orange circles in the left upper panel of Fig. 7.2).
Upon increase of the interaction strength to U = 2 and U = 3.5 the overall size of the charge susceptibility
decreases by one to two-orders of magnitude. Hence, the effect of the charge correction on the spin
renormalization becomes gradually smaller and almost vanishes in the strong coupling regime where only
the spin susceptibility contributes significantly to Eq. (7.8a).

It is also instructive to consider the deviations of the momentum-summed lattice susceptibilities of DMFT
(orange circles) from the local ones of the AIM related to the DMFT solution of the Hubbard model (brown
triangles in Fig. 7.2). Since DMFT is not a two-particle self-consistent theory considerable differences
between these quantities are to be expected. This is indeed true for the spin channel (upper panels), while
no significant (relative) difference can be observed in the charge channel. Introducing a λ correction solely in
the spin channel (green hexagons) we observe that the consistency between the momentum summed lattice
susceptibility and the local one of the AIM is implicitly restored. While at a first glance this effect from the
lDΓAm method appears to be preferable, we argue that in fact the opposite is the case. The local impurity
model of DMFT contains no nonlocal correlation effects. Hence, its local correlation functions are expected
to deviate from the local part of the corresponding DΓA lattice correlation functions which indeed contain
such nonlocal contributions. These nonlocal contributions can be included in an impurity model only by
introducing an effective frequency dependent interaction U(ω) as done in the dual boson approach [210].
In this method, a consistency between local lattice quantities and the corresponding impurity quantities is
indeed meaningful because nonlocal correlation effects are partially encoded in the frequency dependence
of the effective U . Since we do not consider such a modification of the impurity model within the ladder
DΓA, a consistency between momentum summed and impurity correlation function at the two-particle level
is not to be expected. On the contrary, an additional λ-correction in the charge channel leads to physically
reasonable deviations from the correlation function of the AIM (red squares).

Phase diagram

In three dimensions, the half-filled Hubbard model on a bipartite simple cubic lattice features an anti-
ferromagnetically ordered phase at low temperatures for all values of the interaction parameter U . The
second-order phase transition to this antiferromagnetic state is indicated by the divergence of the antifer-
romagnetic susceptibility χAF(T ) =χm(ω = 0,q =Π). In Fig. 7.3 we present the results for the inverse of
this observable as a function of the temperature for two different values of U . A divergence of χAF(T ), i.e.,
vanishing of χ−1

AF(T ) marks the onset of antiferromagnetic order. We observe the same hierarchy of curves
as in the previous section: The DMFT antiferromagnetic susceptibility (orange circles), which corresponds
to λd = λm = 0, is larger than the DΓA susceptibilities (green hexagons and red squares) where λ-corrections
have been applied. Consistent with the discussion above, the lDΓAm results where λd = 0 (green hexagons)
are smaller than the ones obtained by lDΓAdm where both the charge and the spin channels are renormal-
ized (red squares). As has been detailed in Sec. 7.1.3 this is explained by the consistency relation (7.8a)
where the suppression of charge fluctuations by λd > 0 requires a larger spin susceptibility compared to
the case where λd = 0. The difference between the two approaches is particularly pronounced at weak and
intermediate coupling while it gradually decreases for increasing U when charge fluctuations are strongly
suppressed and, hence, have lesser effect on the overall physical picture.

Close to the transition temperature TN, χAF(T ) takes the form of a universal scaling function [31]

χAF(T ) ∼ a∣T − TN∣
−γ (7.11)
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7 Ladder DΓA Results for the Hubbard Model

(a) Heat map of λd as a function of U and T from
weak to strong coupling. The orange line in-
dicates the Néel temperature of DMFT while
the red line corresponds to the TN of lDΓAdm .

(b) Phase diagram of the 3d half-filled Hubbard
model on a simple cubic lattice with nearest
neighbor hopping. The curves correspond to
the transition temperature to the antiferro-
magnetically ordered state obtained by the dif-
ferent methods indicated in the legend of the
figure.

Figure 7.4

where γ is the critical exponent associated with the susceptibility. The mean field (MF) value γ = γMF = 1
is consistent with the linear temperature dependence of the DMFT χ−1

AF(T ) in Fig. 7.3 (orange circles).
The renormalization of this DMFT susceptibility by a λ parameter leads to a modification of the mean field
behavior and provides a γ > 1 which is clearly visible for the green hexagons and red squares in Fig. 7.3.
The deviation from the linear mean field behavior can be only observed in the critical temperature region
∆Tcrit ∝ T 2

N according to the Ginzburg criterion[154]. This explains why the bending of χ−1
AF(T ) is more

pronounced in a wider temperature range for U = 2 where TN is substantially larger than for U = 1.25 (for
lower values of U the critical regime is hardly visible at all on our scales). In Ref. [54] it has been discussed,
that the ladder DΓA provides critical exponents consistent with the spherical symmetric Kac model[239]
where γ = 2, similar as in TPSC [49]. However, fitting the exponent of a scaling function such as Eq. (7.11)
is intrinsically difficult and γ = 2 can be only achieved by including subleading terms in the fit as has been
shown in Refs. [226, 54].

In any case, the determination of TN from numerical data is stable, and its value depends only very weakly
on changes in γ [54]. We have, hence, fitted the results for χAF(T ) to the scaling function in Eq. (7.11)
in order to obtain the transition temperature TN for different interaction values U . The transition curves
TN(U) for DMFT (orange circles), the lDΓAm (green hexagons), and lDΓAdm (red squares) are depicted in
Fig. 7.4b where also results obtained with other methods are shown for comparison. Overall, a reduction of
TN obtained by both versions of DΓA with respect to the DMFT curve can be observed. This is indeed the
expected behavior as mean field theories (such as DMFT) typically overestimate the transition temperature
to an ordered state. This can be attributed to the fact that nonlocal correlations, which are included in DΓA
in an effective way by the λ corrections but not in DMFT, destroy the order in an intermediate temperature
regime and predict a reduced TN. Remarkably, in the weak to intermediate coupling region (U ∼ 1 to
U ∼ 2) this reduction is much more pronounced when only the renormalization of the spin susceptibility
through Eq. 7.8a is taken into account (green hexagons). This is a direct consequence of the mechanism
which has been discussed in Sec. 7.1.3 for the susceptibilities: The positive λd leads to a decrease of the
charge susceptibility χω

d,q in Eq. (7.8a) requiring a larger spin susceptibility χω
m,q (corresponding to a smaller

value of λm with respect to the case where only the spin channel is corrected). Consequently, the related
antiferromagnetic spin susceptibility χAF(T ) will diverge at a higher temperature T in lDΓAdm giving rise
to a higher transition temperature TN with respect to lDΓAm .

For U ≲ 1 our numerical data for TN coincide with the corresponding DMFT results. This means nonlocal
correlations do not reduce the transition temperature in this parameter regime, which is indeed the expected
behavior and has been predicted by analytical considerations and numerical simulations [257, 221, 55]. In
fact, it was demonstrated that TN is affected mainly by local particle-particle fluctuations (which are of
course already included in DMFT) in the weak coupling region. In the intermediate coupling regime (U ∼1
to U ∼2) we observe a reduction of TN with lDΓAdm with respect to DMFT which is in good agreement with
dual fermion (DF) [102] and diagrammatic Monte Carlo [142] results. This is consistent with the fact that
within the DF treatment of the problem both the spin and the charge fluctuations are renormalized within a
self-consistent update of the generalized susceptibilities in the dual space [204] (although a consistency of the
potential energy has not been demonstrated in this framework). Diagrammatic Monte Carlo calculations
provide (in principle) the exact solution of the problem. In the intermediate coupling region, they also
predict a TN in good agreement with lDΓAdm which can therefore be considered a more reliable method
than lDΓAm for the estimation of the transition temperature in this parameter regime.

Finally, in the strong coupling region U ≳2 the results of both DΓA schemes coincide and match excellently
the data from the Heisenberg model onto which the Hubbard model can be mapped at large interaction
strength. This is consistent with the fact, that in this parameter region the charge degrees of freedom are
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(a) (b) (c)

Figure 7.5: Imaginary part of the electronic self-energy at the nodal [kN = (
π
2 ,

π
2 ,

π
2 )] and antinodal

[kAN = (π,
π
2 ,0)] points on the Fermi surface for three different coupling strengths at β = 10

and β = 14 as a function of the fermionic Matsubara frequency ν. We present data for DMFT
(orange circles), lDΓAm (green hexagons and blue pentagons) and lDΓAdm (red squares and
brown triangles).

almost frozen and, hence, the renormalization in the charge channel has no effect on TN.

Self-energies

In this section we discuss the momentum dependent imaginary part of the electronic self-energies obtained by
lDΓAdm as a function of the Matsubara frequency ν at the nodal kN = (π/2, π/2, π/2) and antinodal kAN =

(π,π/2,0) momentum on the Fermi surface. In Fig. 7.5 we compare our findings (red squares and brown
triangles) to the corresponding local self-energy Σν of DMFT (orange circles) and and to lDΓAm results
(green hexagons and blue pentagons) for three different values of U at β = 10 and β = 14, slightly above
TN of DMFT for the respective U values. In general, the absolute values of the momentum dependent
self-energies in both DΓA schemes are larger than the corresponding DMFT correlation function. This is
the expected behavior [202] as nonlocal correlations typically suppress the spectral weight at the Fermi level
(in addition to the suppression due to local correlations which are already captured by DMFT). As has
been discussed in several previous papers [202, 204], the enhancement of Σν

k is stronger at the antinodal
point kAN than at the nodal point kN which is confirmed by our data (for both variants of DΓA). We
observe that the lDΓAdm method yields larger (in absolute value) self-energies than the ones obtained by
the lDΓAm method over the entire U range. This can easily be understood from the different magnitudes
of the spin and charge susceptibilities in both approaches and the way how they enter in the EoM (7.7).
To this end we split Eq. (7.7) into a magnetic contribution, a density contribution and a remainder which
accounts for the remaining terms on the right hand side of this equation:

Σν
d,k =

U2

2 ∑ωq
γνω

d,qχ
ω
d,qG

ν+ω
k+q, (7.12a)

Σν
m,k =

3U2

2 ∑
ωq
γνω

m,qχ
ω
m,qG

ν+ω
k+q, (7.12b)

Σν
rem,k = Σν

k −Σν
d,k −Σν

m,k (7.12c)

(a) (b)

Figure 7.6: Left: Imaginary part of the self-energy Σν
kN split into contributions from the charge suscep-

tibility (blue pentagons and brown triangles), the spin susceptibility (green hexagons and
red squares) and an remainder (blue heptagons) according to Eqs. (7.12) at β = 14, U = 1.
Results are presented for lDΓAdm (red squares and brown triangles) and lDΓAm (green
hexagons and blue pentagons). Note that the correction term is equivalent for both meth-
ods as it does not depend on any λ parameter.
Right: Same as in Fig. 7.6a but for U = 3.5.
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7 Ladder DΓA Results for the Hubbard Model

Figure 7.7: Potential energy as a function of temperature for three different values of U as obtained
by the DMFT (orange circles and brown triangles), lDΓAm (blue diamonds and green
hexagons), and lDΓAdm (red squares). Note that for DMFT and lDΓAm the results for
Epot calculated from the one- and the two-particle level [corresponding to the right and left
hand side of Eq. (7.8b), respectively] differ. Vertical lines indicate the transition temper-
ature TN of the respective method. Due to the unphysical large scale of the two-particle
potential energy of DMFT at U = 3.5, the data is shown as inset.

Note that the remainder term does not contain χω
d,q or χω

m,q and therefore does not depend on any λ
parameter. It is for this reason equivalent in the lDΓAm and lDΓAdm method. As discussed in Sec. 7.1.3
χω

m,q is larger for lDΓAdm than for lDΓAm . This property is directly transferred to Σν
m,k in Eq. (7.12b)

where at weak coupling (U = 1) we indeed observe a larger contribution of spin fluctuations to the self-energy
for lDΓAdm (red squares) compared to lDΓAm as shown in Fig. 7.6a. The opposite behavior is observed
for the charge susceptibility. It is smaller for lDΓAdm with respect to lDΓAm and the same behavior is
observed for the corresponding contribution to the self-energy Σν

d,k. However, since the charge fluctuations
are substantially smaller than the spin fluctuations, the former are less relevant in the equations of motion
which leads to an overall larger self-energy for λd > 0. The same should in principle hold in the strong
coupling regime. However, as discussed in the previous sections, due to the extremely small values of charge
fluctuation also the differences in the self-energies and their various contributions are strongly suppressed
and almost no differences in the results for lDΓAdm and lDΓAm can be observed as it is shown in Fig. 7.6b.

Potential and kinetic energies

Figure 7.8: DMFT two particle potential en-
ergy E(2)pot as function of T and U .

Figure 7.7 shows the potential energies obtained from
DMFT (orange circles and brown triangles), lDΓAm (blue
diamonds and green hexagons) and lDΓAdm (red squares).
Let us stress that for the first two cases (DMFT and
lDΓAm ) the potential energies obtained at the one particle
level (E(1)pot , orange circles and blue diamonds) deviate from
the corresponding results at the two-particle level (E(2)pot ,
brown triangles and green hexagons) as these approaches
are not two-particle self-consistent [c.f., Eq. (7.8b)]. The
vertical lines indicate TN for the respective methods.

We observe the same hierarchy of curves for all values
of U . The largest potential energy is E(1)pot of DMFT (or-
ange circles) which is obtained via the right hand side of
Eq. (7.8b) with the local DMFT self-energy and the (lat-
tice) Green’s function of DMFT. Considering the DMFT
self-consistency relation we obtain

E
(1)
pot,DMFT = ∑

ν

∑
k
Gν

k

´¹¹¹¹¸¹¹¹¹¶
Gν

Σν
= ∑

ν

GνΣν

=
U

2 ∑ω
χω

d − χ
ω
m = U⟨n↑n↓⟩, (7.13)

where Gν
k is the DMFT lattice Green’s function and Gν denotes the local impurity Green’s function which

is equivalent to the local (i.e., momentum summed) DMFT lattice Green’s function due to the DMFT self-
consistency condition. χω

d/m are the local impurity charge and spin susceptibilities and ⟨n↑n↓⟩ corresponds to
the impurity double occupancy. Note that the AIM is solved exactly and, hence, all consistency relations, in
particular the local version of Eq. (7.8b), are fulfilled as also indicated in Eq. (7.13). This implies that E(1)pot
of DMFT is equivalent to U times the double occupancy of the auxiliary AIM which is obtained directly from
the impurity solver. Alternatively, the same results can be calculated by summing the local susceptibility
χω
↑↓ =

1
2 [χ

ω
d − χ

ω
m] over all bosonic Matsubara frequencies ω. In Sec. 7.1.3 we have demonstrated that

the momentum summed spin and charge lattice susceptibilities in lDΓAm (green hexagons in the upper
and orange circles in the lower panels of Fig. 7.2)1 are almost equivalent to the corresponding correlation

1Note that the momentum summed lattice susceptibility of lDΓAm in the charge channel is equivalent to the corre-
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7.1 Results on the Hubbard Model in three dimensions

Figure 7.9: Kinetic energy as a function of temperature for three different values of U as obtained by
the DMFT (orange circles), lDΓAm (green hexagons), and lDΓAdm (red squares). Vertical
lines indicate the transition temperature TN of the respective method.

function of the AIM (brown triangles in Fig. 7.2). This explains why E(2)pot of lDΓAm (green hexagons) is
almost the same (or only very slightly smaller) than the DMFT potential energy E(1)pot (orange circles) in
Fig. 7.7.

The DΓA values for E(1)pot (blue diamonds) on the other hand, are considerably smaller than the corre-
sponding DMFT results which has been also reported in Ref. [202]. In latter reference it has been discussed,
that this is indeed the expected behavior at weak coupling where the antiferromagnetic ground state is
of Slater type. Within such a weak coupling Slater mechanism, the antiferromagnetic phase is stabilized
by a decrease in the potential. Our results indicate that this mechanism is reflected in the corresponding
antiferromagnetic fluctuations above TN where the inclusion of nonlocal correlations leads to a suppression
of Epot with respect to DMFT. We observe the same behavior at strong coupling where, in principle, a
reversed order of the hierarchy in magnitude of potential energies could have been expected due to the
antiferromagnetic phase being of Heisenberg type and a stabilization through a gain of kinetic energy [202].
This is, however, not observed as DΓA always leads to a reduction of the potential energy with respect
to DMFT, indicating that this change in the nature of the antiferromagnetic order from weak to strong
coupling is not fully captured by the corresponding fluctuations above TN (see also the discussion of the
kinetic energy below). Whether this behavior is an artifact of the ladder DΓA method or the correct result
requires further investigation.

The lDΓAdm approach (red squares), where by construction E(1)pot = E
(2)
pot , predicts much smaller potential

energies than E
(1)
pot and E

(2)
pot of lDΓAm (blue diamonds and green hexagons) and E

(1)
pot of DMFT (orange

circles). For E(2)pot ) this difference can be easily explained by the different magnitudes of the lattice charge
and spin susceptibilities which have been analyzed in Sec. 7.1.3. In fact, χω

d,q is smaller for lDΓAdm than for
lDΓAm while the opposite behavior is observed for χω

m,q which is larger for lDΓAdm compared to lDΓAm .
Equation (7.8b) for E(2)pot then implies that the corresponding potential energy for lDΓAdm is larger compared
to the one obtained with lDΓAm .

The fact, that the potential energy of lDΓAdm is smaller than E(1)pot of lDΓAm can be easily understood
by the difference in the size of the self-energies in both approaches. In fact, considering Eq. (7.8b) for the
calculation of E(1)pot we find that

E
(1)
pot = ∑

νk
Σν

kG
ν
k = ∑

νk

iν + µ − εk

iν − εk − iImΣν
k
− 1

=
U

4
+∑

νk

iν − εk

i[ν − ImΣν
k] − εk

− 1 (7.14)

In the second line we have used that µ = U
2 = ReΣν

k for half filling (n = 1). Considering that ImΣν
k < 0

for ν > 0 (at least for the most relevant momenta kF at the Fermi level as well as in the asymptotic
high-frequency regime), it is obvious that a larger self-energy will lead to a smaller potential energy E(1)pot
(and vice versa). As we have discussed in Sec. 7.1.3, the self-energies for lDΓAdm are indeed larger than
the corresponding self-energies for lDΓAm in the entire parameter regime which explains the corresponding
differences in the potential energies.

Let us also briefly comment on the DMFT potential energy E(2)pot (brown triangles in Fig. 7.7) which is
obtained from the charge and spin susceptibilities χω

d,q and χω
m,q without any λ correction via the left hand

side of Eq. (7.8b). In the first and third panel of Fig. 7.7 we observe that E(2)pot of DMFT is smaller than
the corresponding E(2)pot for the lDΓAm approach. This can be understood by the fact that χω

m,q is larger for
DMFT compared to lDΓAm (c.f., orange circles and green hexagons in the upper panels in Fig. 7.2) and
enters into Eq. (7.8b) for E(2)pot with a negative sign.

The situation is more complicated for lDΓAdm where an additional renormalization via λd > 0 is applied
to χω

d,q. Such a correction has the opposite effect compared to the λ correction in the spin channel because
the charge correlation function enters in E(2)pot with a positive sign. Hence, the introduction of λd tends to
suppress the corresponding potential energy with respect to DMFT while λm typically increases it. At weak
coupling (U = 1, left panel in Fig. 7.7) we can see that the renormalization of the charge susceptibility has

sponding DMFT results as no λ correction is applied to charge fluctuations (i.e., λd = 0) within lDΓAm .
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7 Ladder DΓA Results for the Hubbard Model

indeed a more pronounced effect and the E(2)pot of DMFT (brown triangles) is larger than the corresponding
results for lDΓAdm (red squares). On the contrary, at strong coupling (U = 3.5, right panel in Fig. 7.7)
the reduction of the potential energy due to the spin susceptibility dominates and E(2)pot of DMFT is located
below the corresponding lDΓAdm result. In fact, at these large values of U , E(2)pot of DMFT becomes even
negative due to the large value of the unrenormalized spin susceptibility. This unphysical behavior at strong
coupling has already been reported for the two dimensional Hubbard model in Ref. [271]. In the heat map
for E(2)pot of DMFT in Fig. 7.8 it can be clearly seen that such unphysical negative values emerge beyond
U ≈ 2.5. Note also, that below TN of DMFT E

(2)
pot becomes numerically ill defined, since the divergence of

the magnetic susceptibility around the antiferromagnetic ordering vector introduces k-sampling dependent
noise.

Let us finally comment on the temperature dependence of Epot for the different methods. At weak
coupling (U = 1, left panel in Fig. 7.7) we observe an increase of E(1)pot for DMFT (orange circles) and
E
(1)
pot as well as E(2)pot for lDΓAm (green hexagons and blue diamonds) upon decreasing temperature. For

DMFT this is indeed the expected behavior as the system becomes more metallic at low temperatures2.
For the lDΓAm results, on the other hand, this increase with decreasing temperature is indeed unphysical
as the double occupancy is expected to become smaller when approaching the antiferromagnetic order at
TN. The latter (physical) behavior is indeed observed when we consider λd > 0 in the lDΓAdm approach
(red squares) which further demonstrates the improved consistency of our new approach with respect to
the lDΓAm method. At intermediate and strong coupling (middle and right panels) both versions of DΓA
feature the physically correct decrease of E(1)pot with decreasing temperature.

Let us close this section by briefly discussing the kinetic energy of the system as depicted in Fig. 7.9. It
is calculated via the equation

Ekin = ∑
νk
εkG

ν
k (7.15)

At weak coupling, the antiferromagnetic state is of coupling Slater type. As it has been discussed extensively
in Ref. [202], this implies that the symmetry broken phase is stabilized by a reduction of the potential energy
while the kinetic energy is larger in the symmetry broken than in the normal state. It has been demonstrated
in the latter publication, that at the very small value of U = 0.75 this also holds for the corresponding
fluctuations above TN and is reflected in the kinetic energy of lDΓAm .

At a slightly larger value of the coupling on the other hand (i.e., U = 1.25, left panel of Fig. 7.9) Ekin for
lDΓAm (green hexagons) is located beyond the corresponding DMFT result (orange circles). This implies
that within the lDΓAm method the system is already in an intermediate coupling region. On the contrary,
our new result for lDΓAdm (red squares) predicts a kinetic energy above the one of DMFT indicating that
the system is still in the weak coupling regime. This is indeed consistent with the predicted TN which is
very close to the DMFT result at this value of U . Overall one can see that the lDΓAdm approach extends
the range where a Slater type antiferromagnetism is observed with respect to the lDΓAm method.

At intermediate and strong coupling, both DΓA approaches predict a kinetic energy below the one of
DMFT which is the correct behavior in this parameter regime. Interestingly, Ekin for lDΓAdm is always
larger (smaller in absolute value) than the one obtained via lDΓAm . This is again a consequence of the
larger self-energy in the lDΓAdm approach and can be explicitly demonstrated by rewriting Eq. (7.15) for
Ekin into a similar form as the equation for E(1)pot in Eq. (7.14). The difference between Ekin of the two
versions of ladder DΓA decreases upon increasing U as the charge renormalization becomes gradually less
important and eventually almost vanishes at the strongest coupling U = 3.5 (see also the corresponding
discussions in the previous sections).

7.1.4 Conclusions and Outlook

In this paper, we have presented a method which takes into account nonlocal correlations beyond the local
ones of DMFT and fulfills specific exact sum rules which connect one- and two-particle correlation functions.
Our new approach is based on the ladder dynamical vertex approximation where nonlocal corrections to the
purely local DMFT self-energy are obtained via a diagrammatic expansion around DMFT. More specifically,
within this method a momentum dependent self-energy is constructed from the DMFT Green’s function and
the DMFT charge and spin lattice susceptibilities. Since we do not perform a fully self-consistent treatment
of the problem the results initially violate certain sum rules for these susceptibilities which control the total
density and the potential energy of the system. To overcome this problem, we have introduced a mass
renormalization of the charge and spin susceptibilities by means of (constant) parameters λd and λm which
are determined by the requirement that the above mentioned sum rules are fulfilled. A simpler version of
this idea, where a correction is applied only to the spin channel, has been already successfully exploited in
previous research works [125, 202].

We have applied our new approach to the three dimensional half-filled Hubbard model on a simple
cubic lattice with nearest neighbor hopping which features an antiferromagnetically ordered phase at low
temperatures for all values of the interaction strength. The introduction of the correction parameters λd
and λm leads to a mutual renormalization of charge and spin fluctuations which can be usually only achieved

2Note that the one-particle as well as the impurity quantities of DMFT are not affected by nonlocal antiferromagnetic
fluctuations in the proximity of the antiferromagnetic phase transition
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Figure 7.10: Full vertex F νν′ω
m as function of ν, ν′ at 5 different ω. Labels indicate the (integer) index

of the Matsubara frequency. Shaded colors indicate points connected to others by sym-
metries. Upper panel: unshifted grids, lower panel: ν, ν′ shifted by −ω/2

in far more complicated theories such as the parquet approach. The latter is, however, restricted to simple
one-band models due to its numerical complexity while our method is, in principal, applicable for multi-band
systems or systems with a nonlocal interaction.

We have demonstrated that our method, which takes into account the renormalization of both the charge
and spin susceptibility, improves several results compared to the above mentioned previous version of DΓA
where only the spin susceptibility has been renormalized. In particular, at weak-to-intermediate coupling it
predicts a higher transition temperature TN to the antiferromagnetically ordered state with respect to the
old approach which is in good agreement with dual fermion and diagrammatic Monte Carlo calculations.
At strong coupling it gradually becomes similar to the old technique as charge fluctuations are strongly
suppressed and their renormalization has (almost) no effect on the physical results.

We have also analyzed the potential energy which is obtained by our new method. In contrast to DMFT
and the previous version of DΓA, it is uniquely defined and lower than the corresponding ones obtained
by the latter approaches. Moreover, at weak coupling it always decreases upon decreasing temperatures
approaching the antiferromagnetic phase transition which is indeed the expected behavior for a Slater type
antiferromagnet where the ordered phase is stabilized by the potential energy. The kinetic energy is located
above the one of DMFT at weak coupling which is also consistent with Slater type antiferromagnetism
while the previous non-selfconsistent version of DΓA predicts a lower kinetic energy with respect to DMFT.
Overall, our new approach describes the weak and intermediate coupling regime, where charge fluctuations
still play an important role, substantially better than the previous approach where a renormalization of
charge fluctuations is absent.

Let us finally state, that our new method is not yet fully two-particle consistent as it violates sum rules
which originate from conservation laws in the system. The inclusion of such consistency relations in the DΓA
formalism (and also other diagrammatic extension of DMFT) is an interesting future research perspective.
Moreover, the extension of the presented approach to more realistic multi-orbital systems can potentially
lead to an improved theoretical description of nonlocal correlation effects in real materials.
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7.1.5 Use of symmetries

The irreducible vertex Γνν′ω
r , which is required for the calculation of the lattice generalized susceptibility

χνν′ω
r,q in Eq. (7.4), is calculated from the local generalized susceptibility χνν′ω

r via a local version of Eq. (7.4).
The latter is obtained directly from the ED impurity solver which represents the numerically most expensive
part of the entire method. To reduce the number of frequencies for which χνν′ω

r has to be evaluated
explicitly we have considered two algorithmic improvements:

(i) We have shifted the fermionic Matsubara frequencies (ν, ν′) by −ω
2 . This improves our calculations

since the main nonperturbative structures of χνν′ω
r are centered around (−ω

2 ,−
ω
2 ) (see Refs. [207, 205]).

This can be seen in the upper panels of Fig. 7.10 where we present the full vertex F νν′ω
m , which is obtained
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7 Ladder DΓA Results for the Hubbard Model

from χνν′ω
m by amputating the four outer Green function lines[207], as a function of ν, ν′ at different ω

slices. The main structures, indicated by the crossing of the yellow and blue diagonal contributions, indeed
move to the center if the frequency grid is shifted by −ω

2 .
(ii) We have considered all physical symmetries of χνν′ω

r which allows us to reduce the actual calculation
to a subset of Matsubara frequencies in the selected frequency grid. In fact, the generalized susceptibility
χνν′ω

r is equivalent for all frequency triples (ν, ν′ω) which are related to each other via a specific physical
symmetry. Consequently, it is sufficient to determine this correlation function for only one of this related
triples. In Fig. 7.10, the frequencies which are related to another one by a symmetry are shaded. Overall
this leads to a reduction in the number of triples (ν, ν′, ω) by more than a factor of 10.

For the determination of equivalent arguments for the Green’s function we have proceeded in the following
way:

1. Define the grid of size Ntot = N
2
ν ×Nω, possibly with shifted ν, ν′ values.

2. Define the symmetry mapping, i.e. f(p) = “list of points p maps to”. This includes only direct
symmetries, so for 5 symmetries in the system, the list will have the length 5.

3. Construct an undirected graph with Ntot vertices, each representing a point on the grid while edges
for each vertex v are given by f(v). It suffices to loop over all vertices and call f on its value,
disregarding double edges. In case the equivalent points are related by some operation other than the
identity, for example complex conjugation, one has to track the operation connecting two vertices as
edge “weight”, for example in a parent array.

4. Determine all connected components, for example using depth first search [68], and choose a (random)
node as representative. The construction of the mapping from the reduced to the full grid, including
the “weights”, can be done with a modified depth first search as well.

5. Hand off the reduced grid and mapping to the full grid to the impurity solver and DΓA code.

7.1.6 Improved asymptotics

For the lDΓAdm method it is necessary to solve the two coupled equations in Eq. (7.8a) and Eq. (7.8b) for
λm and λd simultaneously. This requires a precise evaluation of the corresponding frequency sums in these
relations as well as in Eqs. (7.5) and (7.6). For a numerical evaluation, these sums over an infinite number
of Matsubara frequencies obviously have to be restricted to a finite frequency grid. A plane summation in
such a finite frequency domain is typically not sufficient to determine λd and λm, but the consideration
of the high-frequency asymptotic behavior of all involved correlation functions provides accurate and stable
enough results, even if small frequency grids or noisy Monte Carlo input data is used. This section gives an
overview of the improved Matsubara summation method used to perform the Matsubara frequency sums for
the determination of the λ parameters. The central idea for this summation technique is to divide functions
of Matsubara frequencies fω, where ω is now a generic variable which can represent a (set of) fermionic
and/or bosonic Matsubara frequencies, into a core and asymptotic region. The summation is then performed
separately for both. In the core region (indicated by a subscript “c”), a sum over the exact numerical data
for fω is carried out while in the asymptotic high-frequency regime fω (or shell region, indicated by a
subscript “s”) is replaced by leading order diagrams Tω which do not decay as a function of frequency. The
frequency sum over the latter can be performed semi-analytically. Formally, this idea can be represented as
follows:

∑
ω

fω
= ∑

ω∈
Ωcore(ν)

(fω
− Tω

+ Tω
) +∑

ω∈
Ωasym(ν)

(fω
− Tω

+ Tω
)

≈ ∑
ω∈

Ωcore(ν)

(fω
− Tω

) +∑
ω

Tω,

where in the second line of this equation we have neglected the term fω
− Tω in the high-frequency

shell region as it rapidly decays with increasing frequency ω. As discussed in appendix 7.1.5, the core
region Ωc = Ων

c for the bosonic or fermionic frequency ω can depend on a (fermionic or bosonic) Matsubara
frequency ν which is not involved in the summation when shifted grids are considered for the calculation. If
two indices are used for a core or shell summation, the notation implies that the tuple lies either within the
core or the shell region. In the following we will denote quantities summed over the core and shell region by
corresponding superscripts. Furthermore, we use a tilde to distinguish quantities obtained through improved
summation from ones obtained through plain summation. For the bare susceptibility (“bubble” term) this
reads as follows:

χνω
0,q = −β∑

k
Gν

kG
ν+ω
k+q

χω
0,q = ∑

ν∈
Ωcore(ω)

χνω
0,q +∑

ν∈
Ωshell(ω)

χνω
0,q = χ

core,ω
0,q + χshell,ω

0,q .
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(a) Local physical susceptibility spin χω
m as a func-

tion of ω for U = 1 and β = 14 as obtained
by summing the generalized physical suscep-
tibility χνν′ω

m over the fermionic frequencies
ν and ν′ using the improved frequency sums
(red crosses) vs. a plain frequency sum on a fi-
nite grid (green filled circles) and the exact re-
sults obtained directly from the impurity solver
(empty orange circles). The inset shows the log
of the difference between normal summation
and improved summation to the exact values.
The plain Matsubara summation is cut of at
values of ω where it becomes negative (i.e. un-
physical).

(b) ∑ωq χλ,ω
↑↑,q − n

2 (1 − n
2 ) =

1
2 ∑ωq (χλd,ω

d,q + χλm,ω
m,q ) − n

2 (1 − n
2 ) for λd = 0

showing the root for the equation (which
determines λm) and poles for λm < λm,min.

Figure 7.11: Improved sums and minimal λ values.

The asymptotic contribution to the bare susceptibility χω,shell
0,q can be obtained directly from the high

frequency tails of the DMFT Green’s functions. Following the derivation of the high frequency behavior
of the vertex functions F νν′ω

r,q and Γνν′ω
r as discussed in Refs. [207, 256, 290], we obtain for the improved

frequency sums for the calculation of χω
r,q and γνω

r,q in Eqs. (7.5) and (7.6) the following expressions:

λ̃νω
r,q = (1 ∓Uχshell,ω

0,q )
−1
⋅ (λcore,νω

r,q + λshell,νω
r,q ) (7.16)

χ̃ω
r,q = (1 − (Uχshell,ω

0,q )
2
)
−1
⋅ (χcore,ω

r,q + χshell,ω
r,q ) (7.17)

γ̃νω
r,q =

1 ∓ λ̃νω
r,q

1 ±Uχ̃ω
r,q
. (7.18)

We have introduced the following abbreviations:

F νν′ω
m,diag =

1
2
χν−ν′

d −
1
2
χν−ν′

m + χν+ν′+ω
pp,↑↓

F νν′ω
d,diag =

1
2
χν−ν′

d +
3
2
χν−ν′

m − χν+ν′+ω
pp,↑↓

λcore,νω
r,q = ±β∑

ν′∈
Ωcore(ω)

⎛

⎝
δνν′ −

χνν′ω
q

χνω
0,q

⎞

⎠

λshell,νω
r,q = Uχshell,ω

0,q ∓U2
∑
ν′∈

Ωshell(ω)

F νν′ω
r,diagχ

ν′ω
0,q

χcore,ω
r,q = ∑

νν′∈
Ωcore(ω)

χνν′ω
r,q

χshell,ω
r,q = ±U (χshell,ω

0,q )
2
−U2

∑
νν′∈

Ωasym(ω)

χνω
0,qF

νν′ω
r,diagχ

ν′ω
0,q

−∑
ν′∈

Ωshell(ω)

χν′ω
0,q

⎛
⎜
⎜
⎝

1 + 2U∑
ν∈

Ωcore(ω)

(λ̃νω
r,q ∓ 1)χνω

0,q

⎞
⎟
⎟
⎠

.

The local physical susceptibilities χω
r for the diagonal term F νν′ω

r,diag of the full vertex are local and can be
obtained directly from the DMFT impurity solver. The contributions from F νν′ω

r,diag are typically negligible,
when the physical susceptibilities in the three channels fall off sufficiently fast with increasing frequency.
Fig. 7.11a shows a benchmark for our improved summation method for the summation of the purely local
generalized susceptibility χνν′ω

m (in the spin channel) over the fermionic Matsubara frequencies ν and ν′
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yielding the physical susceptibility χω
m. The χω

m obtained via our improved summation technique (red crosses)
agrees excellently with the exact results (orange empty circles) obtained directly from the impurity solver.
The χω

m obtained through a plain sum on a finite frequency grid (green filled circles), on the other hand,
shows substantially larger deviations from the exact results (see inset in Fig. 7.11a) and eventually features
unphysical negative values at larger frequencies ω which is not observed for the improved frequency sum.

7.1.7 Root finding procedure
Finding the roots λd and λm for Eqs. (7.8a) and (7.8b) can be done with any root finding algorithm, but
requires two considerations in order to yield reasonable results: (i) the physical tails must be free of finite
size effects and (ii) the unphysical, q dependent poles of Eq. (7.9a) must be avoided in the calculation
(i.e. the resulting λ corrected physical susceptibility must non-negative).

The first difficulty can be overcome by using the procedure for treating the high-frequency asymptotic
tails of all correlation functions as explained in appendix 7.1.6. The second requirement has been avoided
by the procedure described in Sec. 7.1.3. However, this method is not applicable for large simulations, due
to the numerical cost of the many evaluations of the equation of motion, required to obtain the curves in
Figs. 7.1a and 7.1b over a large range of λ values. Instead, a more elaborate root finding algorithm, such as
the Newton method, is preferable requiring substantially fewer evaluations of the EOM. To avoid unphysical
solutions, let us consider that the λ corrected physical susceptibilities are continuous and monotonically
decreasing (as a function of λ) for all λ values larger than the largest pole, i.e. λr > λr,min [219]. The
location of the largest pole is:

λr,min =min
q

1
χω0

r,q

The monotonously decreasing behavior follows directly from the derivative of χλr,ω
r,q with respect to λr:

d
dλr
∑
ωq
χλr,ω

r,q = −∑
ωq
(χλr,ω

r,q )
2
≤ 0

In Fig. 7.11b the difference between right and left hand side of Eq. (7.8a) is shown for U = 1 and β = 14 as a
function of λm. Here we see the q-sampling dependent divergences for λm < λm,min. Since both λ corrected
physical susceptibilities exhibit the same behavior, the λr,min values can be determined independently. This
pole structure leads to an interval [λr,min,∞) in which a single root for Eq. (7.8a) is located. Eq. (7.8b)
could in principle exhibit non-monotonous behavior, since the right hand side is a function of both λ corrected
physical susceptibilities. However, as discussed in Sec. 7.1.3 (see Figs. 7.1a and 7.1b), this does not happen
for our calculations. Therefore, by means of the following transforming one can obtain a result, guaranteed
to yield exactly one, physically correct, root.

λ̃r =
λr,min − λr,max

2
(tanh (λr) + 1) + λr,min (7.19)

λr,max can in principle be arbitrarily large, but a reasonable value can be chosen from the known fluctuations
strength of the system. This transformation is then applied to the function, before it is handed over to the
solver and the resulting root is transformed in the same way.

For our purposes, we use the multivariate Newton method, which is a reasonable choice over more
modern methods such as BFGS, due to the low dimensionality of our problem and the smoothness of the
search space [see Sec. 7.1.3]. The Jacobian was determined by finite differences since Eq. (7.8b) involves a
convolution over numerical data, making automatic and analytic differentiation challenging. Note, that the
transformation in Eq. (7.19) concentrates sampling points at the borders of the search interval. For very
high precision, especially at strong coupling where the Jacobian becomes small (see also Fig. 7.1a), one can
first run a low precision pass with the transformation and then use the obtained result as a starting point
for a high precision search.
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7.2 Results on the Hubbard Model in two dimensions

7.2.1 Introduction

The well-known family of high-temperature superconductors with quasi-two-dimensional layers of cop-
per oxide, cuprates, has been of immense interest since their discovery in 1986 [24]. Among their many
interesting and unique properties, the prevalence of strong electronic correlations and interplay with
magnetic ordering stands out, for example, manifested in the pseudogap (PG) phase, one of the most
interesting phenomena in condensed matter physics. Here, a momentum-dependent partial suppression
of weight around the Fermi surface (see Fig. 7.12) and anomalous (linear in T ) resistivity are observed.
The importance of strong electronic correlations was realized early on by P. Anderson with the proposal
of the superexchange mechanism [11]. However, many details of the phase diagram still remain the
subject of ongoing research. The current consensus for the hole-doped region is shown in Fig. 7.12
(Fig. 4 from [108]). As a function of hole doping, one finds several distinct phases. Close to the
Mott insulating phase at half-filling, antiferromagnetic fluctuations prevail but are subsequently re-
placed by a pseudogap phase. Inelastic neutron scattering experiments suggest that this phase is
associated with a collective magnetic mode [161] that hides a quantum critical point at T = 0 [272].

Figure 7.12: Fig. 4 from [108]. Schematic representa-
tion of the hole-doped phase diagram, in-
cluding the pseudogap (PG), charge-ordered
(CO), and superconducting (SC) regions.
Inset shows the evolution of the Fermi sur-
face from under-doped (UD) over optimally
doped (OP) to over-doped (OD). Tφ marks
the region of superconducting fluctuations,
see [108, Sec. 5] for the in-depth discussion.

Interestingly, the ground state of the PG
phase has a restored Fermi surface, contrast-
ing the characteristic non-Fermi liquid be-
havior at finite temperature [197]. In fact,
antiferromagnetic fluctuations start to ap-
pear already above the critical temperature
for the superconducting phase TC and seem
to be influencing the Fermi surface recon-
struction in this region as well [243]. It has
also been experimentally confirmed that the
remnants of Mott physics for finite hole dop-
ings and the ensuing transition to the mul-
titude of phases like spin and charge stripes
and spin glasses [225, 73, 279], are a generic
feature of these electronic structures and
not unique to the traditional cuprates [21].
Here, we investigate the impact of non-local
electronic correlations in the finite tempera-
ture regime as a function of doping. We use
the two-dimensional Hubbard model, where
full antiferromagnetic ordering is prevented
by the Mermin-Wagner theorem. Nonethe-
less, the particulars regarding the break-
down are intricate with numerous proposed
scenarios [279, 73] and measurements of
the magnetic susceptibility demonstrate a
strong dependence not only on doping but
also on impurities [196, 295]. It has been
demonstrated that a qualitative description
of the physics can be achieved by solely con-
sidering electronic correlations [158]. Here,
we will employ a method that is able to
mix different electronic scattering channels,
similar to a previous work [17]. However,
the effective nature allows for much finer k-
space resolution. In addition, this method
has been demonstrated in the 3 dimensional
cubic lattice at half-filling to capture anti-
ferromagnetic fluctuations very well on a quantitative level [253].

7.2.2 Model

Here, we consider the single-band Hubbard model

Ĥ = ∑
k
(εk − µ)ĉ

†
kσ ĉ kσ +U∑

i

n̂i↑n̂i↓ (7.20)

on the two-dimensional square lattice with the well-established hoppings for cuprates [7, 187], specif-
ically for BSSCO εk = −2t (cos(kx) + cos(ky)) + 4t′ cos(kx) cos(ky) − 2t′′ (cos(2kx) + cos(2ky)) with
t = 0.25, t′ = 0.05,t′′ = 0.025, in order to facilitate comparison with [182, 17]. It has long been estab-
lished that van Hove singularities are linked to the transition from non-Fermi liquid to Fermi liquid
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7 Ladder DΓA Results for the Hubbard Model

behavior at the quantum critical point [46]. Specifically, the next-nearest neighbor hopping t′ in the
non-interacting tight-binding model is vital for the description of the pseudogap phase [291].
The single band Hubbard model does have certain deficiencies in the quantitative description of
cuprates, especially in the electron-doped regime. It has however been demonstrated that a good
quantitative agreement in the hole-doped regime can be expected [163]. Furthermore, electron-phonon
coupling is known to enhance TC in the underdoped regime due to a suppression of antiferromagnetic
fluctuations [129]. These effects have been neglected in our approach as well.

7.2.3 Method

We employ the ladder DΓA method in a modified version that enforces two-particle consistency in the
potential energy [264, 125, 202, 253]. For details of the definition of the lDΓA method with two-particle
consistent potential energy, we refer to [253, Sec. II.A] and Sec. 5.4. Compared to the previous iteration
of this method, we introduce three changes: (i) partial self-consistency in the Schwinger-Dyson equation
of motion; (ii) introduction of a lDΓA chemical potential for calculations out of half-filling; (iii) high-
frequency tail correction schemes for the self-energy.
The partial self-consistency in the Schwinger-Dyson equation of motion is achieved by replacing the
DMFT propagator in the equation with the lDΓA Green’s function:

Σλ,ν
k =

Un

2
−U∑

ωq
[1 + 1

2
γνω

d,q(1 −Uχλd,ω
d,q ) −

3
2
γνω

m,q(1 +Uχλm,ω
m,q ) +∑

ν′

1
2
χν′ω

0,qF
νν′ω
↑↓ ]Gλ,ν+ω

k+q −Σcorr,ν
k

(7.21)

Where Gλ,ν+ω
k+q is determined from Σλ,ν

k via the Dyson equation. Here, the chemical potential is fitted
in order to keep the electron density consistent with the DMFT calculation. Lastly, we introduce
a correction term Σcorr,ν

k that restores the otherwise violated high-frequency asymptotic behavior of
limν→∞Σν

= U2 n
2 (1 −

n
2 ).

The numerical setup has been discussed in detail in Sec. 5.4 and Sec. 6.5. Here, we employ the
lDΓA method with and without partial self-consistency in the equation of motion. The Matsubara
summations are carried out using the improved tails, derived in Sec. 6.2 and Sec. 6.3. Let us briefly
reiterate the necessary steps here that are required for this version of the lDΓA method.
In preparation for the calculations, we generate a frequency grid and tight-binding solution using the
codes presented in Sec. 6.8.2 and Sec. 6.8.4. The frequency and k grid for the two-particle Green’s
function is generated using known symmetry relations, as discussed in Sec. 6.4.
We then obtain a DMFT solution using either CTQMC or ED as an impurity solver, depending on
the temperatures (above β ≈ 50, the solutions between both impurity solvers match within numerical
accuracy, and the stability and low computational cost of the ED solutions with 8 bath sites, are prefer-
able). As ED code, we use Sec. 6.8.3. Subsequently, a 4 bath site AIM is fitted to the DMFT solution,
using BFGS as a solver, [Gν

⋅
√
ν]
−1 as transformation and ∣v∣2 as a distance function (see Sec. 6.6.2).

We then obtain a two-particle Green’s function from the local reference model and generate the local
irreducible vertices in the particle-hole and particle-particle channel using the code from Sec. 6.8.7.
Subsequently, the lDΓA code presented in Sec. 6.8.5 is used to compute the bare susceptibility χνω

0,q. Fi-
nally, the physical susceptibilities χω

r,q and triangular γνω
r,q vertices in the density and magnetic channels

are computed from the local irreducible vertex using the Bethe-Salpeter equation.

Figure 7.13: Illustration of λ parameter
effect.

Depending on the specific sub-method, we now obtain λm,
λd and µ values according to Fig. 5.8. In the case of the par-
tially self-consistent method, this yields a new self-energy
Σλm,λd,ν

k as well3. As a last step, we perform a sub-sampling
of the k grid, compute the full lDΓA vertex F νν′ω

pp,q , as de-
scribed in Sec. 4. Depending on the size of the subsampling,
either a matrix-free or direct diagonalization method is em-
ployed to obtain the leading eigenvalue of Γνν′ω=0

pp,kk′0, using
the code from Sec. 6.8.5.

7.2.4 Susceptibilities
and Renormalization Parameters

We first present the values of the λ correction parameters. Their role as renormalization of the cor-
relation length due to non-local correlations (see Sec. 4.5.1) serves as a qualitative indicator for the
fluctuations due to electronic correlations that are not captured in the (local) DMFT approach. The
values of λr strongly depend on numerical parameters such as k space resolution and frequency grid.
This has been considered by calculating all values for a sweep at one temperature at fixed parameters.

3The λr values and the self-energies are usually obtained for all tail-correction schemes described in Sec. 6.2.4.
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λ parameters Fig. 7.14 and Fig. 7.15 show the λr values for 4 different inverse temperatures β and the
self-energy correction schemes presented in Sec. 6.3.4. Using the λm value to fix the tail instead of the
Pauli principle does not yield roots and is therefore not shown. Around half-filling, the solutions for the
λ values become numerically difficult to stabilize (due to small charge fluctuations, high numerical pre-
cision is needed) and have, therefore, not been computed for all temperatures. Note that the ExpStep
method interpolates between Plain and Full, depending on the δ parameter and can, therefore, be
used to obtain a stable solution if either one of both converges. The data here is shown for δ = 0.8. Both
limiting cases, therefore, also provide insight into the range of potential solutions obtainable through
different values of this numerical parameter. The lDΓA m method does not depend on the choice of the
self-energy tail correction scheme because this quantity only appears as an exogenous quantity, similar
to TPSC.
In addition to the values, we also show a color-coded background in the lower panels (to keep the plots
less busy the upper panels are shown without the background) indicating the DMFT ordering vector.
As discussed in Sec. 5.4.2, the lDΓA method does not reorder the q vectors. The colors are pink for
qmax = (π,0), blue for qmax = (0,0), orange for qmax = (π,π) and green for incommensurate ordering.
For high temperatures (β = 12), the λm(n) curve4 Fig. 7.12 is mostly featureless, with a peak at around
half filling and a minimum in the hole-doped region at around 20% for the lDΓA dm and lDΓA dm,sc
methods, while lDΓA m is monotonically decreasing. The Plain tail correction scheme already begins
to show the onset of a maximum at around 25% hole doping (only observed at lower temperatures for
the other tail-correction schemes).
We observe a slight asymmetry between the electron-doped and hole-doped regimes. This suppression
of magnetic fluctuations compared to DMFT is specifically pronounced in the vicinity of half-filling,
where antiferromagnetic fluctuations play an important role. For inverse temperatures of β = 30 and
above, the λm(n) functions show a local minimum at around 15% and a local maximum at around
30% hole doping. These doping values coincide with the end of the charge-ordered phase and the end
of the super-conducting dome fillings (compare Fig. 7.12). The beginning of the Fermi liquid phase at
30% hole doping shows an inflection point in the λm parameter. We note that these features are not
present in the lDΓA m method, while both methods that incorporate re-balancing between channels see
an increased suppression of magnetic fluctuations due to non-local correlations. The lDΓA m scheme
predicts larger spin fluctuation (the λm parameter is small) in the region of optimal doping than the
other methods, which is interpreted as a deficiency of this method due to a lack of this re-balancing.
This is supported by the established notion in the literature that the interplay between spin order in
the form of anti-ferromagnetic fluctuations and charge ordering plays a vital role in the emergence of
the superconducting dome.
The magnetic fluctuations are monotonically decreasing as a function of both electron- and hole dop-
ing. Comparison between the lDΓAdm and lDΓAdm,sc schemes shows little difference in the magnetic
channel corrections. As a function of temperature, we observe that the antiferromagnetic fluctuations
are being pushed towards half-filling with a lowering of the temperature.
The λd parameter in Fig. 7.15 also experiences a slight asymmetry in the doping around half-filling.

Opposite to the magnetic channel, the larger correction due to non-local effects is in the hole-doped
region. Next to the minimum at around half-filling (where, due to frozen charge fluctuation, neither
local nor non-local contributions play a role), we observe two peaks at around 5% electron-doping and
hole-doping.
Most importantly, we observe a sign change at around 15% hole-doping, coinciding roughly with the
transition from uniform to stripe ordering in the charge channel (on the DMFT level, note also that
the magnetic fluctuations are orders of magnitude larger.). This enhancement of charge fluctuation due
to non-local correlation effects (compare Fig. 7.13) persists throughout the full superconducting dome
but decreases towards the Fermi-liquid regime. Here, we observe decreasing non-local corrections, indi-
cating that the charge fluctuations are fully captured within the local DMFT approach. These effects
can only be captured by the lDΓA dm and lDΓA dm,sc methods, due to a neglected charge fluctuation
renormalization in lDΓA m. In the charge susceptibilities, we observe no significant quantitative dif-
ference between the values predicted from the lDΓAdm and lDΓAdm,sc approaches. In all self-energy
tail correction schemes, the lDΓAdm seems to overestimate the non-local corrections. Similar to the
magnetic channel, the Plain tail correction scheme seems to predict the largest effect and is the most
numerically unstable scheme, while the inverse is true for the EoM scheme.
In the Fermi-liquid regime, ferromagnetic fluctuations dominate. We stress that our approach is not
capable of capturing all details of the interaction between charge density and spin waves due to the
neglected phonon interactions, reduction to a single-band model, and mean-field ordering vectors.
Nevertheless, the ferromagnetic ordering (seen by the blue coloring in the λm figures) at very high
hole-doping levels has also been observed in experiments [141, 235, 214] and FLEX calculations [262].
The persistence of enhancement in the charge response beyond the CDW region also has some support
in experiments [174].

4Note that we use the electron density n on the x-axis and the hole-doping p has to be read off from n = 1 to the left.
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Susceptibilities Fig. 7.16 and Fig. 7.17 show the λ corrected susceptibilities in the magnetic and
charge channels. In the magnetic channel, the agreement between self-energy tail correction schemes
is much closer, especially qualitatively as a function of the electron density n. The agreement between
tail-correction schemes remains quantitatively on the same level as for the correction parameters. We
also note that the spurious divergence of the magnetic susceptibility due to the mean-field character of
DMFT is renormalized, but sizable antiferromagnetic fluctuations remain. Note that the λ-correction
does not change the ordering vector, as by design of the λ-correction method, discussed in Sec. 4.5.1.
The charge fluctuations are suppressed around half-filling and enhanced in the doping regime of the
superconducting dome. The χλd,ω0

d,qmax
curve is mostly featureless at high temperatures and the Full tail-

correction scheme. However, at sufficiently low temperatures, an enhancement in charge fluctuations
between 15 and 30% hole doping can be seen.

Energies and compressibility Fig. 7.18 and Fig. 7.19 show the potential and kinetic energy using the
same setup as before. Here, we observe a strong asymmetry in the potential energy (due to an increase
of double occupancies in the electron-doped regime) around half-filling that is not fully reflected in
the kinetic energy. Interestingly, the tail-correction scheme has a much more pronounced impact on
the energies than the susceptibilities. The Full schemes do not see a local maximum in the potential
energy as a function of hole doping in the superconducting regime, while the EoM and Plain do have a
moderate and strong local maximum at 25% hole doping. We attribute this to an over-correction of the
lowest Matsubara frequencies because the ExpStep, which retains the Plain solution for low and the
Full solution at high frequencies, also predicts a maximum of the potential energy at around optimal
doping. This maximum is also accompanied by a local minimum at 10% that is much less pronounced
in the modified EoM approach and only appears at lower temperatures. We do not see this reduction
in potential energy reflected by an increase in the kinetic energy. The accompanying feature in the
one-particle compressibility κ(1) suggests that this feature is driven by the non-local charge corrections.
The kinetic energy shows a sudden and strong decrease at 15% hole doping for the Plain tail-correction
scheme, after which it slowly increases towards the overdoped regime. This behavior is washed out in
the lDΓAdm,sc approach and less pronounced in the remaining tail-correction schemes, but visible in all
of them at low temperatures and not captured with DMFT.
We also note that the Plain correction scheme can result in negative potential energies between 5% and
15% hole doping, serving as a further indicator that no tail correction can lead to unphysical results.
Importantly, we note an indication that the partially self-consistent method sees a slight increase (local
maximum) of the kinetic energy at low temperatures (β = 30 and β = 50) around 10−15% hole doping.
This coincides with the (CO) phase and is not captured fully by the other approaches. This feature
is also reflected in a suppression of the compressibility. However, because only very few data points
contribute to this feature, further investigation should exclude potential numerical problems in this
doping range.
Lastly, we note that around 20% hole doping, at which the PG phase ends, the kinetic (potential)
energy has a local minimum (maximum).

Fig. 7.20 and Fig. 7.21 show the compressibility obtained on the one-particle ∂n/∂µ and two-particle
2χλd,ω0

d,q=0 levels. These are not consistent through the λ correction scheme but match qualitatively
somewhat closely. In general, the one-particle exhibits not only significantly more numerical noise (due
to the derivative) but is also only indirectly renormalized through the λd parameter. Here, we generally
observe inverse behavior to the kinetic energy, as expected, suggesting the validity of both quantities,
that are not explicitly made consistent in this method.

7.3 Self-Energies

In Fig. 7.22 we show the difference of the imaginary part of the self-energy at the lowest Matsubara
frequency between nodal kN = (π/2, π/2) and anti-nodal kAN = (π,0) points for several temperatures.
For obvious reasons, the momentum differentiation in self-energy is the most pronounced difference
between tail-correction schemes, but the partial self-consistency also substantially modifies the result.
For one, we note that the EoM does not capture any consistent momentum differentiation in the pseu-
dogap regime. This failure of the FLEX type equation of motion has been observed before [277] and
seems to be a clear deficiency of this tail-correction scheme. The Full and Plain schemes both show a
significant momentum differentiation in the lDΓAdm method with a maximum at 9% hole doping that
increases with lower temperatures. For lower temperatures, we also observe an inversion of the nodal
and anti-nodal point with a significantly less pronounced momentum differentiation at 5% electron-
doping.
The partial self-consistent method shows no inversion of nodal and anti-nodal points in the electron-
doped region but instead a spurious inversion for low temperatures at around 15% hole-doping for the
Full tail-correction scheme. At the moment, it is unclear if this is a numerical issue, a problem with
this particular tail-correction scheme, or a failure of the partially self-consistent method. At least for
the ExpStep and Plain schemes, it seems to yield reasonable results up until β = 30.
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Figure 7.14: λm values for inverse temperatures β between 12 and 50. All self-energy correction schemes
are shown. Data obtained from Nk = 200, DMFT solutions have been obtained from
CTQMC, the 2 particle vertex was calculated using 4 bath site ED over 3003 Matsubara
frequencies with shifted grids.
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Figure 7.15: λd values for inverse temperatures β between 12 and 50. All self-energy correction schemes
are shown. Data obtained from Nk = 100, DMFT solutions have been obtained from
CTQMC, the 2 particle vertex was calculated using 4 bath site ED over 3003 Matsubara
frequencies with shifted grids.
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Figure 7.16: χλm,ω=0
m,q=qmax (qmax is color coded, see main text) values for inverse temperatures β between

12 and 50. All self-energy correction schemes are shown. Data obtained from Nk = 100,
DMFT solutions have been obtained from CTQMC, the 2 particle vertex was calculated
using 4 bath site ED over 3003 Matsubara frequencies with shifted grids.
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Figure 7.17: χλd,ω=0
d,q=qmax

(qmax is color coded, see main text) values for inverse temperatures β between
12 and 50. All self-energy correction schemes are shown. Data obtained from Nk = 100,
DMFT solutions have been obtained from CTQMC, the 2 particle vertex was calculated
using 4 bath site ED over 3003 Matsubara frequencies with shifted grids.
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Figure 7.18: Potential energy (if not two-particle consistent, single particle TrGν
kΣν

k) values for inverse
temperatures β between 12 and 50. All self-energy correction schemes are shown. Data
obtained from Nk = 100, DMFT solutions have been obtained from CTQMC, the 2 particle
vertex was calculated using 4 bath site ED over 3003 Matsubara frequencies with shifted
grids.
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Figure 7.19: Single particle kinetic energy (Tr[εkG
ν
k]) values for inverse temperatures β between 12 and

50. All self-energy correction schemes are shown. Data obtained from Nk = 100, DMFT
solutions have been obtained from CTQMC, the 2 particle vertex was calculated using 4
bath site ED over 3003 Matsubara frequencies with shifted grids.
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Figure 7.20: Compressibility on the one particle level κ(1) = ∂n/∂µ values for inverse temperatures β
between 12 and 50. All self-energy correction schemes are shown. Data obtained from
Nk = 100, DMFT solutions have been obtained from CTQMC, the 2 particle vertex was
calculated using 4 bath site ED over 3003 Matsubara frequencies with shifted grids.
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Figure 7.21: Compressibility on the one particle level κ(2) = 2χω0
d,q=0 values for inverse temperatures β

between 12 and 50. All self-energy correction schemes are shown. Data obtained from
Nk = 100, DMFT solutions have been obtained from CTQMC, the 2 particle vertex was
calculated using 4 bath site ED over 3003 Matsubara frequencies with shifted grids.
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Figure 7.22: Difference of the imaginary part of the self-energy at the lowest Matsubara frequency
between nodal kN = (π/2, π/2) and anti nodal points kAN = (π,0), for inverse temperatures
β between 12 and 50. All self-energy correction schemes are shown. Data obtained from
Nk = 100, DMFT solutions have been obtained from CTQMC, the 2 particle vertex was
calculated using 4 bath site ED over 3003 Matsubara frequencies with shifted grids. Note,
that the Full correction scheme for the self-energy runs into numerical difficulties at low
temperatures, that have not yet been resolved.
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8 Conclusion and Outlook

In this thesis, we presented a new extension to the existing lDΓA method, which restores two-particle
consistency on an effective level. We provided verification for the improved predictive power of this ex-
tension for the antiferromagnetic ordering in the Hubbard model on the three-dimensional cubic lattice
at half-filling and the two-dimensional lattice with parameters relevant for high TC superconductors.
As for the first, we demonstrated that the two-particle consistency improved the predicted Néel tem-
perature and restored the correct stabilization mechanisms of the ordered state, characterized by the
relative magnitude of potential and kinetic energies. This improved description can be attributed to the
introduction of renormalization effects between the channels. For the cuprate parameters, we found
that non-local correlations lead to an enhancement of charge fluctuations in the pseudogap region.
Here, we also found that momentum differentiation in the non-local self-energy is enhanced by the
introduction of a partial self-consistency in the Schwinger-Dyson equation of motion. We concluded
with an in-depth discussion of the numerical challenges this method faces and the solutions employed
for this thesis. Specifically, the numerical discussion may prove useful for future work in the direction
of this method and is not limited to only the lDΓA method.
Besides providing these results, this thesis is written with many references to textbooks and well-
established knowledge in the hope that it provides a good starting point for students in the process of
learning DΓA and related methods.
There are several open questions and possible improvements which were pointed out throughout this
thesis. The most prominent ones are: (i) The restoration of the kinetic energy consistency via the
f -sum rule has to systemically be investigated on a suitable system. (ii) The ambiguity of the restora-
tion for the correct self-energy high-frequency tail and its influence on the thermodynamical properties
(through the feedback in the potential energy consistency) is still not fully understood. (iii) The rela-
tionship to the recently introduced λ-RPA method has not yet been fully explored. (iv) The proposed
asymptotic lDΓA method has not been shown to converge and yield reasonable results but has not been
explored in any detail. (v) Multi-band systems cannot be solved using the lDΓA method yet; however,
the necessary consistency equations have been derived for the TPSC case [298]. (vi) Electron-phonon
coupling, for example by extending lDΓA to the Hubbard-Holstein model, cannot be treated yet.
Besides these methodological improvements, the very promising partial results of the machine learning
approach for the learning structure of the Luttinger-Ward functional have not been brought to a con-
clusion yet, due to time constraints.
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Appendix

1 Properties of single-particle Green’s functions

Following are proofs for some identities of single-particle Green’s functions that are used throughout
this thesis. They have been taken from my Master’s thesis [246]. The identities can be extended to
higher-order Green’s functions, since the trace properties can be applied analogously1.
From the real-time definition in Def. 2.2.2.1 we get:

Property (1): Periodicity of the finite temperature Green’s function

Gα1α2(t1; t′1) = −i
1
Z

Tr [e−βĤ ĉ†
α1(t1)ĉ α2(t

′
1)]

= −i
1
Z

Tr [e−βĤeiĤt1 ĉ†α1(0)e−iĤt1eβĤe−βĤ ĉ α2(t
′
1)]

= −i
1
Z

Tr [eiĤ(t1−iβ)ĉ†α1(0)e−iĤ(t1−iβ)e−βĤ ĉ α2(t
′
1)]

= −i
1
Z

Tr [e−βĤ ĉ α2(t
′
1)ĉ

†α1(t1 − iβ)]

= Gα1α2(t1 − iβ; t′1)

Property (2): A time-independent Hamiltonian implies time translational invariance For time-
independent Hamiltonians, the Green’s function only depends on the difference in times. Let τ > τ

Gαα′(τ, τ
′
) =

1
Z

Tr[e−βĤ ĉ α(τ)ĉ
†
α(τ

′
)] =

1
Z

Tr[e−βĤeτH ĉ α(0)e−τĤeτ ′Ĥ ĉ†
α(0)e−τ ′Ĥ

]

=
1
Z

Tr[e−βĤe(τ−τ ′)Ĥ ĉ α(0)e−(τ−τ ′)Ĥ ĉ†
α(0)]

= Gαα′(τ − τ
′,0) =∶ Gαα′(τ − τ

′
) (I8.1)

Property (3): A lattice with translational symmetry implies translational invariance For a system on
a discrete lattice, such as the Hubbard model, the same argument applies for spatial invariance under
translation of some lattice vector R.

Gr,r′(τ, τ
′
) =

1
Z

Tr[e−βĤT−r′Tr′ ĉ r(τ)T−r′Tr′ ĉ
†
r′(τ

′
)] =

1
Z

Tr[T−r′e
−βĤ ĉ r − r′(τ)Tr′ ĉ

†
r′(τ

′
)]

=
1
Z

Tr[e−βĤ ĉ r − r′(τ)Tr′ ĉ
†
r′(τ

′
)T−r′]

= Gr−r′,0(τ, τ
′
) (I8.2)

Property (4): Complex conjugation Complex conjugation of a Green’s function is equivalent to the
swapping of state arguments.

[Gαα′(τ)]
∗
=

1
Z

Tr{(e−βĤeτĤ ĉ†
α(0)e−τĤ ĉ α′(0))}

∗

=
1
Z

Tr(ĉ†
α′(0)e

−τĤ ĉ α(0)eτĤe−βĤ
)

=
1
Z

Tr(e−βĤeτĤ ĉ†
α′(0)e

−τĤ ĉ α(0))

= Gα′α(τ) (I8.3)

The same is true for the frequency representation (see next section):

[Gαα′(iνn)]
†
= ∫

β

0
e−iνnτ

[Gαα′(τ)]
†dτ Eq. (I8.3)

= ∫

β

0
dτe−iνnτGα′α(τ) = Gα′α(iνn) (I8.4)

Property (5): β (anti-) periodicity in imaginary time This extremely important property is the reason
for the inherintly discrete representation of imaginary time Green’s functions in frequency space – the
Matsubara formalism.

Gαα′(τ − β) =
1
Z

Tr(e−βĤTζ [â α(τ)â
†
α′(β)]) = ζ

1
Z

Tr(e−βĤTζ [â
†
α′(β)â α(τ)])

1Generalizations of properties (4) and (5) is somewhat lengthy to proof. They are given following Eq. 2.33 and
Eq. 2.116 [205].
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= ζ
1
Z

Tr(e−βĤeβĤ â†
α′(0)e

−βĤ â α(τ)) = ζ
1
Z

Tr(e−βĤ â α(τ)â
†
α′(0))

= ζGαα′(τ), 0 < τ < β (I8.5)

2 Lehmann Representation for physical Susceptibility

The physical susceptibilities must be obtained from the impurity model, in addition to the one and
two-particle Green’s functions, in order for the improved summation formulas to work. These equal-
time correlators are notoriously difficult to obtain through traditional CTQMC methods. Therefore,
we sample them from ED. For this reason, we need the Lehman representations, which are then directly
evaluated by ED using a finite number of basis states.

Charge Susceptibility

χC
ph,d(τ) = ⟨n̂(τ)n̂⟩

Eq. (2.61)
=

1
Z
∑
nm

e(τ−β)En−τEm ⟨n∣ ĉ†
↑ ĉ ↓ ∣m⟩ ⟨m∣ ĉ

†
↑ ĉ ↓ ∣n⟩

=
1
Z
∑

n∈{↑,↑↓}
∑

m∈{↓,↑↓}
e(τ−β)En−τEm ⟨n∣ ĉ†

↑ ĉ ↓ ∣m⟩ ⟨m∣ ĉ
†
↑ ĉ ↓ ∣n⟩

=
1
Z
[e(τ−β)(−µ)−τ(−µ)

+ e(τ−β)(−µ)−τ(U−2µ)
+ e(τ−β)(U−2µ)−τ(−µ)

+ e(τ−β)(U−2µ)−τ(U−2µ))
]

‘ = 1
Z
[eβµ

+ eτ(µ−U)+βµ
+ eτ(U−µ)−β(U−2µ)

+ e−β(U−2µ)
]

Magnetic Susceptibility

χC
m(τ) = χ

C
Ŝx
= ⟨(ĉ†

↑ ĉ ↓ + ĉ
†
↓ ĉ ↑) (τ) (ĉ

†
↑ ĉ ↓ + ĉ

†
↓ ĉ ↑)⟩ (I8.6)

=
1
Z
∑
nm

e(τ−β)En−τEm( ⟨n∣ ĉ†
↑ ĉ ↓ ∣m⟩ ⟨m∣ ĉ

†
↑ ĉ ↓ ∣n⟩ + ⟨n∣ ĉ

†
↑ ĉ ↓ ∣m⟩ ⟨m∣ ĉ

†
↓ ĉ ↑ ∣n⟩

+ ⟨n∣ ĉ†
↓ ĉ ↑ ∣m⟩ ⟨m∣ ĉ

†
↑ ĉ ↓ ∣n⟩ + ⟨n∣ ĉ

†
↓ ĉ ↑ ∣m⟩ ⟨m∣ ĉ

†
↓ ĉ ↑ ∣n⟩ ) (I8.7)

=
1
Z
∑
nm

e(τ−β)En−τEm(δn,↑δm,↓δm,↑δn,↓ + δn,↑δm,↓δm,↓δn,↑ + δn,↓δm,↑δm,↑δn,↓ + δn,↓δm,↑δm,↓δn,↑)

(I8.8)

=
2 ⋅ 0 + 2 ⋅ e(τ−β)(−µ))−τ(−µ)

Z
=

2 ⋅ eβµ

Z
(I8.9)

χ0
m(0) =

1
Z
∑
n

e−βn
⟨n∣ (ĉ†

↑ ĉ ↓ + ĉ
†
↓ ĉ ↑) ∣n⟩ (I8.10)

= 0 (I8.11)

χω
m = χ

C,ω
m − χ0,ω

m = ∫

β

0
dτeiωmτχC

m(τ) − 0 (I8.12)

= δω,0
2eµβ

1 + 2e+βµ + e−β(U−2µ) (I8.13)

µ =
U

2
⇒ χω

m = δω,0
1

e−βU/2 + 1
(I8.14)

3 Common Quantities

The following gives an overview over commonly used quantities in the lDΓA context.

χω
r =

1
β2 ∑

νν′
χνν′ω

r (I8.15)

λ and γ terms for spin and charge channel

χνν′ω
0,ph,q = −βδνν′∑

k
Gν

kG
ω+ν
q+k (I8.16)

χνν′ω
0,pp,q = −

β

2
δνν′∑

k
Gν

kG
ω−ν
q−k (I8.17)
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χνω
0,ph,q = ∑

ν′
χνν′ω

0,ph,q = −G
ν
kG

ω+ν
q+k (I8.18)

χνω
0,pp,q = ∑

ν′
χνν′ω

0,pp,q = −
β

2
Gν

kG
ω−ν
q−k (I8.19)

λνω
d/m = ±

1
β

∑ν′ χ
νν′ω
d/m

χνω
0

∓ 1 (I8.20)

= ∑
ν′
χν′ω

0,qF
νν′ω
d/m (I8.21)

λνν′ω
↑↓ =

1
2
(λνν′ω

d + λνν′ω
m ) (I8.22)

γνν′ω
d/m =

1
β

∑ν′ χ
νν′ω
d/m

(1 ±Uχω
d/m)χ

νν′ω
0

(I8.23)

⇒ λνν′ω
d/m = ±γ

νν′ω
d/m (1 ∓Uχ

ω
d/m) ∓ 1 (I8.24)

γνν′ω
d/m =

1 ± λνν′ω
d/m

1 ∓Uχω
d/m

(I8.25)

λνω
0,q = ∑

ν′
χν′ω

0,qF
νν′ω
↑↓,DMFT (I8.26)

4 Linearized Eliashberg Equations

We have obtained the second-order phase transition for the Néel temperature by fitting the critical
behavior of the lDΓAλ-corrected susceptibility (Sec. 4.5.2 and Sec. 7.1). For the investigation of d-
wave conductivity, we need to incorporate nonlocal spin-fluctuations and, therefore, go beyond the
one-shot approach of lDΓA . Instead, we obtain the signal of a phase transition from the eigenvalue
of the irreducible vertex and do so from the renormalized physical susceptibility [136]. We, therefore,
write down the BSE (Eq. (2.258)) in the particle-particle ((s)inglet and (t)riplet) channel.

χνν′ω
s,q = −χνν′ω

0,pp,kk′q −
1
2 ∑ν1ν2

(χνν1ω
0,pp,kk′q − χ

νν1ω
s,q )Γs,ν1ν2ω0

s,kk′q χν2ν′ω
0,pp,kk′q, (I8.27)

The susceptibility diverges when the largest eigenvalue of Γνν′ω0
kk′q=0G

ν′

k′G
−ν′

−k′ approaches 1:

λ∆ν
k = ∑

νk
Γνν′ω0

kk′q=0G
ν′

k′G
−ν′

−k′∆ν′

k′ (I8.28)

This approach of determining the largest eigenvalue of the linearized Eliashberg equations (the frequency-
dependent generalization of the BCS gap equation) is discussed in the literature as well [26, Chapter 3].
However, we need to reconstruct Γs/t from the particle-hole channel. Furthermore, the k and k′ depen-
dence of this object makes it necessary to employ some additional numerical tricks to obtain results.
Specifically, the k resolution required for the stabilization of the λ correction is too large to store the
full vertex or obtain eigenvalues.
In order to obtain the particle-particle vertex Γνν′ω

pp↑↓,kk′q,lDΓA we make use of the frequency mapping
from the particle-hole to the particle-particle channel discussed in Sec. 2.7.2. Here one can select from
one of the two options, depending on the available data in the particle-hole channel.
In order to construct the λ corrected version of the lDΓA full vertex, we make use of the U irreducible
formalism from Eq. (5.49), for a derivation see the original definition in [205, Eq. 4.125]. F is then
expressed as follows:

F νν′ω
r,q = β2

(χνν′ω
0,q )

−1
− β2
(χνω

0 )
−1χ∗,νν′ω

r,q (χν′ω
0 )

−1

+Ur(1 −Urχ
ω
r )(χ

νω
0,q)

−1
∑

ν1ν2

χ∗,νν1ω
r,q χ∗,ν2ν′ω

r,q (χν′ω
0,q )

−1 (I8.29)

= β2
(χνν′ω

0,q )
−1
− β2
(χνω

0,q)
−1χ∗,νν′ω

r,q (χν′ω
0,q )

−1

+Ur(1 −Urχ
ω
r )(γ

νω
r ∓ 1)(γν′ω

r ∓ 1) (I8.30)

= β2
(χνν′ω

0,q )
−1
+ β2

(χνω
0,q)

−1
χνν′ω

r,q (χν′ω
0,q )

−1
(I8.31)

In this formalism, we can replace the physical susceptibilities, with the λ corrected ones in Eq. (I8.30).
Using the BSE, we can also find the expression for the generalized susceptibility:

χνν′ω
r,q = χνν′ω

0,q − ∑
ν1ν2

χνν1ω
0,q Γν1ν2ω

r χν2ν′ω
r,q (I8.32)

= χνν′ω
0,q − χνω

0,q∑
ν2

Γνν2ω
r χν2ν′ω

r,q (I8.33)
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= χνν′ω
0,q − χνν1ω

0,q F ν1ν2ω
r,q χν′ν2ω

0,q (I8.34)

= [(χνν′ω
0,q )

−1
+

1
β2 Γνν′ω

r,loc ]
−1

(I8.35)

= χ⋆,νν′ω
r,q −Ur(1 −Urχ

ω
r,q) ∑

ν1ν2

χ⋆,νν1ω
r,q χ⋆,ν2ν′ω

r,q (I8.36)

= χ⋆,νν′ω
r,q −Ur(1 −Urχ

ω
r,q)γ

νω
r,qγ

ν′ω
r,q (I8.37)

We then obtain for the λ corrected full vertex F :

Fλr,νν′ω
r,q = β2

(χνν′ω
0,q )

−1
− (χνω

0,q)
−1
χλr,νν′ω

r,q (χν′ω
0,q )

−1
(I8.38)

= χ∗,νν′ω
r,q −Ur(1 −Urχ

λr,ω
r,q ) ∑

ν1ν2

χ∗,νν1ω
r,q χ∗,ν2ν′ω

r,q (I8.39)

= β2
(χνν′ω

0,q )
−1
− (χνω

0,q)
−1χ∗,νν′ω

r,q (χν′ω
0,q )

−1
+Ur(1 −Urχ

λr,ω
r,q )γ

νω
r,qγ

ν′ω
r,q (I8.40)

Using this reformulation, Φ↑↓ = 1
2(Φs +Φt) and the index shift for the mapping, we obtain the following

expression for the irreducible vertex in the singlet channel:

Fλ,νν′ω
lDΓA ,kk′q =

1
2
(Fλm,νν′ω

d,q − Fλd,νν′ω
m,q ) − F

ν(ν+ω)(ν′−ν)
m,k′−k −

1
2
(F νν′ω

loc,d − F
νν′ω
loc,m) (I8.41)

Γλ,νν′ω
s,kk′q = F

λ,ν′(−ν)(ν−ν′)
ladder,k′(−k)(k−k′) −Φνν′ω

loc,s,kk′q (I8.42)

Omitting the λ superscript for better readability, one then obtaines for the singlet and triplet channel:

⇒ Γνν′ω0
s,kk′q=0 =

1
2
(F

λ,ν′(−ν)(ν−ν′)
d,k−k′ − F

λ,ν′(−ν)(ν−ν′)
m,k−k′ ) − F

λ,ν′ν(−ν′−ν)
m,k′−k − F

ν′(−ν)(ν−ν′)
loc,↑↓ −Φνν′ω0

loc,s (I8.43)

=
1
2
F

λ,ν′(−ν)(ν−ν′)
d,k−k′ −

3
2
F

λ,ν′(−ν)(ν−ν′)
m,k−k′ − F

ν′(−ν)(ν−ν′)
loc,↑↓ −Φνν′ω=0

loc,s (I8.44)

Γνν′ω0
t,kk′q=0 =

1
2
F

λ,ν′(−ν)(ν−ν′)
d,k−k′ −

1
2
F

λ,ν′(−ν)(ν−ν′)
m,k−k′ − F

ν′(−ν)(ν−ν′)
loc,↑↓ −Φνν′ω0

loc,pp (I8.45)

We can then insert this into the linearized Eliashberg equation at the dominant frequency ω0 and
obtain the leading eigenvalue, which approaches 1 for T → TC.

λ∆ν
k = −

1
βNk

∑
ν′k′

Γνν′ω=0
kk′q=0 χ

ν′ω0
0,s,k′∆

ν′

k′ (I8.46)
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