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1
H U B BA R D M O D E L

1.1 introduction

The full description of realistic interacting systems with computable solutions has
been of interest since the advent of quantum mechanics. While it is easy to write
down a Hamiltonian with all contributing interactions, solutions to the Schrödinger
equation already fail for the simple electron coulomb repulsion due to the large
amount of particles and quadratic scaling in the number of equations. With this
problem in mind approximations and effective models have been developed in or-
der to explain effects like the quantum hall effect, the Mott insulating phase or type
II superconductivity as emergent behavior without having to solve the full system
of ∼ 1023 coupled differential equations.
In the past great progress has been made for systems with weakly to moderately
correlated electrons expedited by the success of density functional theory. Strongly
correlated electrons systems however have proven to be more problematic. One in-
dication of this shortcoming is the band gap problem [103]. Model systems can be
beneficial in describing exactly this behavior by giving up the ab initio nature. In
this thesis I will consider the Hubbard model on the hypercubic and Bethe lattice
in different regions of interaction strengths. The dynamical mean field approxima-
tion method, that is able to find the Mott transition in this model system, has been
implemented for the Bethe and hypercubic lattice for this thesis. Within the DMFT
approximation there is the need to solve the fully interacting problem on one (or at
most a few) lattice sites. Commonly used methods are exact diagonalization (ED),
iterated perturbation theory (IPT), discrete and continuous time quantum Monte
Carlo (HF-QMC and CTQMC) and renormalization group methods. I have imple-
mented IPT and two different CTQMC solvers. The perturbation theory solver al-
lows easy access to the most important features of the phase diagram, since it can
be written as a set of algebraic equations. CTQMC solvers are then used to refine
the results obtained from IPT. While very accurate, Monte Carlo solvers tend to be
inefficient near phase transitions. Due to this fact a complementary solver could be
based and renormalization group methods.
In chapter 1 there will be a short discussion of the Hubbard model, traditional mean
field methods and the Mott transition.
In chapter 2 we will discuss the mathematical basics for Monte Carlo methods along
some tools for statistical evaluation. There will also be a discussion of essential aux-
iliary algorithms for the accumulation and computation of statistics.
Chapter 3 gives a short overview of the Green’s function formalism, functional in-
tegral formalism, diagrammatic perturbation theory and quasi particles.
In Chapter 4 the dynamical mean field theory is derived and the quantum Monte
Carlo solvers are introduced.
In Chapters 5 and 6 implementation details and results are discussed.



4 hubbard model

1.2 hubbard model

We will only consider solid state systems with negligible relativistic contributions
and consequently no spin dependent potentials in this thesis. These systems are
described by the well-known Hamiltonian consisting of 𝑁𝑒 electron contributions
at positions 𝑟𝑖 with masses 𝑚𝑖 and 𝑁𝑛 ions at 𝑅𝑘 with masses 𝑀𝑘:

𝐻̂ = −
𝑁𝑒

∑
𝑖

ℏ2

2𝑚𝑖
∇2

𝑟𝑖 + 1
2 ∑

𝑖≠𝑗
𝑉𝑒−𝑒( ̂𝑟𝑖, ̂𝑟𝑗)

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
̂𝑇𝑒+𝑉𝑒−𝑒

−
𝑁𝑛

∑
𝑘

ℏ2

2𝑀𝑘
∇2

𝑅𝑘
+ 1

2 ∑
𝑘≠𝑙

𝑉𝑛−𝑛(𝑅𝑘, 𝑅𝑙)
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

̂𝑇𝑛+𝑉𝑛−𝑛

+
𝑁𝑒

∑
𝑖

𝑁𝑛

∑
𝑘

𝑉𝑒−𝑛( ̂𝑟𝑖, 𝑅𝑘)
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝑉𝑒−𝑛

(1.2.1)

Even though we use a non-relativistic formulation which neglects for example the
important effects of spin orbit coupling, this is already impossible to solve directly.
In order to be able to proceed further, it is often assumed that the wave functions of
ions and electrons decouple. This is known as Born-Oppenheimer approximation.

𝜓total ({𝑟𝑖}; {𝑅𝑘}) = 𝜓𝑒 ({𝑟𝑖}; {𝑅𝑘}) × 𝜓ion ({𝑅𝑘}) (1.2.2)

It follows that we can decouple the electronic Hamiltonian
𝐻̂𝑒𝑙 = ̂𝑇𝑒 + 𝑉𝑒−𝑒 + 𝑉𝑒−𝑛 from the lattice Hamiltonian. In this context the lattice poten-
tial will often be called external potential 𝑉ext. Since the solution of the electronic
problem in an external potential is still infeasible, it is necessary to find additional
approximations. There are several well established methods which provide insight
into solid state phenomena. Hartree Fock (HF) approximation introduces an ef-
fective static mean field of electrons to avoid explicit electron-electron interactions.
However correlations stemming from coulomb interactions are not captured.
Density functional theory (DFT) improves upon HF by taking exchange and corre-
lation effects into account. The basis for DFT are the Hohenberg-Kohn theorems,
which state that there exists a one-to-one mapping between the ground state elec-
tron density and the external potential: The external potential can be written as a
functional of the electron density. This external potential provides the ground state
energy if and only if (iff) the argument is the ground state energy. Since part of this
functional, the so called exchange correlation functional is in practice approximated
and almost certainly unobtainable in general, DFT remains an approximation and is
unable to fully capture effects that stem from strong interaction between electrons1.
Usual approximations for the exchange correlation term such as local density ap-
proximation (LDA) or generalized gradient approximations (GGA) tend to underes-
timate localization terms and as a result over-stabilize the metallic phase [31]. They

1 This is only true for the original form relying on the Hohenberg-Kohn theorem. Extensions such as
DFT+U or DFT+DMFT incorporate these interactions — sometimes at the expense of a controllable
error. This becomes especially apparent in the mostly intractable double counting term.
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also result in the so called band gap problem since they produce smooth exchange
correlation functionals [28, 118] (see also sec. 3.7).
Model Hamiltonians, in contrast to ab initio methods, can not only offer another
picture of phenomena such as the Mott insulating phase but also contribute a more
systematic justification for certain questions within DFT such as the physical mean-
ing of Kohn-Sham eigenvalues [28]. The combination of both methods have the
problem of double counting certain contributions [31]. They do however allow to
introduce specific effects (such as Coulomb correlations) into ab initio methods, see
for example DFT+DMFT.
We will now map the electronic Hamiltonian onto the Hubbard model that will then
be used through out this thesis. This model explicitly retains two interactions, ki-
netic energy and electron repulsion. To rewrite 𝐻̂𝑒𝑙 in second quantization we use
the transformation identities from 1, 2, … -particle Hilbert spaces to the Fock space
(for a derivation see chapter 1 [70]):

𝑂1 = ∑
𝛼𝛽

⟨𝛼| ̂𝑜 |𝛽⟩ 𝑎†
𝛼𝑎𝛽 (1.2.3)

𝑂2 = ∑
𝛼𝛽𝛾𝛿

⟨𝛼𝛽| ̂𝑜 |𝛾𝛿⟩ 𝑎†
𝛼𝑎†

𝛽𝑎𝛿𝑎𝛾 (1.2.4)

⋯

𝑎𝛼 and 𝑎†
𝛼 can be either fermionic (denoted by 𝑐𝛼, 𝑐†

𝛼) or bosonic (𝑏𝛼, 𝑏†
𝛼) annihilation

and creation operators for the state 𝛼 with the usual (anti) commutator relations.

[𝑎𝛼, 𝑎†
𝛽]𝜁

= 𝑎𝛼𝑎†
𝛽 − 𝜁𝑎†

𝛽𝑎𝛼 = 𝛿𝛼,𝛽 (1.2.5)

[𝑎𝛼, 𝑎𝛽]𝜁 = [𝑎†
𝛼, 𝑎†

𝛽]𝜁
= 0 (1.2.6)

𝑛𝛼 = 𝑎†
𝛽𝑎𝛼 (1.2.7)

𝜁 =
{

+1 bosons
−1 fermions

(1.2.8)

We will later use coherent states as basis for the Fock space where the basis states
are defined as the eigenstates of the annihilation operator.

̂𝑎𝛼 |𝜙⟩ = 𝜙𝛼 |𝜙⟩ = 𝜙𝛼 exp [∑
𝛼

𝜙𝛼 ̂𝑎†
𝛼] |0⟩ (1.2.9)

̂𝑎†
𝛼 |𝜙⟩ = 𝜁 𝜕

𝜕𝜙𝛼
|𝜙⟩ (1.2.10)

1 = ∫ ∏
𝛼

𝑑𝜙⋆
𝛼 𝑑𝜙𝛼
N

exp [− ∑
𝛼

𝜙⋆
𝛼 𝜙𝛼] |𝜙⟩ ⟨𝜙| (1.2.11)

Tr [𝑂̂] = ∫ ∏
𝛼

𝑑𝜙⋆
𝛼 𝑑𝜙𝛼
N

exp [− ∑
𝛼

𝜙⋆
𝛼 𝜙𝛼] ⟨𝜁𝜙| 𝑂̂ |𝜙⟩ (1.2.12)

In order to fulfill the fermionic commutator relations (eq. 1.2.5) it is necessary for the
eigenvalues of 𝑎† to anti-commute i.e. 𝜙𝛼𝜙†

𝛼 = −𝜙†
𝛼𝜙𝛼. This property is provided by

elements of the exterior algebra over complex numbers usually called Grassmann
numbers. We will not need any details except the fact that derivatives of Grassmann
variables also anti commute with other Grassmann variables (and derivatives of
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Grassmann numbers). Surprisingly, the resulting completeness, trace and Gauss
integral formulas are almost equivalent between bosons and fermions up to factors
of 𝜁 and different normalization constants.
The periodicity of the lattice with lattice vectors 𝑅 results in periodic eigenfunctions
called as Bloch functions 𝜙𝛼,𝑘. We use 𝛼 as the band, 𝑘 as wave vector and 𝑖 as the
site index2. The Bloch basis is related to the localized (around ions at 𝑅𝑗) Wannier
basis 𝜑𝛼 for 𝑁 ions:

𝜙𝛼𝑘 (𝑟) = 𝑒𝑖𝑘⋅𝑅𝑢𝛼𝑘 (𝑟) , 𝑢𝛼𝑘 (𝑟 + 𝑅) = 𝑢𝛼𝑘 (𝑟) (1.2.13)

𝜑𝛼𝑖 (𝑟) = 1
√𝑁 ∑

𝑘
𝜙𝛼𝑘 (𝑟 − 𝑅𝑖) (1.2.14)

The Wannier basis can be used as the local basis with eq. 1.2.3 for the kinetic term
and eq. 1.2.4 for two particle potentials, resulting in the generalized tight binding
Hamiltonian.

𝐻 = ∑
𝛼𝛽
𝑖𝑗
𝜎

𝑡𝛼𝛽
𝑖𝑗 𝑐†

𝛼𝑖𝜎𝑐𝛽𝑗𝜎′ + 1
2 ∑

𝛼𝛽𝛾𝛿
𝑖𝑗𝑘𝑙
𝜎𝜎′

𝑈 𝑖𝑗𝑘𝑙
𝛼𝛽𝛾𝛿𝑐†

𝛼𝑖𝜎𝑐†
𝛽𝑗𝜎′𝑐𝛾𝑘𝜎′𝑐𝛿𝑙𝜎 (1.2.15)

𝑡𝛼𝛽
𝑖𝑗 = ⟨𝜑𝛼𝑖𝜎| ̂𝑇𝑒 + 𝑉𝑒−𝑛 |𝜑𝛽𝑗𝜎⟩ = ∫ d3𝑟 𝜑⋆

𝛼𝑖(𝑟) ( ̂𝑇𝑒(𝑟) + ̂𝑉𝑒−𝑛(𝑟)) 𝜑𝛽𝑗(𝑟) (1.2.16)

𝑈 𝑖𝑗𝑘𝑙
𝛼𝛽𝛾𝛿 = ∫ d3𝑟 d3𝑟′ 𝜑⋆

𝛼𝑖(𝑟) 𝜑⋆
𝛽𝑗(𝑟′) 𝑉𝑒−𝑒(𝑟, 𝑟′) 𝜑𝛾𝑘(𝑟′) 𝜑𝛿𝑙(𝑟) (1.2.17)

The Wannier functions are assumed to be localized enough to be eigenfunctions
of the one particle Hamiltonian ̂𝑇𝑒 + 𝑉𝑒−𝑛 [39]. This means the hopping matrix 𝑡𝛼𝛽

𝑖𝑗
contains the energies without electron-electron interactions and hopping between
bands is forbidden.

𝑡𝛼𝛽
𝑖𝑗 = 𝛿𝛼,𝛽

1
𝑁 ∑

𝑘
𝑒𝑖𝑘(𝑅𝑖−𝑅𝑗)𝜖𝛼𝑘 (1.2.18)

These energies could be computed using DFT or the tight binding approximation
(only nearest neighbor hopping).
The overlap integral 𝑈 𝑖𝑗𝑘𝑙

𝛼𝛽𝛾𝛿 still contains the full interaction. In the Hubbard model
it is assumed to be completely local and only density-density terms contribute:

𝑈 𝑖𝑗𝑘𝑙
𝛼𝛽𝛾𝛿 = 𝑈𝛼𝛽𝛾𝛿𝛿𝑖,𝑗𝛿𝑗,𝑘𝛿𝑘,𝑙𝛿𝛼,𝛾𝛿𝛽,𝛿 (1.2.19)

From that we finally get the Hubbard Hamiltonian

𝐻 = ∑
𝑖𝑗𝛼𝜎

𝑡𝛼
𝑖𝑗𝑐

†
𝑖𝛼𝜎𝑐𝑗𝛼𝜎 + 1

2 ∑
𝑖𝛼𝛽𝜎𝜎′

𝑈𝛼𝛽 𝑛𝑖𝛼𝜎𝑛𝑖𝛽𝜎′ (1.2.20)

We will later use the single band Hubbard model with 𝑈𝛼𝛽 = 𝛿𝛼,𝛽𝑈𝛼𝛽. This is justified
when the Fermi surface falls inside a single band and the other bands are separated
by a large energy gap [39]. In this case 𝑈 becomes a scalar and all band indices
(due to the Pauli principle also the spin sums) can be omitted. Additionally hop-
ping is often restricted to next neighbors: 𝑡𝑖𝑗 = 𝑡 iff 𝑖 and 𝑗 are neighbors, the 𝑖 = 𝑗

2 Bloch functions solve the Hubbard Hamiltonian in the non-interacting case 𝑈 = 0
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𝑈
↑↓𝑡

Figure 1.1: Lattice Model with hopping 𝑡 and interaction 𝑈

contributions are split off as 𝜇. The result is the most simple form of the Hubbard
model.

𝐻 = −𝑡 ∑
⟨𝑖𝑗⟩𝜎

𝑐†
𝑖𝜎𝑐𝑗𝜎 − 𝜇 ∑

𝑖𝜎
𝑛𝑖𝜎 + 𝑈 ∑

𝑖
𝑛𝑖↑𝑛𝑖↓ (1.2.21)

Non overlapping bands with only one band contributing at the Fermi level will
obviously not model realistic band structures. Also only s-wave symmetries are
well represented despite the otherwise realistic lattice model. However, kinetic and
Coulomb energy as well as the Pauli exclusion are captured within this model.
A typical graphical illustration of these kind of lattice models is the two dimensional
cartoon in fig. 1.1. Despite of these somewhat crude approximations few analytic
results are available. For one dimension with nearest neighbor and next nearest
neighbor interactions on square lattices there are analytic solutions using the Bethe
ansatz [19, 86, 91, 39]. But even in two dimensions one has to consider limiting cases
in order to extract results (see [30] for ground state at 𝑈 → 0).
We will later use the limit of infinite coordination number (neighbors) as this can
be treated analytically with certain electronic configurations on the Bethe lattice.
Despite these approximations, the Hubbard model still captures the competition
of itinerancy due to the kinetic energy and localization due to the Coulomb term
with the important transition to the Mott insulating phase. The interesting physics
stem exactly from this competition. In the limiting cases of one dominating force
approximations are easy:

Delocalization: 𝑈 ≪ 𝑡: We can neglect the second term of the Hubbard Hamilto-
nian. Fourier transformation and restriction to next nearest
neighbor hopping results in the usual tight binding solu-
tion: 𝐻 ≈ ∑𝑘 𝜖𝑘𝑐†

𝑘𝑐𝑘. For instance the 1𝐷 chain with spacing
𝑎 has the solution 𝜖𝑘 = 𝜖0 + 2𝑡 cos(𝑘𝑎). The behavior only de-
pends on the number of electrons per atom (odd — metallic,
even — insulating). This is the case that is well described by
Hartree Fock.

Localization: 𝑈 ≫ 𝑡: We use 𝐻 ≈ 𝜖0 ∑𝑖𝜎 𝑛𝑖𝜎 + 𝑈
2 ∑𝑖 𝑛𝑖↑𝑛𝑖↓, so that the energies for

0, 1, 2 electrons at one site are 0, 𝜖0, 2𝜖0+𝑈. Consider the con-
figuration of all ions having exactly one electron, now the en-
ergy difference to another configuration is Δ𝐸 = 0 + (2𝜖0 + 𝑈) − 2(𝜖0) =
𝑈. So for large enough 𝑈 the system becomes insulating.
This is the Mott insulating phase which can not be obtained
by band structure calculations alone.

One of the main goals will be to find this Mott transition for the T-U phase diagram.
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1.3 properties of the hubbard hamiltonian

It is worth inspecting the limiting cases of the Hubbard model one the square lattice
in more detail. We first introduce the particle-hole symmetric Hamiltonian of the
Hubbard model by partitioning the lattice into two sub-lattices in such a way, that
every site of lattice 𝐴 only has neighbors of lattice 𝐵: A particle hole transformation

Figure 1.2: Bipartite square lattice in two dimensions

𝑑†
𝑖𝜎 = (−1)𝑖𝑐𝑖𝜎, see chapter 4 [101], introduces only a shift in the chemical potential

𝜇 → 𝜇 + 𝑈
2 but leaves the other terms in the Hamiltonian unchanged if no next

nearest neighbor hopping is considered. This means one can directly relate anti-
ferromagnetic and ferromagnetic states

𝐻 = −𝑡 ∑
⟨𝑖𝑗⟩𝜎

𝑐†
𝑖𝜎𝑐𝑗𝜎 − 𝜇 ∑

𝑖𝜎
𝑛𝑖𝜎 + 𝑈 ∑

𝑖
(𝑛𝑖↑ − 1

2) (𝑛𝑖↓ − 1
2) (1.3.1)

The density transforms as function of the chemical potential: 𝑛(𝜇) = 2−𝑛(−𝜇), Δ𝑚(𝜇) =
Δ𝑚(−𝜇) which leads to 𝜌 = 1 at half filling (𝜇 = 0). This is a particularly important
property for the interaction expansion algorithm, that will be introduced later3. It
also implies that the phase diagram is symmetric around 𝜇 = 0.
We will first look at the atomic limit. The Hamiltonian is easily solved analytically
since the lattice characteristic is completely contained in the hopping term and one
only needs to solve a single particle problem.

𝐻AL = 𝑈 ∑
𝑖

(𝑛𝑖↑ − 1
2) (𝑛𝑖↓ − 1

2) − 𝜇 ∑
𝑖𝜎

𝑛𝑖𝜎 (1.3.2)

The eigenstates with corresponding eigenvalues for eq. 1.3.2 are: 𝑈
4 , |0⟩; − 𝑈

4 − 𝜇, |↑⟩;
𝑈
4 − 𝜇, |↓⟩; − 𝑈

4 − 2𝜇, |↑↓⟩. Since we have the explicit form of the Hamiltonian avail-
able we now choose some basis in order to calculate quantities.

̂𝑐↑ ≐
⎛
⎜
⎜
⎜
⎝

0 1 0 0
0 0 0 0
0 0 0 1
0 0 0 0

⎞
⎟
⎟
⎟
⎠

, ̂𝑐↓ ≐
⎛
⎜
⎜
⎜
⎝

0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

⎞
⎟
⎟
⎟
⎠

We immediately obtain the partition function:

𝑍 = Tr 𝑒−𝛽𝐻AL = 𝑒−𝛽 𝑈
4 + 2𝑒−𝛽(

𝑈
4 +𝜇) + 𝑒−𝛽(

𝑈
4 −2𝜇) (1.3.3)

3 In this special case there are algorithms without a sign problem available, since the particle-hole trans-
formation relates 𝑈 ↔ −𝑈 and we can avoid expanding in (−𝑈)2.
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Note that we could also use the non particle hole symmetric partition function. This
will however not change the observables:

𝑍 = Tr 𝑒−𝛽𝐻 = 1 + 2𝑒−𝛽(𝜇) + 𝑒−𝛽(𝑈−2𝜇) (1.3.4)

𝑛 = ⟨𝑛↑ + 𝑛↓⟩ = 2
𝑍 (𝑒𝛽(

𝑈
4 +𝜇) + 𝑒−𝛽(

𝑈
4 −2𝜇)

) (1.3.5)

Δ𝑛 = ⟨(𝑛↑ + 𝑛↓)
2
⟩ = 𝑛 − 2𝐷 (1.3.6)

Δ𝑛 is called local moment and 𝐷 double occupancy. The local moment is exactly
then equal to 1, when the average occupancy of the site is 1. Density and local mo-
ments are plotted as a function of the chemical potential in fig. 1.3.
We see that 𝑛 ≈ 1 for −𝑈/2 < 𝜇 < 𝑈/2. This behavior becomes more pronounced
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0.0
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1.0
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𝛽 = 32
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Figure 1.3: Density and local moment in the atomic limit

for increasing 𝑈 or 𝛽4. This energy gap that is required to add a second electron to
a site is known as “Mott insulating gap”5.
An increase in the kinetic energy term will eventually result in a breakdown of
the Mott insulating behavior, similar to an increase in temperature. This insulat-
ing behavior is distinct from the band insulating phases since it stems purely from
electron-electron interaction instead of interactions with the periodic potential, lat-
tice deformations or impurities [50]. It is however a well-known and often encoun-
tered phenomenon in materials with strong electron interactions such as transition
metal oxides.

4 The Python code which generates these plots can be found along the rest of the implementations for
this Thesis at [121]

5 One can verify this energy gap by considering the compressibility and noting that 𝜕𝜌/𝜕𝜇 = 0 for −𝑈/2 <
𝜇 < 𝑈/2.
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Figure 1.4: Local moment as function of U and 𝛽 at half filling (𝜇 = 0).

We will later focus on the Green’s function formulation of many body interactions.
For the sake of completeness, we will discuss the limiting cases from this point of
view here already. An introduction is given in the third chapter. It is more conve-
nient to choose the normal instead of particle hole symmetric eigenstates here and
later shift the chemical potential to 𝑈/2.

𝐺𝑖𝑗 𝜎(𝜏) = −𝛿𝑖𝑗
1
𝑍

Tr [𝑒−(𝛽−𝜏)𝐻𝑐𝜎𝑒−𝐻𝜏𝑒†
𝜎]

𝐺𝑖𝑗,↑ = −𝛿𝑖𝑗
1
𝑍 [𝑒𝜇𝜏 + 𝑒𝛽𝜇−𝜏(𝑈−𝜇)]

As expected this is neither site nor spin dependent. The behavior of the imaginary
times Green’s function is plotted in fig. 1.5.
We can compute the Matsubara Green’s function for spin up in the Lehmann rep-

0.0 0.5 1.0
𝜏/𝛽

-0.5

0.0

𝐺(
𝜏)

𝛽 = 1
𝛽 = 8
𝛽 = 32

-20 -10 0 10 20
𝜔𝑛

𝐼𝑚
[𝐺

(𝑖𝜔
)]

𝛽 = 1
𝛽 = 8
𝛽 = 32

Figure 1.5: Imaginary time and Matsubara Green’s function at 𝜇 = 𝑈/2

resentation (see eq. 3.4.7).
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𝐺↑(𝑘, 𝑘′, 𝑖𝜔𝑛) = ∑
𝑖𝑗 ∫

𝛽

0
𝑒𝑖𝑘𝑟𝑖−𝑖𝑘′𝑟𝑗𝑒𝑖𝜔𝑛𝜏𝐺𝑖𝑗,↑(𝜏) d𝜏

= − ∑
𝑖𝑗 ∫

𝛽

0
𝑒𝑖𝑘𝑟𝑖−𝑖𝑘′𝑟𝑗𝛿𝑖𝑗

𝑒𝑖𝜔𝑛𝜏

𝑍 [𝑒𝜇𝜏 + 𝑒𝛽𝜇−𝜏(𝑈−𝜇)] d𝜏

= 𝛿(𝑘 − 𝑘′) (
1 + 𝑒𝛽𝜇

𝑖𝜔𝑛 + 𝜇
+ 𝑒𝛽𝜇 + 𝑒−𝛽(𝑈−2𝜇)

𝑖𝜔𝑛 + 𝜇 − 𝑈 )

In fig. 1.5 we can see that the imaginary time Green’s function is mostly featureless.
The Matsubara Green’s function is spin and 𝑘 independent. The result is actually
quite general as discussed in the third chapter.

𝐺𝑅
𝜎 (𝑖𝜔𝑛) =

1 − 𝑛−𝜎
𝑖𝜔𝑛 + 𝜇 + 𝑖𝜂

+
𝑛−𝜎

𝑖𝜔𝑛 + 𝜇 − 𝑈 + 𝑖𝜂

→ 1
𝜔 + 𝜇 + 𝑖𝜂 − ΣAL

𝜎 (𝜔)
(1.3.7)

ΣAL
𝜎 (𝜔) = 𝑈𝑛−𝜎 + 𝑈 2 𝑛−𝜎(1 − 𝑛−𝜎)

𝜔 + 𝜇 + 𝑖𝜂 − 𝑈(1 − 𝑛−𝜎)
(1.3.8)

We now consider the half filling case 𝜇 = 𝑈/2 and use eq. 1.3.4

𝐺𝑅
𝜎 (𝜔) = 1

2 (
1

𝜔 + 𝑖𝜂 + 𝑈/2
+ 1

𝜔 + 𝑖𝜂 − 𝑈/2) (1.3.9)

= 1
𝜔 + 𝑖𝜂 − 𝑈2

4(𝜔+𝑖𝜂)

(1.3.10)

ΣAL
𝜎 (𝜔) = 𝑈

2
+ 𝑈 2 𝐺0,𝜎(𝜔)

4
(1.3.11)

With 𝐺0,𝜎(𝜔) being the free Green’s function.
The spectral function (to be discussed at the end of chapter three) can be obtained as
the analytic continuation of the retarded Green’s function 𝐴(𝑟, 𝑟′, 𝜔) = − 1

𝜋 ℑ{𝐺𝑅(𝑟, 𝑟′, 𝜔)}.

𝐴(𝜔) = 𝛿 (𝜔 + 𝜇) + 2𝛿 (𝜔 + 𝜇 − 𝑈) (1.3.12)

One can directly read off the self energy Σ(𝜔) from the retarded Green’s function
in eq. 1.3.10. We can see that Σ(𝜔) exhibits a singularity at 𝜔 = 0 at half filling,
which turns out to be a general feature of the Mott transition [65, 50].
In fig. 1.6 both the spectral function and the self energy are plotted as functions of 𝜔.
Usually one obtains the density of states from the spectral function as the trace over
the position or momentum degree of freedom: 𝑛(𝜔) = 1

𝑉 Tr𝛼,𝛼′ 𝐴(𝛼, 𝛼′, 𝜔). Since we
have a purely local limit, the spectral function directly corresponds to the available
density of states and we deduce that the system is insulating as there is no spectral
weight at the Fermi surface.
We will now discuss the other limiting case of the Hubbard model, where 𝑈 =
0. In this non-interacting limit the number operator does not commute with the
Hamiltonian.

𝐻0 = −𝑡 ∑
⟨𝑖𝑗⟩𝜎

(𝑐†
𝑖𝜎𝑐𝑗𝜎 + 𝑐†

𝑗𝜎𝑐𝑖𝜎) (1.3.13)
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-U/2 U/2𝜔

𝐴
(𝜔

)

0𝜔

0

Σ(
𝜔

)

𝑅𝑒[Σ(𝜔)]
𝐼𝑚[Σ(𝜔)]

Figure 1.6: Spectral function in the atomic limit, delta peaks are broadened (𝜂 ≈ 0.2),
left. Self energy, 𝜔 singularity broadened (𝜂 ≈ 0.2), right

The basis is readily found anyway by considering 𝑁𝜎 = ∑𝑖 𝑛𝑖𝜎. We use the occupa-

Figure 1.7: Matrix structure for the tight binding Hamiltonian on a 4 dimensional
simple cubic lattice with periodic boundary conditions in real space.
Even though this is sparse, hermitian and self similar, the Fourier basis
expansion is more efficient even for complex lattice geometries.

tion number of each site, so that the Hamiltonian is a superposition of neighboring
states. Consider for example a linear chain with periodic boundary conditions

𝐻 |100⋯⟩ = −𝜇 |100⋯⟩ − 𝑡 |0100⋯⟩ − 𝑡 |00⋯01⟩

The Hamiltonian can then be explicitly constructed by setting 𝐻𝑖𝑗 = −𝑡 if 𝑖 and 𝑗
are neighbors. In principal this allows for a straightforward solution by exact di-
agonalization of arbitrary hopping and lattice structures since the matrix structure
resembles that of the usual finite difference approximation of the kinetic energy
(see fig. 1.7). However the lattice must be large enough to suppress finite size effects
and the Hamiltonian matrix is usually too large to diagonalize directly. One there-
fore uses the periodicity of the problem by transformation into momentum space
which yields the well-known tight binding solutions. In our case we use the sim-
ple cubic lattice and rescaled hopping 𝑡 → 𝑡/√2 ⋅ dimension. The reason for this
the rescaling will be discussed in the fourth chapter. The corresponding Green’s
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𝜖

𝑛(
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1 dim.

𝜖
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Figure 1.8: DOS for different dimensions on a hypercubic lattice with dispersion
𝜖0(𝑘) = −2𝑡⋆ ∑𝐷

𝑑 cos(𝑘𝑑𝑎). The bandwidth is only finite for 𝐷 < ∞.

function for this system can be obtained from the dispersion.

𝐺0, 𝜎(𝑘, 𝑖𝜔𝑛) = 1
𝑖𝜔𝑛 + 𝜇 − 𝜖0(𝑘)

(1.3.14)

Having obtained results for 𝑡 ≪ 𝑈 and 𝑈 ≪ 𝑡, we know that a phase transition
between metallic and insulating phase must occur in the intermediary region (in
reference to the Mott insulating phase, band insulation can of course be obtained in
the tight binding approximation).
fig. 1.9 and fig. 1.10 show the general properties of this transition at half filling (the

meaning of the bandwidth parameter will be discussed in sec. 4). In this thesis we
do not consider the behavior away from half filling because the quantum Monte
Carlo algorithms exhibit a so called sign problem (see sec. 2.8), depending on the
chemical potential. We will discuss methods to work around this problem at half
filling. Other values of the chemical potential however require more care. In fig. 1.9
and fig. 1.10 we can see the structure of the phase transition as obtained by second
order perturbation theory. The first order phase transition line as well as the exact
borders of the coexistence region can not be obtained by this simple method. We
will discuss this solver and the phase diagram obtained by it in sec. 6

1.4 mean field approximation

Before introducing the dynamical mean field approximation, it is useful to look at
traditional mean field approximations. The central assumption is, that fluctuations
around the average of observables are small.

𝑎†
𝛼𝑎𝛽 ≈ (⟨𝑎†

𝛼𝑎𝛽⟩ + 𝛿) ⋅ 𝟙 (1.4.1)
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Figure 1.9: Spectral density at 𝑇 = 0 and half bandwidth 𝐷, computed with iter-
ated perturbation theory for 𝑈/𝐷 = 1, 2, 2.5, 3, 4 top to bottom, from
sec. VII. B [51]. For 𝑈/𝐷 = 4 The system is in a insulating phase (since
there is no spectral weight at the Fermi surface. Details will be discussed
in sec. 3)

Figure 1.10: Phase diagram of 𝑑 = ∞ Hubbard model at half filling with half band-
width 𝐷. The dotted lines 𝑈𝑐1(𝑇 ), 𝑈𝑐2(𝑇 ) mark the crossover region from
metal to insulating phase while the solid line marks the first order tran-
sition line 𝑈𝑐(𝑇 ), see sec. VII. B [51].
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⇒ 𝑂1𝑂2 = (𝑂1 − ⟨𝑂1⟩) (𝑂2 − ⟨𝑂2⟩)
+ ⟨𝑂1⟩ 𝑂2 + 𝑂1 ⟨𝑂2⟩ − ⟨𝑂1⟩ ⟨𝑂2⟩ (1.4.2)

≈ ⟨𝑂1⟩ 𝑂2 + 𝑂1 ⟨𝑂2⟩ − ⟨𝑂1⟩ ⟨𝑂2⟩ (1.4.3)

With the 𝛿 small enough so 𝛿2 can be neglected. 𝑂1, 𝑂2 are operators written in
terms of creation and annihilation operators. The averages are unknown parame-
ters, eq. 1.4.3 is a recipe for the construction of the mean field Hamiltonian from
which these parameters can then be obtained. A possible way to construct so called
self consistency equations for the mean field parameters are the calculation of aver-
age densities with respect to the mean field Hamiltonian (that is itself a function of
these parameters).

⟨⋯⟩MF =
Tr (𝑒−𝛽𝐻MF⋯)
Tr (𝑒−𝛽𝐻MF)

(1.4.4)

⟨𝑎†
𝛼𝑎𝛽⟩

(𝑛)

MF
= ⟨𝑎†

𝛼𝑎𝛽⟩
(𝑛−1)

MF
(1.4.5)

𝑛 is the iteration of the self consistency cycle. The first method of this kind was
introduced by Pierre Weiss in 1907 [130] in order to describe phase transitions in
ferromagnetic materials. Later, the Hartree Fock method provided a way to include
the full quantum mechanical exchange terms between electrons which arise from
the Pauli principle.
An alternative name for Hartree Fock is “self consistent field method” due to the
structure of the algorithm: In order to find an effective mean field Hamiltonian,
one usually first Legendre transforms to some order parameter (e.g. magnetization
𝑚 = ⟨𝑠𝑖⟩) and then minimizes the free energy with respect to spatial changes under
the constraint of physical behavior (i.e. normalization, correct orbitals). This leads to
a set of equations that are solved iteratively. One usually starts with the free Hamil-
tonian 𝐻0, solves the set of generalized eigenproblems which results in an improved
solution for the equations. In case the method relies on the Ritz variational principle
(eq. 1.4.6) the solution is guaranteed to be an upper bound. [61]

⟨Ψ| 𝐻 |Ψ⟩
⟨Ψ | Ψ⟩

≥ ⟨Ψ𝑜| 𝐻 |Ψ0⟩ = 𝐸0 (1.4.6)

However convergence is not guaranteed and in many modern algorithms the conver-
gence criteria are hard to determine (improvements can be made with quasi newton
methods, see sec. 5). There are however many analytically well defined bounds such
as the spectral radius of the discretized Hamiltonian. Dynamic mean field theory
tries to capitalize on the computationally inexpensive structure of this procedure
while improving upon the static nature of the mean field. As a toy example we con-
sider the Ising model (at each lattice point in 𝐷 dimensions sits one classical spin
which either points up or down) on the hypercubic lattice, meaning the coordina-
tion number is 𝑧 = 2𝐷. Any spin at position 𝑖 has the Hamiltonian with an external
magnetic field ℎ:

𝐻 = −𝐽 ∑
⟨𝑖,𝑗⟩

𝑠𝑖𝑠𝑗 (1.4.7)
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𝐻𝑖 = −𝑠𝑖 [

𝑧

∑
𝑗=1

𝐽𝑠𝑗 + ℎ
]

(1.4.8)

= −𝑠𝑖 [𝑧𝐽𝑚 + ℎ] − 𝐽
[

𝐽
𝑧

∑
𝑗=1

(𝑠𝑗 − 𝑚)
]

eq. 1.4.1
≈ −𝑠𝑖 [𝑧𝐽𝑚 + ℎ] (1.4.9)

The self consistency equation is obtained by computing the average spin:

𝑚 = ⟨𝑠𝑖⟩ =
Tr [𝑠𝑖 exp{𝛽𝑠𝑖(𝑧𝐽𝑚 + ℎ)}]
Tr [exp{𝛽𝑠𝑖(𝑧𝐽𝑚 + ℎ)}]

= tanh (𝛽𝑧𝐽𝑚 + 𝛽ℎ) (1.4.10)

This is an ordinary (non-linear) equation that can be solved numerically. For more
sophisticated mean field theories, these equations become much more complicated
(in the sense of the mathematical objects involved) and so do the solution methods.
We can see in eq. 1.4.8 that the approximation becomes exact if we define a renormal-
ized 𝐽 → 𝐽 ⋆

𝑧 and let 𝑧 → ∞, so that the number of dimensions approaches infinity
as well.

lim
𝑧→∞

𝑧

∑
𝑗=1

𝐽 ⋆

𝑧
𝑠𝑗 = 𝐽 ⋆ ⟨𝑚⟩ (1.4.11)

This observation will be instrumental in the derivation of the dynamical mean field
approximation.
Usually the self consistency equations for the HF method are obtained by minimiz-
ing the free energy. Nonetheless the prescription from eq. 1.4.3 can be used to obtain
an effective Hamiltonian.

𝐻HF = 𝜖𝑘 + ⨋
𝑘′𝜎′

[N𝑉 (0) + 𝜁𝛿𝜎,𝜎′𝑉 (𝑘 − 𝑘′)] 𝑛𝑘′𝜎′ (1.4.12)

The second term is the background charge which is usually canceled out by the
ionic charge, 𝑉 is the Fourier transformed potential [24]. We will encounter this
Hamiltonian again when discussing the self energy. This will enable us to find the
similarities and advantages of DMFT over traditional mean field theories with HF
as prime example6.

6 Even though DFT is in principle exact, the often employed LDA/GGA approximation for the exchange
correlation functional does lead to similar problems as HF in our case. We will not consider extended
versions of both methods here.



2
M O N T E C A R LO SA M P L I NG

2.1 probability theory
Definitions and theorems presented in this section are adapted from [33, 119, 137],
a pedagogically valuable introduction to stochastic processes can be found here [42,
127]. This chapter is not intended as an introduction to probability theory but as
an overview of definitions and theorems that will be used later. It is necessary to
be rather general in our notation since we will later not only employ Markov chains
in complicated state spaces but also use these mathematical tools to obtain error
bounds for our simulation results. We start by setting up the general concepts of
randomness and sampling.

Definition 1 (Random Variable) We call 𝑋 ∶ Ω → 𝑆 a S-valued random variable if
it is aF-measurable function from a probability space (Ω,F , 𝑃) 1 to some measurable
space (𝑆,S).

Ω is called sample space, members of F are events and 𝜔 ∈ Ω are the outcomes or
realizations, 𝑃 (𝐸) is the probability of an event 𝐸 ∈ F . The random variable 𝑋 is
a function of possible outcomes 𝑋(𝜔). It can be proven that 𝑋 uniquely induces a
measure (in the following 𝜇𝑋) on S [33]. The probability of a random variable 𝑋
taking a specific value 𝑥 ∈ 𝑆 will also be written as 𝑃 (𝑋 = 𝑥).
As an example for the definitions above, lets consider a number of 𝑛 coin tosses
where we assign 0 to heads and 1 to tails. We want to compute the sum over all tosses.
This is encoded in the previous definitions by setting Ω = {0, 1}𝑛 and 𝑋 ∶ Ω → ℝ
with 𝑋(𝜔1,⋯𝜔𝑛) = 𝜔1 +⋯ + 𝜔𝑛 and therefore 𝑆 = {0, … , 𝑛}.
The probability distribution of 𝑋 for a set of events 𝐵 is given as:

Definition 2 (Probability Distribution)

𝜇𝑋(𝐵) = 𝑃 (𝑋 ∈ 𝐵) = 𝑃 (𝑋−1(𝐵)), 𝐵 ∈ S (2.1.1)

The distribution of 𝑋 is sometimes also called law of 𝑋. In case 𝑋 is continuously
distributed and real valued, we can also uniquely define the (cumulative) distribu-
tion function (CDF) as:

Definition 3 (cumulative distribution function)

𝐹𝑋(𝑥) = 𝑃 (𝑋 ≤ 𝑥) = 𝜇𝑋((−∞, 𝑥]) = ∫
𝑥

−∞
𝜌𝑋(𝑠) d𝑠 (2.1.2)

With 𝜌𝑋(𝑠) being the probability density function (see eq. 2.1.7).
We call two events 𝐸1, 𝐸2 ∈ Ω independent iff the joint probability 𝑃 (𝐸1 ∩𝐸2) of two
events 𝐸1 and 𝐸2 both occurring, factors into

𝑃 (𝐸1 ∩ 𝐸2) = 𝑃 (𝐸1)𝑃 (𝐸2) (2.1.3)

1 measurable space (Ω,F) with probability measure 𝑃 over sample space (open set) Ω with a 𝜎-algebra
F (called events).
The probability measure 𝑃 ∶ F → [0, 1], 𝑃 (Ω) = 1, 𝜎-additive [33].
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we will also use the following shorthand notation for joint probabilities

𝑃 (𝐸1, 𝐸2, … ) = 𝑃 (𝐸1 ∩ 𝐸2 ∩ … ) (2.1.4)

The conditional probability of 𝐸1 given that 𝐸2 occurred is written as:

Definition 4 (Conditional probability)

𝑃 (𝐸1|𝐸2) =
𝑃 (𝐸1, 𝐸2)

𝑃 (𝐸2)
(2.1.5)

Furthermore we will need Bayes’ theorem:

𝑃 (𝐸1|𝐸2) =
𝑃 (𝐸2|𝐸1)𝑃 (𝐸1)

𝑃 (𝐸2)
(2.1.6)

We will later mostly deal with probability density functions (PDF). A PDF 𝜌𝑋 for
a random variable 𝑋 and 𝐵 ∈ S connects both measures 𝜇𝑋 and 𝑃 and provides a
transition to Lebesgue integration. The formal derivation which employs the Radon-
Nikodym theorem (this is also needed for the derivation of expectation values) can
be found for example here [119, 137].

𝑃 (𝑋 ∈ 𝐵) = ∫𝐵
𝜌𝑋(𝑥) d𝜇𝑋(𝑥) ⇒ ∫Ω

𝜌𝑋(𝜔) d𝑃 (𝜔) = 1 (2.1.7)

Although this is not guaranteed in general, we will assume existence of the PDF for
all following random variables. The notation in eq. 2.1.8 will be used whenever we
want to indicate that a random variable was drawn according to some PDF 𝜌𝑋:

𝑋 ∼ 𝜌𝑋 (2.1.8)

Lastly, we also need the definitions of expected value and variance for a measurable
function 𝑔.

Definition 5 (Expected value)

𝔼𝜌𝑋
[𝑔(𝑋)] = ∫Ω

𝑔(𝑋(𝜔)) d𝑃 (𝜔) = ∫𝑆
𝑔(𝑥)𝜌𝑋(𝑥) d𝜇𝑋(𝑥) (2.1.9)

Note that 𝜇𝑋 is not transformed by 𝑔. This very useful fact (sometimes known as law
of the unconscious statistician) sadly does not translate to higher moments. Choos-
ing 𝑔(𝑋) ≡ 𝑋 provides the usual definition of the expected value. The expectation
value provides two different unique ways of describing the distribution of a random
variable. We can redefine the CDF from eq. 2.1.2 using the indicator function 𝟙.

𝐹𝑋(𝑥) = 𝔼𝜌𝑋 [𝟙{𝑋≤𝑥}(𝑥)] (2.1.10)

𝟙𝑆(𝑥) =
{

1 𝑥 ∈ 𝑆
0 𝑥 ∉ 𝑆

(2.1.11)

An important property of multiple random variables is the covariance. It gives a
measure for the dependence of two random variables on each other, i.e. the expected
common deviation from their respective expected value.
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Definition 6 (Covariance)

Cov[𝑋, 𝑌 ] = 𝔼[(𝑋 − 𝔼[𝑋])(𝑌 − 𝔼[𝑌 ])] (2.1.12)

Independent random variables have a covariance of 0 (𝔼[𝑋, 𝑌 ] = 𝔼[𝑋]𝔼[𝑌 ]). In the
context of Monte Carlo sampling the covariance of samples at different sample steps,
called autocorrelation, is an often used measure for the quality of the samples. This
is done because large covariance between two samples implies low information gain.
The variance is a measure for the spread of the distribution

Definition 7 (Variance)

Var[𝑋] = Cov[𝑋, 𝑋] = 𝔼[(𝑋 − 𝔼[𝑋])2] (2.1.13)
= 𝔼[𝑋2] − 𝔼[𝑋]2, if 𝔼[𝑋2] < ∞

Unlike the expected value, the variance is not linear. Variance and covariance are
related in the following way for any 𝑐𝑖, 𝑐𝑗 ∈ ℝ:

Var
[∑

𝑖
𝑐𝑖𝑋𝑖]

= ∑
𝑖

𝑐2
𝑖 Var [𝑋𝑖] + 2 ∑

𝑖<𝑗
𝑐𝑖𝑐𝑗Cov [𝑋𝑖, 𝑋𝑗] (2.1.14)

The expected value is the same as first raw moment/first cumulant and the variance
is equal to the second central moment and the second cumulant. For data analysis
it is useful to define higher moments around 𝑚

𝜇𝑛 = ∫𝑆
(𝑥 − 𝑐)𝑛𝜌𝑋(𝑥) d𝜇𝑋(𝑥) (2.1.15)

When calculating moments for statistical data one has to bear in mind, that higher
moments tend to be less numerically stable. This is due to the fact that the larger
exponents amplify statistical and numerical uncertainty. However, higher moments
are sometimes needed anyway in order to characterize a sampled distribution. For
example one may want to compare a sampled distribution to a normal distribution
for which all cumulants of order 3 and higher are zero.
The third central moment is called skewness. It gives a measure for the lack of sym-
metry of the distribution. This implies, that the third moment is zero for a symmet-
ric distribution such as the normal distribution. The skewness will sometimes be
used as an indication for data sufficiency: When the distribution of sample data is
expected to converge according to the central limit theorem, one can check whether
or not cumulants above the second order vanish2.
In preparation for the functional formulation of many body theory we introduce
characteristic and moment generating functions. These are associated with a PDF
and provide an alternative way of characterizing the random variable. The unique-
ness of the characteristic function is immediately clear as it is the Fourier transform
of the PDF.

Definition 8 (Characteristic function) Let 𝑘 ∈ ℝ and 𝑋 be some random variable

𝜑𝑋(𝑘) = 𝔼 [𝑒−𝑖𝑘𝑋] = ∫ 𝑒𝑖𝑘𝑥𝜌𝑋(𝑥) d𝜇(𝑥) (2.1.16)

2 This is one of the most convenient normality tests and sufficient for this thesis.
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=
∞

∑
𝑛=1

(𝑖𝑘)𝑛

𝑛!
𝔼 [𝑋𝑛] (2.1.17)

The inverse transformation of the characteristic function provides access to the PDF
if the characteristic function is known. This is useful since the characteristic function
is often easier to deal with than the PDF (especially since we will use a transforma-
tion of the random variable, i.e. 𝑋 → 𝑓(𝑋), in many applications during the rest of
this thesis). Closely related to characteristic functions are the moment generating
functions:

Definition 9 (Moment generating function) Let 𝑡 ∈ ℝ and 𝑋 be some random vari-
able

𝑀𝑋(𝑡) = 𝔼 [𝑒𝑡𝑋] (2.1.18)

The name stems from the fact that central moments can be calculated as derivatives
of 𝑀𝑥(𝑡).

𝑚𝑛 = 𝔼[𝑋𝑛] =
d𝑛𝑀𝑥(𝑡)

d𝑡𝑛 |𝑡=0
= (−𝑖)𝑛 d𝑛𝜑𝑋(𝑘)

d𝑘𝑛 |𝑘=0

Var[𝑋] =
d2𝑀𝑥(𝑡)

d𝑡2 |𝑡=0
− (

d𝑀𝑥(𝑡)
d𝑡 |𝑡=0)

2

=
d2𝐻𝑋(𝑡)

d𝑡2 |𝑡=0

Where we introduced 𝐻𝑋(𝑡) as the logarithm of the moment generating function.
This is called cumulant-generating function.

𝐻𝑋(𝑡) = log (𝑀𝑋(𝑡)) (2.1.19)

Cumulants and moments can be written in terms of each other using Faà di Bruno’s
formula. This provides an interesting analog in real numbers, to the relationship
between connected and complete sums over Feynman diagrams. Faà di Bruno’s for-
mula for normal distributed random variables corresponds to Wicks theorem for
the computation of Gaussian moments [52, 40].
The (cumulant) moment generating functions will later (see sec. 3.1) be extended to
generating functionals for (connected) Green’s functions. Since cumulants general-
ize the concept of covariance (for example 𝜅𝑋+𝑌(𝑡) = 𝜅𝑋(𝑡) + 𝜅𝑌(𝑡) for independent
variables), they provide an intuitive way of describing higher order correlations of
many particle states.
In our present case of real numbers we can write down the characteristic function
for the real and the multivariate complex Gaussian distribution as a motivation for
the construction of generating functionals (for proofs see [5]). First let 𝑋 ∼ N (𝜇, 𝜎2),
then by definition

𝜌𝑋 = 1
√2𝜋𝜎2

exp [−
(𝑥 − 𝜇)2

2𝜎2 ]

𝜑𝑋(𝑘) = ∫
∞

−∞

1
√2𝜋𝜎2

exp [𝑖𝜇𝑘 −
(𝑥 − 𝜇)2

2𝜎2 ] d𝑥

= exp [𝑖𝜇𝑘 − 𝜎2𝑘2

2 ]
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𝐻𝑋(𝑡) = 𝜇𝑡 + 𝜎2𝑡2

2

From the last line we can immediately see the aforementioned fact, that only the
two first cumulants of the normal distribution are non-vanishing (because higher
derivatives are zero). The generalization to multivariate distributions is straight for-
ward.Let 𝑋 be an n-dimensional random variable with 𝔼[𝑋] = (𝔼[𝑋1], … , 𝔼[𝑋𝑛]) =
𝜇 and Σ = 𝔼[(𝑋 − 𝜇)(𝑋 − 𝜇)𝑇].

𝜌𝑋(𝑥) = 1
√det(2𝜋Σ)

𝑒−(𝑥−𝜇)𝑇Σ−1(𝑥−𝜇)

𝜑𝑋(𝐽 ) = exp [𝑖𝐽 𝑇𝜇 − 𝐽 𝑇Σ𝐽
2 ]

In the context of free scalar fields in quantum field theory 𝐽, will take the role of an
external field and Σ−1 that of the Green’s function.
The moment generating function is closely related to the characteristic function of
a distribution, but does not always exist.

𝑀𝑥(𝑖𝑡)=̂𝜙𝑋(𝑘) (2.1.20)

This shift between imaginary and real valued variables of generating functions will
find an analog version in many body generating functionals by the use of the Wick
rotation.
Before considering statistical samples of distributions, it is worth making some re-
marks regarding the notation. For most examples in the rest of this chapter we will
use Ω ⊂ R

𝑛 but later on we will require the random variables to be elements of
more general sets. These sets can be products of different kinds of subsets. For
example countable and finite ones, such as spins — or uncountable, infinite ones,
such as time variables. In the context of physical quantities, especially quantum me-
chanics, S (see definition for S-valued random variables eq. 1) will often be called
configuration-space. 𝐶 ∈ 𝑆 is then called configuration. In preparation for our later
uses of this, we take a look at an example for 𝑆 and 𝐶. A sample from a system with
three free parameters site index 𝑖, Ising-spin direction up or down and temperature
𝜏 for the system, will be written in the following way:

𝐶 = (4, ↑,
𝛽
2) (2.1.21)

𝑆 = {(𝑖, 𝜎, 𝜏) | 𝑖 ∈ ℕ, 𝜎 ∈ {↑, ↓}, 𝜏 ∈ [0, 𝛽)}, 𝛽 ∈ R (2.1.22)

This is an example of a configuration a sampler in sec. 4 might draw using the
Metropolis Hastings algorithm.
We will use a symbolic notation to indicate the integration over this set with mea-
sure 𝜇𝐶

∫d𝐶 = ∫
𝑆

d𝜇𝐶 (2.1.23)

Note that this is not necessarily well defined in the Lebesgue sense, rigorous jus-
tification will usually depend on the actual structure of the state-space. We will
mostly deal with discrete Markov processes but do not consider the symmetry as-
pects of the group for the underlying model. In case one is interested in preservation
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of gauge symmetries during numerical calculations, the choice of the measure re-
quires more considerations. For example in lattice gauge theories, the Haar measure
is used to preserve 𝑆𝑈(𝑁) symmetry [49]. However, for our purpose it is sufficient
to assume existence of all integrals. This means that the formal integral ∫ 𝑑𝐶 will
in practice be computed by sums or products for discrete variables and Lebesgue
integrals for continuous ones. For example eq. 2.1.21 will be assumed to have the
form ∫Ω 𝑑𝐶 = ∑𝑖 ∑𝜎 ∫𝛽

0 𝑑𝜏.
We will now introduce Birkhoff’s ergodic theorem and then consider sampling meth-
ods based on this central assumption. The ergodic theorem states that time and
phase space average of systems exist and are equal almost everywhere for so called
ergodic systems. In other words, ergodic systems “forget” about their initial dis-
tribution over time3. Let (Ω,F , 𝑃) be a probability space and 𝑇 ∶ Ω → Ω a mea-
sure preserving transformation, T the 𝜎-algebra of T invariant sets, then for every
𝑓 ∈ 𝐿1(𝑃 )

lim
𝑛→∞

1
𝑛

𝑛−1

∑
𝑖=0

𝑓(𝑇 𝑖𝑥) = 𝔼[𝑓 | T ] (2.1.24)

= 1
𝜇(𝑋) ∫𝑓 d𝐶 = 𝑓 (2.1.25)

The second equality is also called space average of 𝑓. It additionally requires 𝑇 to
be an ergodic transformation (i.e. ∀𝐸 ∈ F with 𝑇 −1(𝐸) = 𝐸 ∶ 𝑃 (𝐸) = 0∨𝑃 (𝐸) = 1).
In case of Markov chains we will find more precise conditions that imply ergodicity.
We will however assume without proof that all transformations and functions in
this thesis fulfill the necessary requirements.

2.2 data samples
Usually we only have access to a subset Ωsample ⊊ Ω of the full state space which
is called sample of this population. Since we will deal with limited amount of data
generated by numerical algorithms it is worth discussing some details. We first in-
troduce some notations to shorten the following discussions. Let 𝑋𝑖 be independent
identically distributed (i.i.d.) random variables. The sample mean (or arithmetic
mean) for some sample size 𝑁 will be written as:

𝑥̄𝑁 = 1
𝑁

𝑁

∑
𝑖=1

𝑥𝑖 (2.2.1)

Even though the sample mean is formally the same as the expected value over
Ωsample, we will use a different notation to emphasize the use of sample data (for
example from MC simulations).

𝔼 [𝑋] = lim
𝑁→∞

𝑥̄𝑁 (2.2.2)

Definition 10 (Estimator bias) We call a formula for the approximation for a func-
tion of random variables an estimator of the true value. The difference between the
expected value of an estimator and the true value is called bias of that estimator. An
estimator with zero bias is called unbiased estimator.

3 This is a very crude formulation the ergodic theorem, an in-depth discussion can be found here [128]
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Finding unbiased estimators with good efficiency (small variance) can be important
for large simulations, but in-depth discussion will be omitted here (see [84] for more
details). We will however touch again on this subject later, with the introduction of
jackknife analysis and other resampling methods. The sample mean is an unbiased
estimator of the expected value, which can be proved using the linearity of the ex-
pected value.

E𝜌𝑋
[𝑋̄] = E𝜌𝑋 [

1
𝑁

𝑁

∑
𝑖=1

𝑥𝑖]
= 1

𝑁

𝑁

∑
𝑖=1
E𝜌𝑋

[𝑥𝑖] (2.2.3)

When talking about sample populations we will employ another notation for the
expected value. In case an estimator for the expected value was used, we will denote
this with a subscript. For example with 𝑀𝐶 for Monte Carlo estimates. When the
context permits it (especially when using 𝜌 ≡ U(0, 1)) or the distribution is unknown,
the index for the probability distribution is also omitted.

⟨𝑋⟩𝜌 = ⟨𝑋̄⟩𝜌 = ∫ 𝑥 𝜌𝑋(𝑥) d𝑥 (2.2.4)

While the sample mean is an unbiased estimator for the population mean as shown
before, variance 𝜎2

𝑥 and sample variance 𝜎̂2
𝑋̄ do differ. We rewrite eq. 2.1.13 in our

new notation. Even though the formula for the variance in eq. 2.2.5 is often used in
analytic calculations, it is numerically unstable and requires all samples to be stored
at the same time. This is impossible even for rather small simulations. Fortunately,
there are algorithms available to circumvent these problems (see sec. 5.7).

𝜎2
𝑋 = ∫ (𝑥 − ⟨𝑥⟩)2 𝜌𝑋(𝑥) d𝑥 = ⟨𝑋2⟩ − ⟨𝑋⟩2 (2.2.5)

𝜎̂2
𝑋 = 1

𝑁 − 1

𝑁

∑
𝑖=1

(𝑥𝑖 − 𝑥̄)
2 (2.2.6)

This is again an unbiased estimator for the true variance, i.e.

E [𝜎̂2
𝑋̄] = 𝜎2

𝑥 (2.2.7)

The unbiased estimator of the covariance called sample covariance follows directly:

𝜎̂𝑋̄ ̄𝑌 = 1
𝑁 − 1

𝑁

∑
𝑖=1

(𝑥𝑖 − 𝑋̄) (𝑦𝑖 − ̄𝑌 ) (2.2.8)

In order to be able to compare the amount of dependence between two variables
with different units, a better measure is the normalized covariance known as Pear-
son correlation function which takes values in [-1, 1].

𝜌𝑋𝑌 = Cov[𝑋, 𝑌 ]

√Var[𝑋]Var[𝑌 ]
(2.2.9)

Although hugely beneficial when dealing with sample data (due to the possibility
for bootstrap algorithms and hypothesis testing), the Pearson correlation is to cum-



24 monte carlo sampling

bersome for physics applications. Here we will use another measure that will later
be generalized to Green’s functions

𝐶𝑋𝑌(𝑛, 𝑚) = ⟨𝑋𝑛𝑌𝑚⟩ (2.2.10)

Note that the intuitive choice of an estimator ̂𝜌𝑋𝑌 = 𝜎̂𝑋̄ ̄𝑌(𝜎̂2
𝑋̄𝜎̂2

̄𝑌)
−1/2

is biased4!
We will introduce stochastic processes later in this chapter. These can have chang-
ing mean and variance over time. In order to describe correlations between samples
from these processes, we define the cross-covariance and cross-correlation func-
tions5. They are equivalent to variance and correlation at equal times. Let 𝑋𝑛, 𝑌𝑛
be samples distributed according to 𝜌𝑋, 𝜌𝑌:

𝜎𝑋𝑌(𝑚) = E [(𝑋𝑛 −E [𝑋]) (𝑌𝑛+𝑚 −E [𝑌])]
= E [𝑋𝑛𝑌𝑛+𝑚] −E [𝑋𝑛]E [𝑌𝑛+𝑚] (2.2.11)

𝜌𝑋𝑌(𝑚) = E [(𝑋𝑛 −E [𝑋]) (𝑌𝑛+𝑚 −E [𝑌])] /√Var[𝑋]Var[𝑌 ] (2.2.12)

In case 𝑌 = 𝑋 these are called autocovariance and autocorrelation (as a shorthand
this is often denoted 𝜌𝑋(𝑚) = 𝜌𝑋𝑋(𝑚)). They reduce to the normal covariance and
correlation, if 𝑚 ≡ 0.
From this follows the interpretation of the autocorrelation distance (later called au-
tocorrelation time since 𝑚 becomes the time variable): assuming a process is de-
signed in such a way that correlations between different samples are monotonically
decreasing, then there exists an autocorrelation length 𝑚′ which marks a threshold
after which the correlation of two random variables 𝑋𝑖, 𝑋𝑖+𝑚′ becomes negligible.
In fact, the increase of autocorrelation becomes the main limiting factor beside the
sign problem in the efficiency of Monte Carlo algorithms.
We can redefine the sample variance in terms of the autocorrelation time 𝜏𝑋 (see [54]
for details).

𝜎2
𝑋̄ = Var[𝑋]

𝑁 (1 + 2𝜏𝑋) (2.2.13)

𝜏𝑋 = 1
2 𝑁 Var[𝑋] ∑

𝑖>𝑗
(𝑥𝑖𝑥𝑗 − ⟨𝑥𝑖⟩⟨𝑥𝑗⟩) (2.2.14)

=
𝑁

∑
𝑛=1

(1 − 𝑛
𝑁 − 1)

𝜌𝑋(𝑛)
Var[𝑋]

(2.2.15)

Comparison with eq. 2.1.14 shows that the autocorrelation time contains informa-
tion about the covariance of measurements at different steps. Notice that we need
access to all samples at once to compute the naive formula above. This becomes un-
feasible in realistic simulations. We will discuss suitable approximations in sec. 2.7.1
and corresponding algorithms in sec. 5.7.

2.3 pseudo random numbers
Computers are deterministic Turing machines and can therefore not generate true
randomness without the use of an external device. Monte Carlo applications re-

4 As discussed by [84], there is a complicated unbiased estimator in terms of the hypergeometric func-
tion available.

5 In the literature these terms are often used interchangeably. This is problematic since one has a closed
form unbiased estimator, the other does not.
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quire special care in the selection of algorithms for the generation of pseudo random
number because a very large uncorrelated number of them is needed. These corre-
lations are dangerous as results obtained from them may be systematically wrong
even though the usual diagnostics fail (see discussion at the end of this chapter). In
the following we will formalize the notion of pseudo random numbers and discuss
common strategies to obtain such numbers.
A function 𝑓(𝑥) is called one way function if it is computable in polynomial time and
for all probabilistic polynomial time algorithms a (pseudo) inversion (i.e. find 𝑥′

with 𝑓(𝑥′) = 𝑓(𝑥)) only succeeds with negligible probability.
It can be proven that the existence of true one-way functions implies not only the ex-
istence of polynomial time pseudo random generators but also corresponding cryp-
tographic algorithms (see chapter 9 of [8]). From their existence would also follow
that ℙ ≠ ℕℙ 6. It is thus a reasonable conjecture to assume the existence of these
functions.
An often used example for one way functions is the modulo (remainder after divi-
sion) operation which illustrates many of the techniques and possible shortcomings
of more complicated methods. A well known property from number theory, proven
by C. F. Gauss in 1801 in article 57 of “Disquisitiones Arithmeticae”, is the existence
of primitive roots modulo some integer of prime numbers. One defines the primi-
tive root 𝑏 modulo 𝑛 in the following way.

𝑏𝑖 ≡ 𝑗 (mod 𝑛), 1 ≤ 𝑖 ≤ 𝑛 (2.3.1)

The remainders 𝑗 are by definition a permutation of all integer numbers from 1 to 𝑛
in a conjectured unpredictable order7. Since the modulo operation restricts invert-
ibility of the computation of 𝑗, 𝑓(𝑛, 𝑖) = 𝑗 is a one-way-function.
There are two common uses of the formula above: The first one is the Diffie–Hell-
man key exchange which provides the link to cryptography8.
The second one is the generation of a string of 𝑛 pseudo random numbers 𝑗. Pseudo
number generating algorithms of this type are called linear congruential generators
(LCG).

𝑋𝑛+1 = 𝑎𝑋𝑛 + 𝑏 (mod 𝑛) (2.3.2)

𝑋0 is called seed and usually set from the current time stamp or another rapidly
changing external value. Iterative application constructs a characteristic polyno-
mial with monomials according to eq. 2.3.1 which inherit properties such as period
length from primitive roots [79]. Realistic algorithms often include non-linearities
to obfuscate the generation process more. But this does not guarantee to increase
“randomness” despite the cost of additional computation time [79]. A reasonable
compromise is for example the well tested “Mersenne prime twister” or “lagged Fi-
bonacci generator”.
Even though unpredictable, the generated pseudo random numbers will in some
sense be correlated due to common generation process. This is especially true in

6 One can proof this by showing that ℙ = ℕℙ implies non-existence of one-way functions. A great
non-technical explanation was given by by R. Impagliazzo [66].

7 There is no algorithm available to find a primitive root, but they tend to be quite dense. If 𝑛 has at least
one primitive root it can be proven to have exactly 𝜙(𝜙(𝑛)), 𝜙 is Euler’s totient function. See chapter
8 [26].

8 Two people each compute f with common values for 𝑏 and 𝑛, but secret 𝑖 and 𝑖′. Clever computation
provides a common key that no man-in-the-middle is able to compute. See [53] for a full discussion
of this algorithm.
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high dimensions and programs utilizing multiple processors, where the limiting
factor of a finite period becomes quickly noticeable. The reason for this is the se-
quential nature of the generation algorithm. This can for example be visualized
by constructing n-dimensional vectors and setting the components to 𝑋𝑖, … , 𝑋𝑖+𝑛.
One can then imagine these vectors as points in a high dimensional space and plot
planes along certain axis. This has been done in fig. 2.1. One can clearly see some
sort of correlation between these “random” points. This shows that certain areas

Figure 2.1: Correlated pseudo random numbers along hyper planes, generated us-
ing a LCG, taken from [63].

of space may never be reached by a chain of pseudo random numbers which can
change the result of simulations drastically. There is no mathematically justifiable
best strategy available in these cases. However there are some established software
suites such as Diehard [112] or TestU01 [82] that are designed to test pseudo ran-
dom number generators (PRNGs) for known shortcomings. They do not only bring
some mathematically rigorous tests but also contain Monte Carlo methods which
are tested for consistency across multiple PRNGs. This is an important test every
Monte Carlo program should undergo at some point. More examples of problems
with pseudo random numbers and possible solutions are discussed in [63]. Often
algorithms provide some control parameter for the maximal length of a cycle, this
value should be tweaked and the consistency of the result checked. When using
multiple CPUs, the use of PRNGs becomes more difficult since the seed or the algo-
rithm itself may introduce additional correlations.
The central requirement for the algorithm which uses the PRNG is to play fair, this
means the results should be independent of hardware and operating system. The
naive approach of having every thread (thread and process are interchangeable in
this context) handle its own seed is also known as random seeding. This obviously
violates our constraint since some compiler optimizations or hardware configura-
tions may lead to the same seed 9. This will result in completely correlated samples
which in turn change the resulting observables. Note that even when different seeds
are chosen, the fact that all generators posses the same period, correlations are still
possible. There are two prevailing strategies for the distribution of random num-
bers over multiple threads in use: leapfrog and sequential splitting [13].
Let 𝑇 be the number of threads and 𝑋𝑖 the 𝑖-th pseudo random number for some

9 This is true for single instruction multiple data architectures (SIMD), similar problems arise with all
other architectures as well [6].
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Figure 2.2: Leapfrog scheme for three
streams [13]

Figure 2.3: Block splitting scheme for
three streams [13]

seed 𝑋0. Then leapfrog assigns the 𝑗-th number for thread 𝑘 as 𝑋𝑇 ⋅𝑗+𝑘. Sequen-
tial splitting assigns 𝑋𝑀⋅𝑘+𝑗 where 𝑗 < 𝑀 has to be enforced. The second method
needs the ability of the PRNG to jump ahead in the stream, leapfrog’s efficiency is
improved by this as well. Most modern algorithms provide this feature.
There are many libraries available that provide a collection of PRNGs together with
transformation (sec. 2.5.1) and distribution algorithms. They usually return a uni-
formly distributed floating point number in [0, 1) which then has to be transformed
in order to obtain the desired distribution.
For this project I decided to use Tina’s Random Number Generator Library [13] due
to its modern C++ design and tested behavior in solid state Monte Carlo programs.
All PRNG algorithms contained in this package were tested for consistency on the
Ising model using the Wolff algorithm by the developer.

2.4 monte carlo introduction

Monte Carlo (MC) methods play a central role for the simulation of complex pro-
cesses in the fields of numerical mathematics, economics and physics. The most dis-
tinct advantage over other, more specialized, approaches is the brute force character
of MC methods. They do assume almost nothing about the underlying numerical
or physical structure of the problem and are therefore especially well suited in cases
where either no fast specialized algorithms are available or where an unbiased com-
parison is needed.
The common structure of all MC algorithms is the estimation of parameters by
stochastic sampling. One well known example is the evaluation of high dimensional
integrals where MC sampling converges as 1/√𝑁 with the number of samples, while
traditional integration methods have exponentially larger runtime in the number of
dimensions. Below we will discuss this example in more detail since other, more
complex problems can be mapped to it. Lets start by restricting our probability
space to a subset ofR𝐷

𝑓 ∶ Ω → R, Ω ⊂ R𝐷

We want to evaluate the integral

𝐼(𝑓) = ∫Ω
𝑓(𝑥) d𝜇 (2.4.1)

Consider the simple trapezoidal rule. The computational complexity scales expo-
nentially with the dimension of Ω. The simplest estimation for eq. 2.4.1 with
𝐷 = 1, Ω = [𝑎, 𝑏] and equal spacing ℎ is:

𝐼(𝑓) = 𝐼trapezoidal(𝑓 ) +O(ℎ2)
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= ℎ
2 (

𝑓(𝑎) + 𝑓(𝑏) + ∑
𝑎<𝑥𝑖<𝑏

2𝑓(𝑥𝑖))
(2.4.2)

One can obtain a multi-dimensional version of this method by slicing the 𝐷-dimension
domain in to 𝑚 × 𝐷 − 1 dimensional regions. Doing this recursively and applying
the one-dimensional method for 𝐷 = 1, then for every slice of 𝐷 = 2 and so on, one
arrives at a runtime of O(𝐶𝐷), where 𝐶 is the runtime for the method in 1D.
For the trapezoidal rule eq. 2.4.2 this reads with Ω = [𝑎, 𝑏] × [𝑐, 𝑑] and equal spacing
ℎ in both dimension

𝐼trap(𝑓 ) = ℎ2

4 (
4

𝑥𝑗<𝑑

∑
𝑥𝑗>𝑐

𝑥𝑖<𝑏

∑
𝑥𝑖>𝑎

𝑓(𝑥𝑖, 𝑥𝑗) + 2
𝑥𝑖<𝑏

∑
𝑥𝑖>𝑎

𝑓(𝑥𝑖, 𝑑) + ⋯
)

This runtime estimate also holds for more sophisticated methods such as newton
quadrature. Since the error of numerical integration methods is bounded by the
𝑚-th derivative ∝ 𝑓 (𝑚), additional problems may occur for oscillatory functions.
Monte Carlo integration is motivated by the observation that for some continuously
distributed random variable 𝑋 over Ω, with a probability density function 𝜌𝑋, inte-
grations can be expressed by drawing samples 𝑥𝑖 ∼ 𝜌𝑋 and computing the expected
value of finding them inside the integration area. We can rewrite eq. 2.4.1 as an
expected value, we require 𝜌(𝑥) > 0 ∀𝑔(𝑥) ≠ 0:

∫Ω
𝑔(𝑥) d𝜇 = ∫Ω

𝑔(𝑥)
𝜌(𝑥)

𝜌(𝑥) d𝜇
eq. 2.1.9

= 𝔼𝜌 [
𝑔(𝑥)
𝜌(𝑥)] (2.4.3)

⇒𝐼(𝑓) = 𝔼𝜌[𝑓 (𝑥)] (2.4.4)

The error and convergence of this method can be obtained with use of the central
limit theorem (CLT). Let 𝑋𝑖 i.i.d. random variables with 𝑋𝑖 ∼ 𝜌:

̄𝑓𝑁 = 1
𝑁

𝑁

∑
𝑖=1

𝑓(𝑥𝑖) (2.4.5)

then

lim
𝑁→∞

𝑃

⎛
⎜
⎜
⎜
⎜
⎝

𝑎 ≤
𝐼(𝑓) − ̄𝑓𝑁

√
𝜎2

𝑓
𝑁

≤ 𝑏

⎞
⎟
⎟
⎟
⎟
⎠

𝐶𝐿𝑇
= Φ(𝑏) − Φ(𝑎) (2.4.6)

where Φ(𝑥) = 1
√2𝜋

∫𝑥
−∞ 𝑒− 𝑡2

2 d𝑡 is the cumulative distribution function of the normal

distribution. This implies the convergence of ̄𝑓𝑁 and provides us with an estimation
of eq. 2.4.4.
It is still assumed that Ω = [𝑎, 𝑏]𝐷. We will later discuss methods to find (𝑥𝑖) so that
𝑓(𝑥𝑖) i.i.d. (for example inversion sampling). Inserting the estimator (eq. 2.4.5) and
integral (eq. 2.4.1) into the CLT, we obtain

|
1
𝑁

𝑁

∑
𝑖=1

𝑓(𝑥𝑖) − 𝐼(𝑓)
|

= √
𝜎2

𝑓

𝑁

|
|
|
||

1
𝑁 ∑𝑁

𝑖=1 𝑓(𝑥𝑖) − 𝑁 ⋅ 𝐼(𝑓)

√𝜎2
𝑓𝑁

|
|
|
||

= √
𝜎2

𝑓

𝑁
|𝜁| (2.4.7)
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with 𝜎2
𝑓 = ∫Ω (𝑓 (𝑥) − 𝐼)2𝜌(𝑥) d𝜇 and 𝜁 ∼ N (0, 1). This shows that the convergence

ratio is O( 1
√𝑁

), which does not explicitly depend on 𝐷! Independence on the di-
mension of Ω is the single most important property of Monte Carlo methods, since
most other methods can not be used in high dimensional state spaces. The rate of
convergence for the variance is however not guaranteed to be bounded. Although
there are variance reduction schemes available which will be discussed in sec. 2.5,
they can break down when dealing with fermionic many particle interactions. This
is known as the sign problem (see sec. 2.8).

2.5 sampling methods

𝐹 ←
𝑋 (𝜁) 𝑥

𝜁

𝐹𝑋(𝑥)

𝐹𝑋

Figure 2.4: 𝜁 as argument of the pseudo in-
verse (in this case equivalent to the
normal inverse).

Sampling methods are an impor-
tant tool in cases where a full dis-
tribution function is not known as
an analytic function or the state
space is very large and full com-
putation of the distribution is im-
possible. Both cases are present
in many body particle physics for
which the Hilbert space grows ex-
ponentially with the number of par-
ticles and the full interacting wave
function is unknown. In order to
simplify the discussion of sampling
methods, we narrow the definition
to real valued, continuous random
variables and functions for now.
Let 𝑓 ∶ ℝ → ℝ be a probability dis-
tribution. We want to generate sam-
ples from that distribution so that a
histogram of all samples will give a reasonable estimation of 𝑓 (see MC convergence
in the previous section). There are different methods available in order to sample
𝑥𝑖 ∼ 𝑓 which differ in convergence performance depending on the form of 𝑓 and
have varying requirements.

2.5.1 Inversion Sampling

Let 𝜁 be some real valued random variable. Note that ∀𝑥 ∶ 𝑓(𝑥) ≥ 0 implies that the
CDF 𝐹𝑋(𝑥) = ∫𝑥

−∞ 𝑓(𝑧) d𝑧 is monotonic (𝑥 ∼ 𝜌𝑋). We first define the pseudo inverse
of 𝐹𝑋(𝑥) by using the fact that the cumulative distribution function 𝐹𝑋(𝑥) = 𝑃 (𝑋 ≤ 𝑥)
is monotonic and right continuous:

𝐹 ←
𝑋 (𝑥) = inf{ 𝑧 | 𝐹𝑋(𝑧) ≥ 𝑥} (2.5.1)

One can easily check that this meets the requirements of a pseudo inverse in eq. 2.5.3.
Now we choose 𝜁 ∼ 𝑈(0, 1) so that:

𝐹𝜁(𝑥) = 𝑥 (2.5.2)
⇒ 𝑃 (𝐹 ←

𝑋 (𝜁) ≤ 𝑥) = 𝑃 (𝜁 ≤ 𝐹𝑋(𝑥)) = 𝐹𝑋(𝑥) (2.5.3)
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with 𝜁 ∼ 𝑓(𝑈). See also fig. 2.4.
This results in an easy algorithm (alg. 1) for the estimation of the distribution 𝐹𝑓(𝑥)
which will serve as a prototype for the more sophisticated methods below. It is pos-

input : Solver for 𝑥 = 𝐹 ←
𝑋 (𝜁), U (0,1), 𝑁

output : Array 𝑥 of length 𝑁 with samples
1 Reserve array 𝑥 of length 𝑁
2 𝑖 = 0
3 while 𝑖 < 𝑁:
4 Draw 𝜁 ∼ 𝑈(0, 1)
5 Solve 𝑥[𝑖] = 𝐹 ←

𝑋 (𝜁)
6 𝑖 = 𝑖 + 1
7 return 𝑥

Algorithm 1: Inversion Sampling

sible to extend this method to 𝑥 ∈ R𝑛.
In fig. 2.5 and fig. 2.6 the result for the inversion sampling algorithm implemented
in Python is shown 10. Comparing the results for 100 and 2000 samples we can
estimate that data sufficiency is achieved at around 500 samples with this method.
The 1

√𝑁
convergence bound is plotted for comparison. The inversion sampling algo-

rithm provides an efficient way of transforming a “well behaved” distribution to a
more complicated one. This is actually a very common problem since most libraries
for the generation of pseudo random numbers only generate uniformly distributed
random variables. The most widely used application for this is the Box-Muller al-
gorithm which computes Gaussian distributed variables from uniform samples. Al-
though inversion sampling is very efficient compared to the next methods, it relies
on the fact that the pseudo inverse can be constructed. We will now look at methods
that get around this problem.

2.5.2 Rejection Sampling

The first attempt of an improved method will be rejection sampling.
Let 𝑓∶ R𝑛 → R be some measurable function with measure 𝜇, that is analytically un-
known and hard to sample from directly. Choose some envelop density ̃𝑓 ∶ R𝑛 → R

and factor 𝑐 ∈ R so that ∀𝑥 ∈ R𝑛 ∶ 𝑐 ̃𝑓 (𝑥) ≥ 𝜇(𝑓(𝑥)). We don’t require 𝑓 to be positive
or even real valued. Its measure can be used to obtain a positive function and the
renormalization can be absorbed into 𝑐. To obtain a sample from ̃𝑓 one could use
algorithm alg. 1. The efficiency of this algorithm obviously depends on the discrep-
ancy of 𝑓 and ̃𝑓 and can therefore be estimated by 𝑐. Proof of this method is left to
the literature, e.g. [54].
We will later use Monte Carlo methods for complex valued functions. Of course
C ∼ R

2 guarantees correctness but there are some subtleties nonetheless. For de-
tails see [38].
While this method is stated for continuous distributions, it is of course easily adapted
to discrete distributions using the Dirac or discrete measure. We can see from fig. 2.9
that the target distribution is less accurately approximated than through inversion
sampling for equal runtime. The reason is the lower effective sample size, because

10 The code for all sampling algorithms is available at https://github.com/Atomtomate/MSC_Thesis

https://github.com/Atomtomate/MSC_Thesis
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Figure 2.5: Inversion sampling of normal distribution
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Figure 2.6: Sampled standard normal distribution using inversion sampling 100 and
2000 samples.

we reject some of the samples. One can improve rejection sampling by changing the
envelop distribution whenever a sample is rejected. This is done by setting the en-
velop distribution to the true value 𝑓(𝑥) at this point of the now piecewise defined
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Figure 2.7: Slightly shifted normal distribution with 𝑐 = 2 scaling as envelope dis-
tribution for another Normal distribution

input : PDFs ̃𝑓 , 𝑈(0, 1); a function 𝑓, factor 𝑐
output : Array 𝑥 of length 𝑁 with samples

1 reserve array 𝑓𝑠𝑎𝑚𝑝𝑙𝑒 of length 𝑁
2 𝑖 = 0
3 while 𝑖 < 𝑁:
4 Draw 𝑥𝑖 ∼ ̃𝑓
5 Draw 𝜁 ∼ 𝑈(0, 𝑐 ⋅ ̃𝑓 (𝑥𝑖))
6 if 𝜁 < 𝜇(𝑓(𝑥)):
7 𝑓𝑠𝑎𝑚𝑝𝑙𝑒[𝑖] ← 𝑥
8 𝑖 = 𝑖 + 1
9 return 𝑓𝑠𝑎𝑚𝑝𝑙𝑒

Algorithm 2: Rejection Sampling

envelope distribution. Using this method the rejection rate is reduced with every
rejected sample. We will however not use this improvement here since the implica-
tions for the autocorrelation times when using the Metropolis algorithm are quite
complicated to track. Because we only use the simple version the next method is
strictly better than rejection sampling.

2.5.3 Importance Sampling

Sometimes the following class of algorithms are also called variance reduction meth-
ods. This connects our previous considerations in sec. 2.4 to the sampling methods
we have used so far. It is clear that we need to require 𝑓(𝑥) > 0 for all sampling
methods to work. We can however transform any 𝐿1 function into a probability dis-
tribution by setting 𝜌𝑓 = 1

𝑍 |𝑓 (𝑥)| with appropriate normalization 𝑍 and by tracking
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Figure 2.8: Rejection sampling for 100 and 1000 samples. N (1.2, 1.3) as true and 5.2 ⋅
N (1.2, 2.5) as envelope distribution.

the actual sign of each sample and accumulating the absolute value of 𝑓 as well as
that of the sign.

1
𝑁

𝑁

∑
𝑖

𝑥𝑖 ⟶ 1
∑𝑁

𝑖 sign(𝑥𝑖)

𝑁

∑
𝑖

sign(𝑥𝑖)|𝑥𝑖|

As before (see also sign problem, sec. 2.8) this is especially problematic for oscil-
lating functions. In quantum mechanics a change of basis can sometimes improve
the sign problem, we will find an example later for the continuous time CTQMC
algorithm. While importance sampling is often used due to its simplicity, it is prob-
lematic for skewed distributions which are badly approximated by the envelope
distribution ̃𝜌(𝑥). This becomes especially important in high dimensions, when the
volume is concentrated near the surface. Since high dimensional integrals are ex-
actly the domain of MC integrations it is important to find a solution to this prob-
lem.
Similarly to eq. 2.4.3 it is possible to introduce another distribution ̃𝜌 in order to
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Figure 2.9: Sampled distribution with 100 and 1000 samples, using rejection sam-
pling.

weigh samples. Note that we use notations for configurations here but it may be
more intuitive for now to think of Ω = R

𝑛 and different configurations 𝐶 ∈ 𝑆 as
samples 𝑥1, 𝑥2, … , 𝑥𝑁. Then all integrals have well defined Lebesgue measure and
the convergence of a sample set |𝑆| = 𝑁 becomes the usual lim𝑁→∞ for 𝑁 samples.

E𝜌[𝑓 ] = ∫ 𝑓(𝐶)𝜌(𝐶) d𝐶 = ∫ 𝑓(𝐶) ̃𝜌(𝐶)
𝜌(𝐶)

̃𝜌(𝐶)
d𝐶 (2.5.4)

= E ̃𝜌 [𝑓
𝜌

̃𝜌] (2.5.5)

There are two main reasons why we did we not immediately choose ̃𝜌 as an envelope
distribution instead of 𝜌(𝑥): We do not necessarily have access to a sampling mecha-
nism for 𝜌 and while inversion sampling can provide a method for transformations
it is not guaranteed to be feasible. Evaluation of the expectation of 𝑓 𝜌

̃𝜌 amounts to
only some function evaluations and can easily be offset by faster sampling. An even
more important reason is that we can compute the normalization constant 𝑍 for 𝜌
during the sampling process. In preparation for the application in statistical physics
we already use the same symbol as for the partition function.

1 = 1
𝑍 ∫ 𝜌(𝐶) d𝐶 = 1

𝑍 ∫ ̃𝜌
𝜌

̃𝜌
d𝐶 = 1

𝑍
E ̃𝜌 [

𝜌
̃𝜌]

This property is essential since naive computation of 𝑍 involves a similar integral
to the original one, which is precisely the problem this algorithm was supposed to
alleviate in the first place. The fraction 𝜌(𝐶)/ ̃𝜌(𝐶) is called weight 𝑤𝐶 of configuration
𝐶 with probability 𝑝𝐶

𝑤𝐶 =
𝜌(𝐶)

̃𝜌(𝐶)
(2.5.6)

𝑝𝐶 =
𝑤𝐶
𝑍

(2.5.7)
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Putting everything together we get a very useful estimator for the expected value of
a function 𝑓 for some sample set 𝑆 ⊂ Ω

𝐼(𝑓) = E𝜌 [𝑓] =
∫Ω 𝑤𝐶𝑓(𝐶) ̃𝜌(𝐶) d𝐶

∫Ω 𝜌(𝐶) d𝐶
(2.5.8)

≈ ⟨𝑓⟩𝜌 =
∑

𝐶∈𝑆
𝑤𝐶𝑓(𝐶)

∑
𝐶∈𝑆

𝑤𝐶
= ∑

𝐶∈𝑆
𝑝𝐶𝑓(𝐶) (2.5.9)

In case the weights are not all positive because they were not sampled from a proba-
bility distribution, there is still a way to make this calculation work by defining 𝑠(𝑐)
as the sign of the configuration:

∑
𝐶∈𝑆

𝑤𝐶𝑓(𝐶)

∑
𝐶∈𝑆

𝑤𝐶
=

∑
𝐶∈𝑆

sign(𝐶)|𝑤𝐶|𝑓 (𝐶)

∑
𝐶∈𝑆

sign(𝐶)|𝑤𝐶|
(2.5.10)

From the general expression for the variance estimator (eq. 2.2.6) follows the esti-
mator for the variance in terms of the weights

Var[𝑓 ] ≈ 1
𝑁 − 1

⟨(𝑤𝐶𝑓(𝐶) − 𝑤𝐶 ⟨𝑓⟩)
2
⟩

⟨𝑤𝐶⟩2 (2.5.11)

= ∑
𝐶∈𝑆

𝑤2
𝐶(𝑓 (𝐶) − ⟨𝑓⟩)2 (2.5.12)

In order to verify the results one can chose from a large number of statistical meth-
ods. It is not worth going into much detail here since the dominant factor in our
case will be correlations and estimators for the confidence intervals of importance
sampled observables do not generally carry over to the Metropolis algorithm in the
next section [2].
We can however immediately observe that there is only an effective number of sam-
ples contributing to the overall average. This is a good estimator for data sufficiency
and quality of the proposal distribution. The choice of a good estimator for the ef-
fective sample size is an art that requires a lot of experience with Monte Carlo sim-
ulations. Generally there are three formulas used when no specific details of the
simulation are known [2, 54]:

𝑛eff,1 =
𝑁 ⟨𝑤⟩2

⟨𝑤2⟩
(2.5.13)

≈ 𝑁
⟨𝑤⟩𝜌

(2.5.14)

𝑛eff,2 = 𝑁
1 + 𝑐𝑣2(𝑤)

(2.5.15)

𝑐𝑣2(𝑤) =
√

1
𝑁 − 1 ∑

𝐶
(𝑤𝐶 − ⟨𝑤⟩)

2

The effective sample size is a better measure for the quality of the simulation than
the variance of the expected value, because skewed weights may lead to a low sam-
ple variance around a skewed sample mean. The concept of effective sample sizes
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input : functions ̃𝑓 , 𝑓;
output : Array 𝑓𝑠𝑎𝑚𝑝𝑙𝑒 of length 𝑁 with samples and normalization 𝑍

1 reserve array 𝑓𝑠𝑎𝑚𝑝𝑙𝑒 of length 𝑁
2 𝑍 = 𝑖 = 0
3 while 𝑖 < 𝑁:
4 Draw 𝑥𝑖 ∼ ̃𝑓
5 𝑤𝑖 = 𝑓(𝑥𝑖)/ ̃𝑓 (𝑥𝑖)
6 𝑓𝑠𝑎𝑚𝑝𝑙𝑒[𝑖] = 𝑤𝑖 ⋅ 𝑥𝑖
7 𝑍 = 𝑍 + 𝑤𝑖
8 𝑖 = 𝑖 + 1
9 return 𝑓𝑠𝑎𝑚𝑝𝑙𝑒, 𝑍

Algorithm 3: Importance Sampling

can however be generalized to variance and skewness (a derivation can be found in
chapter 9 of [2]):

𝑛eff,𝜎 = (∑𝐶 𝑤2
𝐶)

2

∑𝐶 𝑤4
𝐶

(2.5.16)

𝑛eff,𝛾 = (∑𝐶 𝑤2
𝐶)

3

(∑𝐶 𝑤3
𝐶)

2 (2.5.17)

The form of eq. 2.5.9 is especially useful due to its similar form to many particle
expectation values. We now have a method for sampling which does not require
us to know the normalization of the distribution. The drawbacks so far are:

proposal distribution We need to have at least some knowledge about our de-
sired distribution. This can turn out to be a severe limita-
tion for simulations of many particle wave functions since
their form is generally unknown and the algorithm does
not adapt with more knowledge of the target distribution.

curse of dimensionality All direct sampling methods suffer from the so called curse
of dimensionality: With increasing dimension of ℝ𝑛 the
shell region of sub-manifolds contribute more to the over-
all volume. But the methods above sample uniformly over
regions. In other words, relative distances become increas-
ingly indistinguishable in high dimensions [2].

2.6 markov chain monte carlo

Proofs and derivations for the statements in this section can be found here: [127, 4]
In the previous chapter we have discussed independent samples of distributions.
We have improved the sampling from skewed distributions before using importance
sampling. This assumed existence of not only an envelope/proposal distribution 𝜌
but also a second distribution ̃𝜌. Since we often don’t know the form of 𝜌, it may
be the exact many particle wave function or similarly unobtainable functions, our
approximation ̃𝜌 will be very crude when trying to define it explicitly. This is the
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Figure 2.10: Importance sampling for 1000 samples with envelope distribution
N (2.5, 1.5) and N (1.5, 1.3) as proposal distributions.
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Figure 2.11: Sampled distributions using importance sampling for 1000 samples
with envelope distribution N (2.5, 1.5) and N (1.5, 1.3) as proposal dis-
tributions.
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field of application for Markov chains which “converge” against a limiting distribu-
tion, while providing computationally cheap samples. They belong in the domain of
stochastic processes where one defines a series of variables over a common domain.
Stochastic processes are widely used in physics. For example the Lagevin equation
in non-equilibrium thermodynamics is related to Brownian motion (Wiener pro-
cess) and the Fokker-Planck equation to the Ornstein-Uhlenbeck process.
A Markov chain is a chain of possible transitions which only depend on the last state.
Still using def. 1, let Ω be countable and 𝐶𝑖 ∈ 𝑆.

Definition 11 (Markov Chain) We call a sequence of discrete random variables (𝑋𝑛) =
𝑋1, 𝑋2, … a Markov chain if the Markov condition is fulfilled:

𝑃 (𝑋𝑗 = 𝐶𝑛+1|𝑋𝑛 = 𝐶𝑛, … , 𝑋1 = 𝐶1) = 𝑃 (𝑋𝑛+1 = 𝐶𝑛+1|𝑋𝑛 = 𝐶𝑛) = 𝑃𝑛,𝑛+1 (2.6.1)

Since all conditional probabilities only depend on two random variables, they can
be written in matrix form as indicated above.

Definition 12 (Homogeneous transition matrix) 𝑃𝑖𝑗 is called transition matrix or
stochastic matrix and satisfies 𝑃𝑖𝑗 ≥ 0, for 𝑖, 𝑗 ∈ 𝑆 and ∑𝑗∈𝑆 𝑃𝑖𝑗 = 1.
The Markov chain is called homogeneous in case 𝑃𝑖 𝑖+1 = 𝑃0 1 for all 0 < 𝑖 < 𝑛.

It is possible to extend this definition to continuous random variables. In short, the
continuous Markov process is a stochastic process that only depends on the time
difference (not the absolute times) in the homogeneous case. Even though we will
encounter continuous processes later, a derivation is left to the literature [127] From
def. 12 follows, that

𝑃 (𝑋𝑛 = 𝐶𝑛, … , 𝑋0 = 𝐶0)
𝑑𝑒𝑓 11

= 𝑃𝑛−1 𝑛⋯𝑃0 1𝑃 (𝑋0 = 𝐶0)

It is obvious that the initial state 𝜌𝑖 = 𝑃 (𝑋0 = 𝐶𝑖), 𝐶𝑖 ∈ 𝑆 has an influence on the
overall behavior of the Markov chain. In the following, two shorthand notations will
be used to indicate which initial state (i.e. initial distribution) was used (𝜌 = (𝜌1,⋯)
is a row vector here).

𝑃𝑖(⋅) = 𝑃 (⋅)𝑃 (𝑋0 = 𝐶𝑖) (2.6.2)
𝑃 (⋅) = 𝑃𝜌(⋅) (2.6.3)

It is easy to see that a transition probability from the starting distribution 𝑃 (𝑋0 = 𝑖)
in 𝑛 steps to state 𝑗 is the 𝑛-th power of the transition matrix.

[𝑃𝑛]𝑖𝑗 = 𝑃𝑖(𝑋𝑛 = 𝐶𝑗) (2.6.4)

[𝜌𝑃𝑛]𝑗 = 𝑃 (𝑋𝑛 = 𝐶𝑗) (2.6.5)

The statement follows by induction from the observation:

𝑃 (𝑋1 = 𝐶𝑗) = ∑
𝑖∈𝑆

𝜌𝑖(𝑋1 = 𝐶𝑗|𝑋0 = 𝐶𝑖) = ∑
𝑖∈𝑆

𝜌𝑖𝑃𝑖𝑗

𝑃𝑖(𝑋2 = 𝐶𝑗) = ∑
𝑘∈𝑆

𝑃𝑖(𝑋2 = 𝐶𝑗, 𝑋1 = 𝐶𝑘) = ∑
𝑘∈𝑆

𝑃𝑖𝑘𝑃𝑘𝑗 = [𝑃2]𝑖𝑗

𝑃 (𝑋2 = 𝐶𝑗) = ∑
𝑖∈𝑆

𝑃𝑖(𝑋2 = 𝐶𝑗) = ∑
𝑖,𝑘∈𝑆

𝜌𝑖𝑃𝑖𝑘𝑃𝑘𝑗 = [𝜌𝑃2]𝑗
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From this follows a special case of the Chapman-Kolmogorov equation:

[𝑃𝑛+𝑚]𝑖𝑗 = ∑
𝑘∈𝑆

[𝑃𝑛]𝑖𝑘[𝑃𝑚]𝑘𝑗 (2.6.6)

In order to connect our previous sampling algorithms with Markov chains we first
need three definitions. Left eigenvectors of the transition matrix 𝑃 are called invari-
ant (or stationary) measure for 𝑃.

∑
𝑖∈𝑆

𝑤𝑖𝑃𝑖𝑗 = 𝑤𝑗, 𝑖, 𝑗 ∈ 𝑆, 0 ≤ 𝑤𝑗 < ∞ (2.6.7)

If the invariant measure is also normalized it is called stationary distribution. It is
usually denoted by 𝜋 = (𝜋𝐶)𝐶∈𝑆

∑
𝐶∈𝑆

𝜋𝐶 = 1 (2.6.8)

This can of course be obtained from eq. 2.6.7, although using the unnormalized 𝑤𝐶
in place of 𝜋𝐶 is often more preferable (see detailed balance in eq. 2.6.16).

𝜋𝐶 =
𝑤𝐶

∑ ̃𝐶∈𝑆 𝑤 ̃𝐶
(2.6.9)

Using the stationary distribution 𝜋 as the initial distribution we can rewrite eq. 2.6.7
and eq. 2.6.4:

𝑃𝜋(𝑋𝑛 = 𝐶) = 𝜋𝐶 (2.6.10)

So the distribution of 𝑋𝑛 is independent of 𝑛. A Markov chain is called aperiodic
irreducible if

∀ 𝐶𝑖, 𝐶𝑗, 𝐶𝑘 ∈ 𝑆 ∃ 𝑛 ≥ 1 ∶
𝑃𝑖(𝑋𝑛 = 𝐶𝑘) > 0, 𝑃𝑗(𝑋𝑛 = 𝐶𝑘) > 0 (2.6.11)

Notice that any state must be reachable from any other state in just one transition,
otherwise the the Markov chain would be periodic irreducible, this case will not be
needed here. For some arguments about Markov chains, the set of visits in state 𝐶
as 𝑣𝐶 will be used:

𝑣𝐶(𝑛) = {𝑛 ∈ ℕ>0 ∶ 𝑋𝑛 = 𝐶} (2.6.12)
𝑚𝐶 = 𝔼[min

𝑛
{𝑣𝐶(𝑛)}] (2.6.13)

A state 𝐶 ∈ 𝑆 is called recurrent if the return probability tends towards one, tran-
sient otherwise. It is called (positive) recurrent if in addition the mean return time is
finite. This property splits the states into equivalence classes in which any state is
reachable from each other state (see [127] p. 39 ff.).
It can be proven that each recurrent class has exactly one invariant measure (⇒ ex-
actly one stationary distribution) which is uniquely determined up to a constant
factor. The most useful property for our algorithms will be the convergence the-
orem for Markov chains (for a proof see [127] p. 52). Any aperiodic irreducible
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Markov chain that possess a stationary distribution 𝜋 will for any initial distribu-
tion converge against 𝜋. In this case 𝜋 is also called equilibrium distribution.

𝑃 (𝑋𝑛 ∈ 𝐴) → ∑
𝐶∈𝐴

𝜋𝐶 ∀ 𝐴 ⊂ 𝑆 (2.6.14)

Since the probability converges for any initial distribution the subscript is omitted
here. However, for numerical implementations it is worth keeping in mind that the
rate of convergence will depend on the choice of the initial distribution.
We can illustrate stationary distributions by imagining the possible configurations
as nodes 𝑉 on a graph G = (𝑉 , 𝐸) and the transition probabilities as edge weights
𝑓(𝐸) 11. In each iteration of the Markov process updates the edge weights according
to 𝑃 (see eq. 2.6.4) and the Markov chain “visits” configuration 𝐶 in iteration 𝑛 if
𝑋𝑛 = 𝐶. Now the stationary probability is the average number of visits to a node
(compare eq. 2.6.12) in the limit 𝑛 → ∞.

𝜋𝐶 = lim
𝑛→∞

|𝑣𝑐(𝑛)|
𝑛

This is a restatement of the ergodic theorem.
We can now use the strong condition of reversibility in order to ensure the above
requirements for Markov Chains with exactly one stationary distribution. A distri-
bution 𝜋 is reversible with regard to the transition probabilities 𝑃 if:

𝜋𝑖𝑃𝑖𝑗 = 𝜋𝑗𝑃𝑗𝑖, ∀ 𝑖, 𝑗 ∈ 𝑆 (2.6.15)

One can immediately see that any reversible distribution must also be a stationary
distribution by comparison with eq. 2.6.9. Reversibility is also known as detailed
balance condition when rearranged (the normalization constants cancel out in the
fraction):

𝑃𝑖𝑗

𝑃𝑗𝑖
=

𝜋𝑗

𝜋𝑖
=

𝑤𝑗

𝑤𝑖
(2.6.16)

Both conditions obviously also imply eq. 2.6.11 and therefore guaranty convergence
in the sense of eq. 2.6.14. Note that the converse is not true, i.e. the existence of a
distribution fulfilling detailed balance is a stronger condition than aperiodic irre-
ducibility.
The detailed balance condition is useful in the same way the weights were for im-
portance sampling, since the state space may be very large or even unknown and
computation of the normalization can be numerically unfeasible.

2.6.1 Metropolis-Hastings Algorithm

We have seen that an aperiodic, irreducible Markov chains will converge against a
unique stationary distribution 𝜋 in case 𝜋 exists. The central observation for the first
Markov chain Monte Carlo algorithm is eq. 2.6.16. While not a necessary condition
for the existence of a stationary distribution it is easy to verify, which makes it the
most practical condition.
We will use the rejection sampling method (see sec. 2.5.2) but instead of using in-
dependent samples, they will be drawn according to a Markov process (𝑋𝑛). This

11 the PageRank algorithm for the early version of Google search used this model, here websites are
represented by nodes and hyper links are edges
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means we can choose some function 𝑄(𝐶𝑗|𝐶𝑖) = 𝑄𝑖𝑗 that is proportional to the dis-
tribution 𝑃 we want to approximate. While these samples are correlated (which
means that we gain less information per sample), there are several advantages to the
Markov chain sampling: In contrast to direct sampling methods there is no need for
a well suited envelope distribution. This problem is transferred to the much easier
task of finding suitable proposals for the next step, because this is a local instead of a
global problem. Markov chain Monte Carlo will always produce samples contrary
to rejection sampling12 and due to eq. 2.6.16 do not require the knowledge of the
normalization like importance sampling.
The most important risk of Markov Chain Monte Carlo (MCMC) is the possibility of
getting trapped in a small subregion of space. While the Metropolis-Hastings algo-
rithm does not offer any mitigation for this, there are mathematical tools available
to minimize this problem (see data analysis sec. 2.7). One can also chose more so-
phisticated proposal algorithms. This leads to the popular Gibbs sampler, suited for
highly skewed distributions in high dimensional spaces, and Hybrid Monte Carlo
methods, that provide adaptive step size exploration according to knowledge about
the underlying physics, which are popular in finance simulations and lattice gauge
theories respectively. They can however require a lot of additional function evalua-
tions and may in fact be slower than more crude methods with more samples [54].
We will now write down the Metropolis-Hastings algorithm, which implements
the basic idea of MCMC sampling. To stay consistent with our previous notation
we call the weights 𝑤𝐶 (only countable state spaces are considered in this section).
𝑓(𝐶) = 𝜋𝐶 = 1

𝑍 ⋅ 𝑤𝐶, 𝑍 ∈ R.
We split the the transition probability into a proposal distribution 𝑄 and a acceptance
rate 𝑅.

𝑓(𝐶𝑗|𝐶𝑖) = 𝑅(𝐶𝑗|𝐶𝑖)𝑄(𝐶𝑗|𝐶𝑖) (2.6.17)
⇔ 𝑃𝑖𝑗 = 𝑅𝑖𝑗𝑄𝑖𝑗

The proportionality constant 1
𝑍 is absorbed into the right hand side. This is possible

since the choice of 𝑅 and 𝑄 is free as long as 𝑄 is a probability distribution. Using
detailed balance (𝜋𝑖𝑤𝑖𝑗 = 𝜋𝑗𝑤𝑗𝑖, eq. 2.6.16) we can rewrite this to

𝑅𝑖𝑗

𝑅𝑗𝑖
=

𝑤𝑗

𝑤𝑖

𝑄𝑗𝑖

𝑄𝑖𝑗
(2.6.18)

Our goal is the construction of a transition matrix 𝑄𝑖𝑗 so that detailed balance for
𝑄 holds and the equilibrium distribution for 𝑄 is 𝜋. In order to see why the pro-
posal distribution 𝑄 constructs the correct stationary distribution we write down
the resulting transition matrix 𝑃 using eq. 2.6.17.

𝑃𝑖𝑗 =
⎧
⎪
⎨
⎪
⎩

𝑅𝑖𝑗𝑄𝑖𝑗 𝑖 ≠ 𝑗, 𝑅𝑖𝑗 < 1
𝑄𝑖𝑗 𝑖 ≠ 𝑗, 𝑅𝑖𝑗 ≥ 1
1 − ∑𝑖≠𝑗 𝑃𝑖𝑗 𝑖 = 𝑗

(2.6.19)

In each step the Metropolis algorithm we propose a transition from 𝐶𝑖 to 𝐶𝑗. If
accepted, the new initial state will be 𝐶𝑗, otherwise 𝐶𝑖. In both cases a sample is

12 However the rejection rate for a transition to a new configuration can be very high, leading to corre-
lated samples.
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input : 𝑄, initial state 𝐶0, 𝑈(0, 1), burn-in steps 𝑗, skip steps 𝑘
output : Array 𝑥 of length 𝑁 with samples

1 reserve array 𝑓𝑠𝑎𝑚𝑝𝑙𝑒 of length (𝑁 − 𝑗)/𝑘
2 𝑖 = 1
3 𝑥0 = 𝐶0
4 while 𝑖 < 𝑁:
5 𝐶𝑎 = 𝑥𝑖−1
6 Draw 𝜁 ∼ 𝑈(0, 1)
7 Draw 𝐶𝑏 ∼ 𝑄𝑎𝑏

8 𝑅𝑎𝑏 = min (1, 𝑤𝑏
𝑤𝑎

𝑄𝑏𝑎
𝑄𝑎𝑏 )

9 if 𝑅𝑎𝑏 < 𝜁:
10 𝑥𝑖 = 𝐶𝑏
11 else:
12 𝑥𝑖 = 𝐶𝑎
13 if 𝑖 ≥ 𝑗 and 𝑖 − 𝑗%𝑘 == 0:
14 𝑓𝑠𝑎𝑚𝑝𝑙𝑒[ 𝑖−𝑗

𝑘 ] = 𝑥𝑖
15 return 𝑓𝑠𝑎𝑚𝑝𝑙𝑒

Algorithm 4: Metropolis Hastings

returned which is then used as the next initial state.
The choice for 𝑄 can influence the convergence properties: conservative proposals
with high acceptance rate will lead to slow exploration of the state space while the
opposite choice will lead to a high rejection rate and therefore slow convergence
as well 13. The good value for the acceptance ratio is quoted to be 0.234 (e.g. [113,
15]), this is of course purely heuristic but demonstrates that in the absence of quan-
titative estimators for multiple problematic behaviors (see below), there is often no
other orientation.
Deliberately aiming for a low acceptance rate may appear unintuitive. However tak-
ing into consideration that samples in MCMC are correlated, the rejection nearby
steps may actually be a good way of reducing autocorrelation times and therefore
achieving a higher effective sample size (we have already observed this in the case of
importance sampling). We will later (sec. 2.7) find an estimator for the autocorrela-
tion of samples which should decrease once the stationary distribution is reached.
One last remark can be made about the skewness of the estimators for a bad start-
ing position. Since the initial distribution will be different from the equilibrium
distribution, it is necessary to disregard the first results in order to not take the con-
vergence towards the equilibrium into account. This is known as burn-in period.
For MCMC methods to work, we do not only require detailed balance (which im-
plies aperiodic irreducibility) but also ergodicity (aperiodicity and positive recur-
rence). In case of finite Markov chains, detailed balance is equivalent to ergodic-
ity14.A quasi-segmentation into recurrent classes (that means taking out a few tran-
sitions would split one class into several) can lead to the simulation staying in one
region for the whole simulation and therefore yielding skewed results for observ-
ables. This problem clearly depends on the initial configuration 𝜌0, so a possible

13 There is an optimal choice, here 𝑄𝑖𝑗 = 𝑃 (𝐶𝑗) which assumes the knowledge of of the unknown param-
eter

14 This follows directly from the definition of the mean return time
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indicator can be obtained by running the simulation with different 𝜌0 and compar-
ing convergence. Because the proposal distribution is chosen for the application at
hand, it may also be possible to give an argument for ergodicity from the construc-
tion. In practice one has to test convergence against known results and observe the
behavior of the program over many runs.
To substantiate this, we consider a simple example how segmentation may show up
during simulation. Initially the observables will change rapidly while the probabil-
ities converge according to eq. 2.6.14. After some time equilibrium is reached, i.e.
the expected value of our observable fluctuates around some value. Subsequently
there is a sudden change in the average value before it again converges.
This is obviously problematic since we have no way of predicting this kind of be-
havior from the numerical data. One can use trace-plots, a history of observables
at each step, to spot such a jump in observables. But generally it is quite hard to
predict such a behavior since the simulation behaves completely the same to one of
a smaller sample space.
It sill remains to show that we can solve integrals of the type eq. 2.5.9. To this end
we use the form eq. 2.6.9, let 𝑆 ⊂ 𝑆full with 𝑆 the space of sampled states and 𝑆full
the full sample space.

𝐼(𝑓) =
∑

𝐶∈𝑆
𝑤𝐶𝑓(𝐶)

∑
𝐶∈𝑆

𝑤𝐶
≈

∑
𝐶∈𝑆

𝑤𝐶𝑓(𝐶)

𝑍
= ∑

𝐶∈𝑆
𝜋𝐶𝑓(𝐶) (2.6.20)

Even though the metropolis algorithm improves upon direct sampling, especially
in high dimensions, we have identified three drawbacks above:

local changes The changes in configurations are local which becomes especially im-
portant near phase transitions and the correlation length between
sites in real space diverges.

effective rate While the samples are not rejected directly, changes in configurations
are. This may lead to a significantly lower effective sample size than
direct sampling methods. This can also be expressed as long autocor-
relation times in regions of low density.

convergence Depending on the starting distribution, the first samples of the Markov
chain will be unusable because the stationary distribution has not yet
been reached. It is possible to find heuristics for the number of steps
one should skip (see sec. 2.7) but this makes naive parallelization in-
efficient, because the number of unusable samples grows proportion-
ally to the number of Markov chains used.

These problems have been subject to research and there are mitigations especially
for the problem of local changes and rejection rate available. Cluster algorithms
introduce the possibility to change whole groups of configurations and add new
transitions since configurations that were previously only connected through a large
number of steps are now adjacent (e.g. in the 2D Ising model a group of 𝑛 spins
flips at once instead of each one after another). Examples for cluster algorithms are
the Swendsen-Wang or the Wolff-Algorithm which is presented for the Ising model
in alg. 5.
Usually one will employ MCMC methods for more sophisticated models, so it is
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input : Grid with 𝑁𝐼 Ising spins 𝐺, 𝑈(0, 1), Temperature 𝐾 = 𝛽𝐽
output : Array 𝑓𝑠𝑎𝑚𝑝𝑙𝑒 of length 𝑁𝐼 with grids

1 reserve array 𝑓𝑠𝑎𝑚𝑝𝑙𝑒 of length 𝑁 ⋅ |𝐺|
2 𝑖 = 1
3 while 𝑖 < 𝑁:
4 Draw site-index 𝑠𝑖 ∼ ⌊𝑈(0, 𝑁𝐼)⌋
5 Initialize list of neighbor indices 𝑁𝐵𝐿
6 Initialize list of cluster member indices 𝐶𝐿𝐿
7 𝐶𝐿𝑙.𝑝𝑢𝑠ℎ(𝐺[𝑆𝑖])
8 while 𝑁𝐵𝐿 not empty:
9 𝑁𝐵 = 𝑝𝑜𝑝(𝑁𝐵𝐿)

10 if 𝐺[𝑁𝐵].𝑠𝑝𝑖𝑛 == 𝐺[𝑠𝑖].𝑠𝑝𝑖𝑛:
11 Draw 𝜁 ∼ 𝑈(0, 1)
12 if 𝑒−2𝐾 > 𝜁:
13 𝐶𝐿𝐿.𝑝𝑢𝑠ℎ(𝑁𝐵)
14 push neighbors 𝑁𝐵 in 𝑁𝐵𝐿
15 foreach site ∈ 𝐶𝐿𝐿 do
16 𝐺[site].spin = flip (𝐺[site].spin)
17 𝑓𝑠𝑎𝑚𝑝𝑙𝑒[𝑖] = 𝐺
18 return 𝑓𝑠𝑎𝑚𝑝𝑙𝑒

Algorithm 5: Wolff Algorithm

instructional to have a look at the central argument one has to give when adapting
a Metropolis-like algorithm. As explained above, detailed balance (eq. 2.6.16) is a
sufficient condition and quite easy to check. Let 1 − ̃𝑃 for now be the undefined
probability of a site 𝑘 not being added to the cluster from site 𝑙. Since every bond
has the same probability to exist, the probability to be in configuration 𝑖 or 𝑗 with 𝑛
or 𝑚 unconnected bonds (a neighbor outside the cluster) is proportional to (1 − ̃𝑃 )

𝑛

and (1 − ̃𝑃 )
𝑚.

We write eq. 2.6.18 as:

𝑒𝛽(𝐸𝑗−𝐸𝑖) !
=

𝑅𝑖𝑗

𝑅𝑗𝑖
= (1 − ̃𝑃 )

𝑛

(1 − ̃𝑃 )
𝑚

𝑄𝑖𝑗

𝑄𝑗𝑖
(2.6.21)

⇒
𝑄𝑖𝑗

𝑄𝑗𝑖
= [(1 − ̃𝑃 ) 𝑒2𝛽𝐽]

𝑚−𝑛 !
= 1 (2.6.22)

This condition is required from detailed balance (eq. 2.6.16).

⇒ ̃𝑃 = 1 − 𝑒−2𝛽𝐽 (2.6.23)

Ergodicity is obviously fulfilled since the cluster can take any shape.
Another possible improvement for better exploration of the state space is simulated
annealing. Here an (artificial) temperature is introduced and lowered during sim-
ulation. The adaptation for the Wolff algorithm is straight forward using 𝐾 as the
parameter. Moves are then rejected more likely with lower temperature. To pre-
vent getting stuck in local optima an alternative to simulated annealing is the at-
tachment of a kinetic energy term to the acceptance ratio. This is related to the
aforementioned hybrid MCMC, for example if the acceptance rate is modified to
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𝑅 = min (1, exp(−𝐻(𝑝′,𝑞′))
−𝐻(𝑝′,𝑞′) ).

However these methods neither guarantee more connections between semi discon-
nected recurrent class, nor do they yield any control parameter for the quantification
of this behavior.

2.7 data analysis

Previously we have discussed methods to obtain samples from an (partially) un-
known distribution. But auxiliary properties such as data sufficiency, precision and
accuracy are just as important to make measurements meaningful. The probabilities
of data samples acquired from Monte Carlo simulations are assumed to converge
according to eq. 2.6.14. While this holds for arbitrarily long simulations we still need
tools to test the quality of finite time simulation results. The main concerns are:

data sufficiency Since we do not know the true observables such as the sample
mean, we need additional parameters to quantify the convergence
behavior. This also includes error estimates for the measurements.

equilibrium Especially near phase transitions, long range order will prohibit
the simulation from reaching the equilibrium distribution when
we are using local changes in configurations. Before the stationary
distribution is reached, the sample mean will not fluctuate around
the true mean since all samples lie within a subset of the full phase
space. The equilibration time can also dramatically depend on the
starting configuration, structure of the state space or even pseudo
number random seeds. It is important to note that the following
measures for data quality will be incorrect when the simulation
has not reached equilibrium yet.

correlations The variance in Monte Carlo simulations decays with 1/√𝑁 accord-
ing to the central limit theorem. This does however assume uncor-
related samples as correlations reduce the amount of new informa-
tion we obtain from each new sample. Additionally, correlations
can introduce non monotonic convergence as discussed before. We
will dedicate the rest of the section to this problem.

2.7.1 Blocking analysis

Blocking or binning analysis provides the easiest method for the estimation of the
correlation time. The data samples are collected in bins of different sizes. The
change of variance in relation to the bin size provides an extrapolation method for
the true variance and therefore autocorrelation. Using eq. 2.1.14 and assuming in-
dependence, we can write the variance of sample mean as:

Var[𝑋̄] = Var
[

1
𝑁

𝑁

∑
𝑖=1

𝑋𝑖]
= Var

⎡
⎢
⎢
⎣

1
𝑁blocks

𝑁blocks

∑
𝑗=1

𝑁blocks
𝑁

𝑁

∑
𝑖∈Block𝑗

𝑋𝑖
⎤
⎥
⎥
⎦

≈ Var
[

1
𝑁blocks

𝑁blocks

∑
𝑗=1

𝑋̄𝑗]
(2.7.1)
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≈ 1
𝑁2

blocks

𝑁blocks

∑
𝑗=1

Var [𝑋̄𝑗] (2.7.2)

≈ 1
𝑁blocks

𝑉 𝑎𝑟 [𝑋̄1] ≈ 1
𝑁blocks (𝑁blocks − 1)

𝑁blocks

∑
𝑗=1

(𝑋̄𝑗 − 𝑋̄)
2 (2.7.3)

We have used several approximations: eq. 2.7.1 assumes sufficiently large blocks
to estimate the expected value correctly. Next we assume statistical independence
in eq. 2.7.2. This is the key in estimating correlations, since our result will change
with block size and the ensuing change in covariance can be extrapolated. Finally
we assumed equal variance for all blocks and use the standard unbiased variance
estimator. In order to find the appropriate block size it is useful to define the ra-
tio between block variance and true variance as a measurement for the statistical
independence between blocks.

𝑅𝑋 = 𝑁
𝑁blocks

Var [𝑋̄1]
Var [𝑋]

(2.7.4)

In the limit of independent blocks the ratio reduces to 𝑅𝑋 ∼ 𝑁
𝑁blocks

. This means 𝑅𝑋

increases up to a certain threshold and decreases linearly in 𝑁blocks after that. The
rate at this turning point will be called 𝑅⋆

𝑋 and the corresponding block size 𝑁⋆
blocks.

With this definition and eq. 2.7.3 we obtain the following estimation for the true
variance.

Var [𝑋̄] = 𝑅𝑋
Var [𝑋]

𝑁
(2.7.5)

eq. 2.2.13
⇒ 𝜏𝑋 = 1

2 (𝑅⋆
𝑋 − 1) (2.7.6)

Note that one has to compute the autocorrelation time for all observables separately.
The most important advantage about this definition is its space efficiency, since it can
be implemented using only O (log(𝑁blocks)) variables [3]. This is necessary since
saving the complete time series would be impossible and further approximations
are undesirable due to the importance of this parameter.
We derive this algorithm in the following. Let 𝑋𝑖 with 1 ≤ 𝑖 ≤ 𝑁 be our samples,
then the bins are defined as

𝑆(𝑙)
𝑖 =

(𝑙+1)⋅𝑖

∑
𝑘=𝑙⋅𝑖

𝑋𝑖, 0 ≤ 𝑙 ≤ log2 (
𝑁

𝑁blocks ) (2.7.7)

So for a bin size of two, the first two adjacent measurements are summed up into
𝑆(1)

1 , after four measurements the resulting two bins are summed up into 𝑆(2)
1 and

so on, see fig. 2.12 for an illustration. By setting 𝑍𝑖 = 𝑆(𝑙)
𝑖 /2𝑙 one obtains 𝑁

2𝑙 inde-
pendent identically distributed random variables with finite mean. The 𝑆(𝑙−1)

𝑖 bins
are disregarded after 𝑆(𝑙)

𝑗 has been computed. We are now also in the position to
estimate the number of samples needed for the computation of observables:
Assuming finite variance, this can be used as indication for data sufficiency since the
𝑍𝐼 should be Gaussian distributed according to the CLT. Too few data samples re-
sult in a skewed or too narrow/wide distribution. One can measure the normalized
skewness 𝑧3 and kurtosis (a measure for the heaviness of the tail) 𝑧4 and compare
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Figure 2.12: Logarithmic binning for Blocking Analysis

the results to that of a Gaussian distribution, for which 𝑧3 = 𝑧4 = 0 (see discussion
of cumulants above). Sufficient similarity then implies uncorrelated measurements.

𝑧3 =
∑𝑁blocks

𝑖=1 (𝑋̄𝑖 − ⟨𝑋⟩)
3

(𝑁𝑏𝑙𝑜𝑐𝑘𝑠 − 1) 𝜎̂3
𝑋̄

(2.7.8)

𝑧4 =
∑𝑁blocks

𝑖=1 (𝑋̄𝑖 − ⟨𝑋⟩)
4

(𝑁blocks − 1) 𝜎̂4
𝑋̄

− 3 (2.7.9)

Note the -3 in our definition of 𝑧4. This is a convenient choice here since we always
want to compare to normal distributions, but inconsistent to some literature.
We will not look into unbiased estimators for these values, since they are only used
as a rough estimation for the sufficiency of our sample data (see [62] for more de-
tails about unbiased estimators of kurtosis and skewness). In the implementation
of this thesis I used the formulas derived in [111] and for one-pass algorithms [102,
133]. For the standard runs, after the convergence behavior has been determined,
the built in features of the boost library proofed sufficient.
With the blocking analysis and 𝑧3, 𝑧4 estimations, we have quantified correlations
and data sufficiency. We can however not predict whether we have reached equilib-
rium or are stuck within a region! It is therefore crucial to vary the initial config-
uration even during tests of the software and observe the convergence behavior in
detail.

2.7.2 Resampling Methods

After having obtained methods for the estimation of observables and their error one
is usually interested in confidence and bias in these variables. Even more impor-
tantly, this is connected to the error estimation of functions over the sample spaces
with one or more sampled random variables 𝑔(⟨𝑋1⟩, ⟨𝑋2⟩,⋯). Resampling approx-
imates the distribution of the estimator for 𝑔 from which not only confidence and
bias but also a lot of other statistics can be obtained. This is of course an essential
feature that production level software should be able to compute, however for this
work the quantum Monte Carlo algorithms as well as numerical problems and their
solutions are the primary focus15. The results obtained in this thesis are well known

15 An overview of the bootstrapping method, its relation to the Jackknife and maximum likelihood meth-
ods as well as efficient algorithms for parameter estimation and hypothesis testing can be found in [36].
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and serve as check for the proof of concept implementation. For that reason we will
only sketch two prominent examples of resampling methods, block bootstrap and
jackknife analysis, briefly.
The general idea is to simulate the data generation from a known distribution by
sampling from the samples obtained from the previously described sampling pre-
cesses. Let’s call the distribution of the real data 𝑃 and that of the bootstrap ̂𝑃. We
write a parameter of 𝑃 as 𝜃 and its estimate as ̂𝜃. The Bootstrap versions are usually
denoted by a star 𝜃⋆, ̂𝜃⋆.
The following line of argument may be reminiscent of the maximum likelihood (ML)
method but especially for Monte Carlo algorithms, ML methods often fall short due
to intractable analytical calculations. They also require a lot of theoretical footwork
(see for example SEM algorithms [32]).
In order to derive the block bootstrap method we reuse the block construction from
above (eq. 2.7.7) but vary the process of generating the blocks. Instead of selecting
consecutive samples, the index 𝑖 is permuted so that 𝑋𝑖 → 𝑋𝜋(𝑖). Using the indicator
function we write:

̂𝑃 ( ̂𝜃 ∈ 𝑆) = 1
𝑁blocks

𝑁blocks

∑
𝑘=1

𝟙𝑆 { ̂𝜃⋆
𝑘 } , ̂𝜃⋆

𝑘 = 𝑔 (𝑆(𝑙)
𝑘 ) (2.7.10)

̂𝜃⋆
[⋅] = 1

𝑁blocks

𝑁blocks

∑
𝑘=1

̂𝜃⋆
𝑘 (2.7.11)

This yields the variance estimator and confidence intervals [𝑔𝑙, 𝑔𝑢]

𝜎̂2
boot ( ̂𝜃) = 1

𝑁blocks − 1

𝑁blocks

∑
𝑘=1

( ̂𝜃⋆
𝑘 − ̂𝜃⋆

[⋅])
2

=
𝑁blocks

𝑁blocks − 1
𝜎̂2 [ ̂𝜃] (2.7.12)

Using appropriate definitions for 𝑋⋆
𝑘 (e.g. 𝑋⋆

𝑘 =
̂𝜃⋆
𝑘 − ̂𝜃

𝜎̂𝑏𝑜𝑜𝑡[ ̂𝜃]
for the t-interval) in eq. 2.7.10

it is now possible to obtain usual confidence interval estimates.
The popular Jackknife analysis is a special case of the bootstrap analysis. Instead of
using a permutation of the indices, resampling is achieved by leaving out one block
at a time

𝑋̂[𝑖] = 1
𝑁blocks − 1 ∑

𝑗≠𝑖
𝑆(𝑙)

𝑗 (2.7.13)

Mean and variance can be computed similarly to eq. 2.7.11 and eq. 2.7.12 above.
However, the Jackknife linearizes the estimation of parameters (see [36, 54] or [93]
for a derivation) which results in corresponding underestimation of non linear con-
tributions.

2.8 sign problem

As mentioned above, there is well known problem for fermionic MC simulations
which can prevent convergence of the sample variance. Due to the fact that the
interchange of fermions in a system changes the sign of the wave function according
to the Pauli principle, the weights 𝑤𝐶, which we want to interpret as probability
weights, can become negative (see eq. 2.5.9) or for certain algorithms even complex.
This can be remedied by decomposing 𝑤𝐶 into phase and amplitude, as we have
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done for example in the importance sampling algorithm, 𝑤𝐶 = 𝑠(𝑐)|𝑤𝐶|. This allows
us to rewrite eq. 2.5.9:

⟨𝑓⟩𝑤 ≈
∑
𝐶

𝑤𝐶𝑓(𝐶)

∑
𝐶∈𝑆

𝑤𝐶
=

∑
𝐶

𝑠(𝑐)|𝑤𝐶|𝑓 (𝐶)

∑
𝐶

𝑠(𝑐)|𝑤𝐶| /

∑
𝐶

|𝑤𝐶|

∑
𝐶

|𝑤𝐶|
(2.8.1)

=
⟨𝑓𝑠⟩|𝑤|

⟨𝑠⟩|𝑤|
(2.8.2)

Let 𝑍𝑓, 𝑍𝑏 be the fermionic/bosonic partition function and Δ𝑓 = 𝑓𝑓 − 𝑓𝑏 the differ-
ence between free energies. Then positive and negative contributions to the parti-
tion function may cancel each other out in the denominator of eq. 2.8.2, while all
contributions to the bosonic partition function are positive [88, 29].

⟨𝑠⟩|𝑤| ∝
𝑍𝑓

𝑍𝑏
= 𝑒−𝛽𝑉 Δ𝑓 (2.8.3)

⇒
Δ⟨𝑠⟩
⟨𝑠⟩

=
√⟨𝑠2⟩ − ⟨𝑠⟩2

√𝑁⟨𝑠⟩
∝ 𝑒𝛽𝑉 Δ𝑓

√𝑁
(2.8.4)

There has been a shift of negative signs proposed using cluster algorithms, which
improves the effective sample rate 𝑁 → 𝑁′ [29]. We will discuss another method,
employing the particle hole symmetrization from the last chapter, for the CT-INT
algorithm later.





3
G R E E N ’ S F U NC T I O N FO R M A L I S M

3.1 path integral formalism

The goal of this section is the reformulation of the Hubbard model in terms of the
path integral formalism. This will provide the mathematical tools from quantum
field theories and allow us to define the DMFT approximation.
We will need a brief overview of the important steps for the derivation of the path
integral formalism, since they appear again in the derivation of the DMFT approx-
imation. Details are found in the literature [104, 129, 70]. A full derivation special-
ized to the path integral formalism with references to all mathematical details can
be found here [78]. Central for the formulation of functional path integrals as well
as the first numerical algorithms (namely discrete time quantum Monte Carlo), is
the Baker–Campbell–Hausdorff formula [37].
Consider some Lie algebra 𝑔 of a Lie group 𝐺. Let 𝐴, 𝐵, 𝐶 ∈ 𝑔 and exp ∶ 𝑔 → 𝐺
be the exponential map1. The first few terms are (we omit the proof as well as the
closed form solution here):

exp(𝐴) exp(𝐵) = exp (𝐴 + 𝐵 + 1
2

[𝐴, 𝐵]

+ 1
12

[𝐴, [𝐴, 𝐵]] + 1
12

[𝐵, [𝐵, 𝐴]]

− 1
24

[𝐵, [𝐴, [𝐴, 𝐵]]] ±⋯) (3.1.1)

There are two corollaries that we will frequently use, the Lie-Trotter product for-
mula [123] (eq. 3.1.3) and the Suzuki-Trotter expansion (formally proved by the
Zassenhaus formula eq. 3.1.2).

𝑒𝜆(𝐴+𝐵) = 𝑒𝜆𝐴𝑒𝜆𝐵𝑒− 𝜆2
2 [𝐴,𝐵]𝑒

𝜆3
3 [𝐵,[𝐴,𝐵]]+ 𝜆3

6 [𝐴,[𝐴,𝐵]]
⋯ (3.1.2)

⇒ 𝑒𝜆(𝐴+𝐵) = lim
𝑛→∞ (𝑒

𝜆𝐴
𝑛 𝑒

𝜆𝐵
𝑛 )

𝑛
(3.1.3)

= lim
𝑛→∞ (𝑒

𝜆𝐴
2𝑛 𝑒

𝜆𝐵
𝑛 𝑒

𝜆𝐴
2𝑛 )

𝑛
(3.1.4)

We start with the matrix element for the time evolution operator 𝑈 in some initial
state 𝑥𝑖 at time 𝑡𝑖 and final state 𝑥𝑓 at time 𝑡𝑓. By dividing the time interval into
segments of equal length it becomes possible to use eq. 3.1.3 with 𝜆 = 𝑡𝑓−𝑡𝑖

𝑁 . Repeated
use of the closure relations for momentum and position states

1 = ∫
d3𝑝𝑛

(2𝜋ℏ)3 |𝑝𝑛⟩ ⟨𝑝𝑛| = ∫ d3𝑥𝑛 |𝑥𝑛⟩ ⟨𝑥𝑛| (3.1.5)

1 since we will deal with a matrix Lie group, the formula exp(𝐴) = ∑∞
𝑛=0

𝐴𝑛

𝑛!
holds
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will enable us to get rid of all operators in favor of integrable variables. It is sufficient
for us to consider Hamiltonians of the form eq. 1.2.1 or in short

𝐻 =
̂𝑝2

2𝑚
+ 𝑉 (𝑥̂) (3.1.6)

Additional care has to be taken, since the order of momentum and position opera-
tors may not appear in a suitable order. We omit a detailed discussion here2. The
heuristic argument is enough in this context.
An operator 𝑂(𝑥̂, ̂𝑝) is said to have normal form if all ̂𝑝 are to the left of all 𝑥̂. This
is also the order at which we will truncate the trotter expansion. Normal order is
denoted by colons: ∶𝑂∶.

𝐾(𝑥𝑖, 𝜏𝑓; 𝑥𝑖, 𝜏𝑖) = ⟨𝑥𝑓| 𝑒−𝐻̂ 𝑖
ℏ (𝜏𝑖−𝜏𝑖) |𝑥𝑖⟩ = ⟨𝑥𝑓| ∶𝑒−𝐻̂ 𝑖

ℏ (𝜏𝑖−𝜏𝑖) ∶ |𝑥𝑖⟩ +O(𝜆2)

= ⟨𝑥𝑓| ∶𝑒−𝐻̂ 𝑖𝜆
ℏ ⋯ 𝑒−𝐻̂ 𝑖𝜆

ℏ ∶ |𝑥𝑖⟩ +O(𝜆2)

= ⟨𝑥𝑓| ∶𝑒−𝐻̂ 𝜆
ℏ ⋯ 𝑒−𝐻̂ 𝜆

ℏ ∶ |𝑥𝑖⟩ +O(𝜆2) (3.1.7)

We also used a special case of the Wick rotation at this point and replace 𝑡 = −𝑖𝜏 ⇒
𝜆 → −𝑖𝜆.The resulting path integral is often called euclidean path integral (since for
full quantum field theories this is a shift from Minkowski to euclidean space). As a
result the exponents become real valued and the imaginary time evolution operator,
as well as time evolved operators, are no longer unitary!

𝑂†(𝜏) = 𝑒𝐻𝜏𝑂†𝑒−𝐻𝜏 ≠ (𝑂†(𝜏))
†

= 𝑒−𝐻𝜏𝑂†𝑒𝐻𝜏 (3.1.8)

For every time slice (i.e. between 𝑡𝑛 and 𝑡𝑛+1 for all 𝑛) we enter unity operators in
form of momentum eigenstates to the left and position eigenstates to the right of
the exponential.

⟨𝑥𝑥+1 | 𝑝𝑛⟩ ⟨𝑝𝑛| 𝑒−𝐻̂ 𝑖𝜆
ℏ |𝑥𝑛⟩ = ⟨𝑝𝑛| 𝑒−𝐻̂(𝑥̂, ̂𝑝) 𝑖

ℏ |𝑥𝑛⟩

eq. 3.1.6
= exp

[
− 𝜆

ℏ (
𝑝2

𝑛
2𝑚

− 𝑖𝑝𝑛
𝑥𝑛+1 − 𝑥𝑛

𝜆
− 𝑉 (𝑥𝑛)

)
+O(𝜆)

]
(3.1.9)

The propagator contains 𝑁 factors of eq. 3.1.9. Using the Trotter expansion this
results in a sum over 𝑁 terms in the exponent where one has to take care to define
𝑥1 and 𝑥𝑁.
The asymmetry of the products stems from the fact, that the endpoints for 𝑥 are fixed.
When deriving the partition function in the same way, this problem is avoided by a
closed path (i.e. 𝑥𝑛 = 𝑥0).

2 In order to shorten the derivation we use a formulation that may have an ill defined measure (no
sigma additivity) for potentials without a lower bound [27]. K. Itô remedied this in 1967 for certain
“well behaved” potentials [68, 77]. Out later use for numerical simulations relies on the time slicing
approach, which also does not suffer from this problem [22]
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We now formally replace sums by integrals and the difference by a derivative. The
propagator then reads:

𝐾(𝑥𝑓, 𝜏𝑓; 𝑥𝑖, 𝜏𝑖) = lim
𝑁→∞ [

𝑁

∏
𝑛=1

∫
∞

−∞
d3𝑥𝑛] [

𝑁

∏
𝑛=0

∫
∞

−∞

d3𝑝𝑛

(2𝜋ℏ)3 ]

× 𝑒
− 𝜆

ℏ ∫ d𝜏(
𝑝2
𝑛(𝜏)
2𝑚 −𝑖𝑝𝑛(𝜏)(

d𝑥𝑛(𝜏)
d𝜏 )+𝑉 (𝑥𝑛(𝜏))) (3.1.10)

Only Gaussian integrals appear in the momentum integration, so it can be carried
out immediately.

= lim
𝑁→∞ [

𝑁

∏
𝑛=1

𝐶𝑛 ∫ d3𝑥𝑛]
𝑒

− 1
ℏ ∫ d𝜏(

𝑚
2 (

d𝑥𝑛(𝜏)
d𝜏 )

2
−𝑉 (𝑥𝑛(𝜏)))

The infinite product of integrals, including the normalization factor, is denoted by
∫D. For our purposes this is not a measure but just a formal abbreviation.

= ∫
(𝑥𝑓,𝜏𝑓)

(𝑥𝑖,𝜏𝑖)
D[𝑥(𝜏)] 𝑒− 1

ℏ 𝑆𝐸[𝑥(𝜏),𝑥̇(𝜏)] (3.1.11)

= ∫
(𝑥𝑓,𝜏𝑓)

(𝑥𝑖,𝜏𝑖)
D[𝑥(𝜏)]

D[𝑝(𝜏)]
2𝜋ℏ

𝑒− 1
ℏ 𝐴[𝑥,𝑝] (3.1.12)

𝑆𝐸 is called euclidean action of the system. This is the Wick rotated Minkowski
action of the system. At this point the subscript can be dropped since we only work
in Euclidean space in this thesis.

𝑆 [𝑥(𝜏), 𝑥̇(𝜏)] = ∫
𝜏𝑓

𝜏𝑖

d𝜏L𝐸 [𝑥(𝜏), 𝑥̇(𝜏)]

𝐴[𝑥, 𝑝] = ∫
𝜏𝑓

𝜏𝑖

d𝜏 (𝑝(𝜏)𝑥̇(𝜏) − 𝐻 [𝑝(𝜏), 𝑥̇(𝜏), 𝜏])

L𝐸 = −L𝑀(𝜏 = 𝑖𝑡) = 𝑚
2 (

𝑑𝑥(𝜏)
𝑑𝜏 )

2
− 𝑉 (𝑥(𝜏))

The usual interpretation of the path integral uses a similar structure to the Boltz-
mann weights. Instead of assigning each configuration in phase space the weight
exp(−𝐸/𝑘𝐵𝑇), the path integral factor 𝑒− 1

ℏ 𝐴[𝑥,𝑝] is the weight of one configuration
in “path phase space”, see fig. 3.1. This space additionally contains all possible
histories of the particle due to eq. 3.1.9, which are then “summed up”. One can
immediately see that the classical path (i.e. fulfilling the Euler-Lagrange equations)
receives the only contribution in the classical limit ℏ → 0.
This interpretation also provides us with the application of path integrals we will
later use. Every possible diagonal matrix element of the time evolution operator at
imaginary time 𝜏𝑓 − 𝜏𝑓 = 𝛽ℏ (see eq. 3.1.7) is a contribution to the partition function
of the system. In case of our simple Hamiltonian eq. 3.1.6, the partition function can
be rewritten in the following way:

𝑍 = Tr [𝑒−𝛽𝐻] = ∫
∞

−∞
d3𝑥𝑖𝐾(𝛽, 𝑥𝑖; 0, 𝑥𝑖) (3.1.13)
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= ∫𝑥(𝛽)=𝑥(0)
D[𝑥(𝜏)] 𝑒−𝑆[𝑥(𝜏)] (3.1.14)

𝑆 [𝑥(𝜏), 𝑥̇(𝜏)] = ∫
𝛽

0
d𝜏L [𝑥(𝜏), 𝑥̇(𝜏)]

To further abbreviate the notation, we choose natural units, i.e. 𝑐 = ℏ = 𝑘𝐵 = 1.

𝑒−
𝑆 1/

ℏ

𝑒−𝑆2 /ℏ

𝑒−
𝑆 3/

ℏ
𝑒−

𝑆 4/ℏ

𝜏

x

𝜏𝑖

𝜏𝑓

𝑥𝑖 𝑥𝑓

Figure 3.1: Paths contributing to the prop-
agator

For many body systems there is a
straightforward generalization using
the symmetrized product over all states.
But since the Hubbard model is for-
mulated in second quantization, it will
be easier to transition to the coherent
state path integral first and then write
down our final version of the partition
function. The steps for the derivation
of the coherent state path integral are
similar to eq. 3.1.1 to eq. 3.1.14, where
the field 𝜙 and the conjugate field 𝜙⋆

take the roles of position and momen-
tum states. Unity and trace formulas
from eq. 3.1.15 and eq. 3.1.18 replace
the previous version. 𝜓 and 𝜓 denote
bosonic fields or Grassmann fields and
their complex conjugate depending on
the context. This also means that the integral symbol is a formal replacement and
one has to insert measure and integral type (i.e. Lebesgue or Berezin) depending
on the actual field.

𝟙 = ∫ ∏
𝛼

d𝜓⋆
𝛼 d𝜓𝛼𝑒− ∑𝛼 𝜓⋆

𝛼 𝜓𝛼 |𝜓⟩ ⟨𝜓| (3.1.15)

Grassmann fields will be denoted with 𝜉 and bosonic field with 𝜙.
There is a very useful generalization of the Gaussian integral identities which will
be used later.

∫ ∏
𝛼

d𝜉⋆
𝛼 d𝜉𝛼 exp ( − ∑

𝛼𝛽
𝜉⋆

𝛼 𝑀𝛼𝛽𝜉𝛽 + 𝐽 ⋆
𝛼 𝜉𝛼 + 𝜉⋆

𝛼 𝐽𝛼)

= det(𝑀) 𝑒
∑𝛼𝛽 𝐽 ⋆

𝛼 [𝑀−1
]𝛼𝛽

𝐽𝛽 (3.1.16)

∫ ∏
𝛼

d𝜙⋆
𝛼 d𝜙𝛼 exp ( − 1

2 ∑
𝛼𝛽

𝜙⋆
𝛼 𝑀𝛼𝛽𝜙𝛽 + 𝐽𝛼𝜙𝛼)

=
√

(2𝜋)𝑛

det(𝑀)
𝑒

1
2 ∑𝛼𝛽 𝐽𝛼[𝑀−1

]𝛼𝛽
𝐽𝛽 (3.1.17)

The definition of the partition function is also similar to the previous derivation.

𝑍 = Tr [𝑒−𝛽(𝐻−𝜇𝑁)] = ∫𝜓𝛼(𝛽)=𝜁𝜓𝛼(0)
D[𝜓𝛼(𝜏)𝜓𝛼(𝜏)] 𝑒−𝐴[𝜓𝛼,𝜓𝛼] (3.1.18)

𝐴 [𝜓𝛼, 𝜓𝛼] = ∫
𝛽

0
d𝜏 [∑

𝛼
𝜓𝛼(𝜏) (

𝜕
𝜕𝜏

− 𝜇) 𝜓𝛼(𝜏) + 𝐻 (𝜓𝛼(𝜏), 𝜓𝛼(𝜏))] (3.1.19)
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∫D[𝜓, 𝜓]⋯ = lim
𝑁→∞ ∫

∞

−∞

𝑁

∏
𝑛=1

∏
𝛼

d𝜓𝛼,𝑛 d𝜓𝛼,𝑛

N
⋯ (3.1.20)

This new representation of the partition function looks more complicated than the
original trace. However the Trotter expansion provides a natural discretization that
may be better controllable than truncation errors in the trace. There have been many
algorithms developed around this, we will discuss three of these in depth in the next
chapter.
A particularly useful property of functional integrals is their natural time ordering
property. For example, consider two operators 𝑂1, 𝑂2 depending on different times
𝜏1 < 𝜏2:

∫𝜓𝛼(𝛽)=𝜁𝜓𝛼(0)
D[𝜓, 𝜓] 𝑒−𝐴[𝜓,𝜓]𝑂1(𝜓𝛼(𝜏1))𝑂2(𝜓𝛽(𝜏2))

The operators are projected to the nearest imaginary time slice which orders them
in this case as 𝜏1 < 𝜏2.

= lim
𝑁→∞ [

𝑁

∏
𝑛=1

∫⋯]
⋯ ⟨𝜓𝛼,𝑖| 𝑂1(𝜓𝛼)𝑒− 𝜖

ℏ 𝐻0 |𝜓𝛼,𝑖−1⟩⋯ ⟨𝜓𝛼,𝑗| 𝑇 [𝑂2(𝜓𝛽)𝑒− 𝜖
ℏ 𝐻0

] |𝜓𝛼,𝑗−1⟩

= ⟨𝑇𝜁 [𝑂1(𝜓𝛼(𝜏1))𝑂2(𝜓𝛽(𝜏2))]⟩⋯

Where we defined the time ordering operator 𝑇𝜁 in this case for imaginary time.
Time ordering for real time operators is defined equivalently3.

Definition 13 (Time ordering operator)

𝑇𝜁 [𝜓(𝜏1)𝜓(𝜏2)] =
{

𝜓(𝜏1)𝜓(𝜏2) if 𝜏1 > 𝜏2

𝜁𝜓(𝜏2)𝜓(𝜏1) if 𝜏1 < 𝜏2
(3.1.21)

This implicit time ordering property of the path integral will often be used but not
denoted explicitly. For example in eq. 3.5.8, functional derivatives retain this prop-
erty but the time ordering operator is not written out explicitly.

3.2 green’s functions
In this section we will discuss some aspects of the Green’s function formalism which
will help us to treat the action systematically 𝐴 [𝜓, 𝜓]. Let 𝐿 be some linear differen-
tial operator, the Green’s function is defined as

𝐿𝐺(𝑥, 𝑠) = 𝛿(𝑥 − 𝑠) (3.2.1)

Convolution with some function 𝑓 and use of the linearity of 𝐿 gives:

∫ 𝐿𝐺(𝑥, 𝑠)𝑓 (𝑠) d𝑠 = ∫ 𝛿(𝑥 − 𝑠)𝑓(𝑠) d𝑠

𝐿 [∫ 𝐺(𝑥, 𝑠)𝑓 (𝑠) d𝑠] = 𝑓(𝑥)

𝐿 𝑢(𝑥) = 𝑓(𝑥), 𝑢(𝑥) ≔ ∫ 𝐺(𝑥, 𝑠)𝑓 (𝑠) d𝑠 (3.2.2)

3 It is unnecessary to distinguish between Wick time ordering and real time ordering here.



56 green’s function formalism

So the knowledge of the Green’s function provides a solution for the inhomoge-
neous differential equation in eq. 3.2.2.
There are different methods for the (approximate) construction of Green’s functions
such as Laplace transforms or results from Fredholm theory. For example if 𝐿 has
a complete set of eigenfunctions then we can explicitly construct the form of 𝐺:

𝐿𝜓𝑛 = 𝜆𝑛𝜓𝑛

𝐺(𝑥, 𝑦) = ∑
𝑛

𝜓†
𝑛 (𝑥)𝜓𝑛(𝑦)

𝜆𝑛
(3.2.3)

In many particle physics the definition above is extended to capture correlation ef-
fects between multiple particles. The original definition only covers the special case
of the free scalar field. One can check the validity in this case by considering the
definition of the time evolution operator 4.

𝐿Ψ(𝑟, 𝑡) = 𝑉 (𝑟, 𝑡)Ψ(𝑟, 𝑡), 𝐿 = 𝑖ℏ 𝜕
𝜕𝑡

+ ℏ2

2𝑚
∇2

𝐿𝐺(𝑟, 𝑡; 𝑟′, 𝑡′) = 𝛿(𝑟 − 𝑟′)𝛿(𝑡 − 𝑡′)

We can identify the same structure as in the definition of the Greens function in eq. 3.2.2.
The only generalization are additional dimensions and the Heaviside function is
used to ensure causality.

Ψ(𝑟, 𝑡)Θ(𝑡 − 𝑡′) = Θ(𝑡 − 𝑡′) ∫ d𝑟′𝐺(𝑟, 𝑡; 𝑟′, 𝑡′)Ψ(𝑟′, 𝑡′) (3.2.4)

= ⟨𝑟| Θ(𝑡 − 𝑡′)𝑈(𝑡, 𝑡′) |Ψ(𝑡′)⟩

= ∫ d𝑟′
[⟨𝑟| Θ(𝑡 − 𝑡′)𝑒− 𝑖

ℏ ∫𝑡′
𝑡 𝐻(𝑠) d𝑠 |𝑟′⟩ ⟨𝑟′ | Ψ(𝑡′)⟩] (3.2.5)

Comparison of the first and third line yields the definition of the quantum mechan-
ical retarded (since we enforced 𝑡 > 𝑡′) Green’s function. This operator can be can
be understood as the operator for causal forward propagation of a state in time.
The advanced Green’s function is defined accordingly and equivalently propagates
a state back in time.

𝐺𝑅(𝑟, 𝑡; 𝑟′, 𝑡′) = Θ(𝑡 − 𝑡′) ⟨𝑟| 𝑒− 𝑖
ℏ ∫𝑡′

𝑡 𝐻(𝑠) d𝑠 |𝑟′⟩ = Θ(𝑡 − 𝑡′)𝐾(𝑟, 𝑡; 𝑟′, 𝑡′) (3.2.6)

= −𝑖Θ(𝑡 − 𝑡′) ⟨[Ψ(𝑟, 𝑡), Ψ†(𝑟′, 𝑡′)]𝜁⟩ (3.2.7)

𝐺𝐴(𝑟, 𝑡; 𝑟′, 𝑡′) = 𝑖Θ(𝑡′ − 𝑡) ⟨[Ψ(𝑟, 𝑡), Ψ†(𝑟′, 𝑡′)]𝜁⟩ (3.2.8)

𝐺(𝑟, 𝑡; 𝑟′, 𝑡′) = −𝑖 ⟨𝑇𝜁 [Ψ(𝑟, 𝑡)Ψ†(𝑟′, 𝑡′)]⟩ (3.2.9)

In addition to retarded and advanced, we will also need the time ordered Green’s
function. It arises naturally from the path integral formalism. The relationship be-
tween retarded, advanced and time ordered Green’s function will become more ap-
parent when discussing the spectral representation especially the pole structure (see
fig. 3.2). This makes extraction of the (physically relevant) retarded Green’s function
possible.

4 A complete introduction with examples and additional explanations can be found here [98].
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A useful representation is obtained by viewing the Green’s function as a Fredholm
kernel. This can be done in the context of many particle physics by expansion of the
Hamiltonian into energy eigenstates |𝑛⟩ (𝜙𝑛(𝑟) = ⟨𝑟 | 𝑛⟩) using eq. 3.2.3. The result is
a version of the so called Lehmann spectral representation (a more usable version
will be introduced later).

𝐺(𝑟, 𝑟′, 𝐸) = ∑
𝑛

𝜙𝑛(𝑟)𝜙⋆
𝑛 (𝑟′)

𝐸 − 𝐸𝑛
(3.2.10)

In this representation one can clearly see the role as propagation from position 𝑟′ at
time 𝑡′ to position 𝑟 at time 𝑡.
By comparison of eq. 3.5.17 and eq. 3.2.2 we can identify the Green’s function for
the free Hamiltonian as

(
𝜕
𝜕𝜏

+ 𝜖𝛼 − 𝜇) 𝐺0(𝛼, 𝜏; 𝛼′, 𝜏′) = 𝛿(𝛼 − 𝛼′)𝛿(𝜏 − 𝜏′) (3.2.11)

with 𝜖𝛼 = 𝛿𝛼𝛼′ ⟨𝛼| 𝐻 |𝛼′⟩.
In general many particle systems this notion may be expressed as expected valued
of the annihilation and subsequently creation of a state or vice versa. This is not
a Green’s function in the previous sense, but a meaningful generalization of the
Green’s function for free Hamiltonians to interacting ones.
Looking back at the previous section it is also convenient to choose the time ordered
Green’s function as our main definition, since we want to incorporate the natural
time ordering property of the path integral formalism. The main drawback of the
time ordered Green’s function is a branch cut along the real axis of the argument.
Using the advanced and retarded functions and establishing a connection between
all three will allow us to get around this problem.
Following are the definitions of generalized 𝑛-particle imaginary and real time Green’s
functions. All additional operations for path integral or normal statistical averages
are hidden by the bracket notation. Whenever it is unclear from the context, sub-
scripts will denote the actual computation of the average.
The zero temperature Green’s function is defined as a ground state expectation
value while the finite temperature Green’s function is a thermal expectation value
e.g. in the grand canonical ensemble5.

⟨⋯⟩𝑇 =0 = ⟨Ψ0|⋯ |Ψ0⟩ (3.2.12)

⟨⋯⟩𝑇 >0 = 1
𝑍

𝑇 𝑟 (𝑇 [𝑒−𝛽(𝐻̂−𝜇𝑁̂)⋯]) (3.2.13)

We can again state the trace in terms of the functional integral formulation:

=
∫D[𝜓, 𝜓]⋯𝑒−𝐴[𝜓,𝜓]

∫D[𝜓, 𝜓] 𝑒−𝐴[𝜓,𝜓]
(3.2.14)

Both representation provide physically relevant information. The real time Green’s
function describes the response of a system while the imaginary time Green’s func-
tion encodes thermal properties.

5 I decided not to use different notation for thermal and zero temperature Green’s function since the
distinction is clear from the context everywhere through out this thesis.
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Definition 14 (Many particle Green’s function)

𝐺(𝑛)(𝛼1𝑡1, … , 𝛼𝑛𝑡𝑛; 𝛼′
1𝑡′

1, … , 𝛼′
𝑛𝑡′

𝑛)

= (−𝑖)𝑛
⟨𝑇𝜁 [𝑎𝛼1

(𝑡1)⋯𝑎𝛼𝑛
(𝑡𝑛)𝑎†

𝛼′
𝑛
(𝑡′

𝑛)⋯𝑎†
𝛼′

1
(𝑡′

1)]⟩ (3.2.15)

𝐺(𝑛)(𝛼1𝜏1, … , 𝛼𝑛𝜏𝑛; 𝛼′
1𝜏′

1, … , 𝛼′
𝑛𝜏′

𝑛)

= ⟨𝑇𝜁 [𝑎𝛼1
(𝜏1)⋯𝑎𝛼𝑛

(𝜏𝑛)𝑎†
𝛼′

𝑛
(𝜏′

𝑛)⋯𝑎†
𝛼′

1
(𝜏′

1)]⟩ (3.2.16)

For example we can write down the average in terms of the functional integral for-
mulation of the partition function:

=
∫D[𝜓, 𝜓] 𝑒−𝐴[𝜓,𝜓]𝜓𝛼1

(𝜏1)⋯𝜓𝛼𝑛
(𝜏𝑛)𝜓𝛼′

𝑛
(𝜏′

𝑛)⋯𝜓𝛼′
1
(𝜏′

1)

∫D[𝜓, 𝜓] 𝑒−𝐴[𝜓,𝜓]
(3.2.17)

Note that for the imaginary time Green’s function, there is no factor of (−1)𝑛 as some
authors tend to choose. This choice is not consistent throughout the literature and
only results in a few differences in signs (none of which are of physical relevance).
As before, the time ordering operator permutes the creation and annihilation opera-
tors so they are ordered with descending time left to right. This results in an overall
sign change of 𝜁 |𝑖𝑛𝑣(𝜋)|, i.e. an uneven number of inversions leads to a factor of −1
for fermions.
From the representation of 𝑛−particle operators in Fock-Space (eq. 1.2.3, eq. 1.2.4,
etc.) it is clear that the Green’s functions give another representation for the ex-
pected value of observables6. This connection to observables is (together with the
spectral representation and their relation to response functions) central to the ef-
fectiveness of the Green’s function formalism. For example the representation of a
one-body operator is given as:

⟨𝑂(1)(𝑡)⟩ = 𝑖𝜁 ∑
𝛼𝛼′

⟨𝛼| 𝑂 |𝛼′⟩ 𝐺(𝛼𝑡; 𝛼′𝑡′) (3.2.18)

= 𝜁 ∑
𝛼𝛼′

⟨𝛼| 𝑂 |𝛼′⟩ 𝐺(𝛼𝜏; 𝛼′𝜏′) (3.2.19)

We will use this, for example, to find the kinetic energy of the system.

3.3 spectral representation
Often it is justified to assume that the Green’s function only depends on state and
time differences7.

𝐺(𝑟1, 𝑡1; 𝑟2, 𝑡2) = 𝐺(𝑟, 𝑡; 0, 0), 𝑡 = 𝑡1 − 𝑡2, 𝑟 = 𝑟1 − 𝑟2

This allows simplification by Fourier transformations after writing the field opera-
tors in momentum space (𝜓(𝑟) = 𝑉 −1/2 ∑𝑘 𝑒𝑖𝑘𝑟𝑎𝑘):

𝐺(𝑘, 𝜔) = 1
(2𝜋)4 ∫ d𝜔 ∫ d3𝑘 𝑒𝑖(𝑘𝑟−𝜔𝑡) 𝐺 (𝑘, 𝜔)

6 We need to set 𝑡1 = ⋯ = 𝑡𝑛 = 𝑡 and 𝑡′
1 = ⋯𝑡′

𝑛 = 𝑡 + 𝜂 so the time ordering operator 𝑇𝜁 shifts all creation
and annihilation operators into place.

7 e.g. translational symmetry in thermal equilibrium or generally time independent Hamiltonians.
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= ⟨𝑇𝜁 [𝑎𝑘 (𝑡) 𝑎†
𝑘 (0)]⟩ (3.3.1)

We proceed without translational invariance for now and use the definition of the
real time ordered Green’s function (eq. 3.2.15) at 𝑇 = 0.
One inserts field operators connecting 𝑁 particle ground states (since we are evalu-
ating at 𝑇 = 0) with 𝑁 + 1 and 𝑁 − 1 particle states. The overlap to the ground state
is given as ∑𝑛 ⟨𝜓0| 𝜓(𝑟) |𝜓𝑁+1

𝑛 ⟩ (for details to this derivation see chapter 2 [70]).
We will also use the Fourier transform of the Heaviside function. The integral is not
convergent but a Cauchy principal value can be extracted. This is also often called
regularization of the step function.

∫
∞

−∞
d𝑡Θ(𝑡)𝑒−𝑖𝑡(𝜔−𝜔0) = lim

𝜂→0±

1
𝜔 − 𝜔0 ± 𝑖𝜂

(3.3.2)

The limit is often omitted in the following because 𝜂 is understood to be a small
regularization parameter that is physically not attainable since 𝑇 = 0 will never be
reached.
There is also a more formal way of retaining this shift in form of the resolvent oper-
ator (compare eq. 3.2.11) [78].

𝐺𝑅/𝐴(𝛼, 𝛼′, 𝜔) = ⟨𝛼| [(𝜔 ± 𝑖𝜂)𝟙 − 𝐻]−1 |𝛼′⟩ = ⟨𝛼|
∞

∑
𝑛=0

𝐻𝑛

𝑧𝑛+1 |𝛼′⟩ (3.3.3)

Especially the formulation as a Neumann series gives rigorous justification for the
Dyson series. There is however no straightforward extension of the resolvent for-
mulation to the time ordered Green’s function.
Using eq. 3.3.2 as well as the momentum representation from eq. 3.3.1 we can write
down an expression from which the poles of the Green’s function in momentum
space can be explicitly seen.

𝐺(𝑟1, 𝑡; 𝑟2, 0) = Θ(𝑡) ⟨𝜓0| 𝜓(𝑟1, 𝑡1)𝜓†(𝑟2, 𝑡2) |𝜓0⟩
+ 𝜁Θ(−𝑡) ⟨𝜓0| 𝜓†(𝑟2, 𝑡2)𝜓(𝑟1, 𝑡1) |𝜓0⟩

⋮

𝐺(𝑘, 𝜔) = ∑
𝑛 [

|⟨𝜓𝑁+1
𝑛 | 𝑎†

𝑘 |𝜓0⟩|2

𝜔 − 𝜔𝑁+1
𝑛 + 𝑖𝜂

− 𝜁
|⟨𝜓𝑁−1

𝑛 | 𝑎𝑘 |𝜓0⟩|2

𝜔 + 𝜔𝑁−1
𝑛 − 𝑖𝜂 ]

(3.3.4)

With 𝜔𝑁±1
𝑛 = 𝐸𝑁±1

𝑛 − 𝐸0 ∓ 𝜇 = 𝐸𝑛±1
𝑁 − 𝐸𝑛±1

0 since the chemical potential 𝜇𝑁±1 ≈ 𝜇𝑁

for large systems and 𝜇 is approximately the energy to add or remove a particle to
the ground state (for 𝑇 → 0).
This is the Lehmann representation corresponding to the expansion in Eigenfunc-
tions (using eq. 3.2.3 and eq. 3.2.10). We can also identify the retarded and advanced
Green’s functions by different sign choices for 𝑖𝜂 (both + for advanced, − for re-
tarded). The choice of sign before the imaginary shift of the poles is consistent with
the time ordered Green’s function we are using.
When calculating the analytic continuation, the time ordered Green’s function can
present mathematical obstacles because the path cannot easily be closed in the up-
per or lower plane as a semi circle (a prerequisite for Jordan’s lemma). We can im-
mediately see this problem in fig. 3.2.
From the spectral representation and the pole structure in fig. 3.2 we can see that re-
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𝑖𝜂

−𝑖𝜂

ℜ{𝜔}

ℑ{𝜔}
𝜔𝑁−1

𝑘

𝜔𝑁+1
𝑙

𝐺(𝑘, 𝜔)

ℜ{𝜔}

ℑ{𝜔}

𝐺𝑅(𝑘, 𝜔)

ℜ{𝜔}

ℑ{𝜔}

𝐺𝐴(𝑘, 𝜔)

Figure 3.2: spectral Green’s function poles with energies measured relative to the
chemical potential: 𝜔𝑁±1

𝑛 = 𝜖𝑁±1
𝑛 ± 𝜇

tarded, advanced and time ordered Green’s functions are connected in the following
way:

[𝐺𝑅(𝑘, 𝜔)]
⋆ = 𝐺𝐴(𝑘, 𝜔) (3.3.5)

𝐺(𝑘, 𝜔) = Θ(𝜔 − 𝜇)𝐺𝑅(𝑘, 𝜔) + Θ(𝜇 − 𝜔)𝐺𝐴(𝑘, 𝜔) (3.3.6)

Another observation is, that the spacing between poles depends on the energy levels
of the system. This motivates the introduction of the spectral weight function 𝐴(, 𝜔)
as a parametrization of the pole structure.
The spectral function will later be of importance as it provides analytical checks
for numerical properties of the continuous time quantum Monte Carlo (CT-QMC)
methods as well as a connection to experimentally accessible observables.
We first need the Sokhotski–Plemelj theorem for a representation of the fractions
of eq. 3.3.4.

lim
𝜂→0+ ∫

𝑏

𝑎

𝑓(𝜔)
𝜔 ± 𝑖𝜂

d𝜔 = ∓𝑖𝜋𝑓(0) + P∫
𝑏

𝑎

𝑓(𝜔)
𝜔

d𝜔 (3.3.7)

In our case 𝑓(𝜔) = 𝛿(𝜔 − 𝜔𝑁+1
𝑛 ) and 𝑓(𝜔) = 𝛿(𝜔 − 𝜔𝑁−1

𝑛 ) will allow us to define:

𝐺(𝑘, 𝜔) = ∫
∞

−∞

d𝜔′

2𝜋
𝐴(𝑘, 𝜔′)

𝜔 − 𝜔′ + sign(𝜔)𝑖𝜂
(3.3.8)

𝐴(𝑘, 𝜔) = Θ(𝜔) ∑
𝑛

|⟨𝜓𝑁+1
𝑛 | 𝑎†

𝑘 |𝜓0⟩|22𝜋𝛿(𝜔 − 𝜔𝑁+1
𝑛 )

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝐴+(𝑘,𝜔)

− 𝜁Θ(−𝜔) ∑
𝑛

|⟨𝜓𝑁−1
𝑛 | 𝑎𝑘 |𝜓0⟩|22𝜋𝛿(𝜔 − 𝜔𝑁−1

𝑛 )
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝐴−(𝑘,−𝜔)

(3.3.9)

As mentioned before, the spectral function is not only of interest from the numeri-
cal point of view but also because it is experimentally accessible through emission
spectroscopy such as ARPES [90]. This can be seen from eq. 3.3.9: 𝐴(𝑘, 𝜔) is propor-
tional to the probability density of an excitation with momentum 𝑘 and energy 𝜔
(since 𝜔𝑁±1

𝑛(𝑘) = 𝜖𝑁±1
𝑛(𝑘) ± 𝜇) [138]. In order to measure the occupied/available states,

one shoots a particle with a large enough momentum into a 𝑁−particle system in
its ground state. That system then emits one particle. The momentum of particles
emitted in this way, can be measured as the overlap of the ground state (which ab-
sorbed the momentum) and the 𝑁 −1 particle state [108]. The cross section is exactly
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the 𝐴−(𝑘, 𝜔) amplitude 8.
We will now discuss some properties of the Green’s function to be used later during
the development of the DMFT algorithms. Using the Sokhotski–Plemelj formula
again (eq. 3.3.7), we can obtain a special case of the Kramers-Kronig relations. We
first notice by direct application of eq. 3.3.7, that the imaginary part of the real fre-
quency Green’s function is (up to a factor) identical to the spectral function. This is
also essential for the extraction of this function from simulations. Moreover it also
means that real and imaginary part of Green’s functions are not independent.

ℑ{𝐺(𝑘, 𝜔)} = −
sign(𝜔)

2
𝐴(𝑘, 𝜔) (3.3.10)

ℜ{𝐺(𝑘, 𝜔)} = P∫
∞

−∞

d𝜔′

2𝜋
𝐴(𝑘, 𝜔′)
𝜔 − 𝜔′ = P∫

∞

−∞

d𝜔′

𝜋
sign(𝜔′)ℑ{𝐺(𝑘, 𝜔′)}

𝜔 − 𝜔′ (3.3.11)

We can deduce that the spectral function contains the same information as the Green’s
function.
Two additional observations will provide conditions for the measured observables.
The first one is the sum rule for the spectral function:

1 = ⟨𝜓0| [𝑎𝑘, 𝑎†
𝑘] |𝜓0⟩

= ∑
𝑛

|⟨𝜓𝑁+1
𝑛 | 𝑎†

𝑘 |𝜓0⟩|2 − 𝜁 ∑
𝑛

|⟨𝜓𝑁−1
𝑛 | 𝑎𝑘 |𝜓0⟩|2

= ∫
∞

−∞

d𝜔
2𝜋

𝐴(𝑘, 𝜔) (3.3.12)

Testing for this property provides not only a “sanity check” (i.e. if this fails, some-
thing went wrong) for simulations but also a constrained that can be used to obtain
better numerical precision when computing 𝐴(𝜔) from 𝐺(𝜔) (see maximum entropy
method in sec. 5).
From the sum rule follows the second important property of the Green’s function:
The behavior for large 𝜔, i.e. the tail of the Green’s function. See also sec. 5 for uses
of this property.

lim
𝜔→∞

𝐺(𝑘, 𝜔) ∼ lim
𝜔→∞ ∫

∞

−∞

d𝜔′

2𝜋
𝐴(𝑘, 𝜔′)

𝜔
= 1

𝜔
(3.3.13)

The asymptotic tail will be used to speed up simulations and reduce noise in the
measurements.
For free fermions without spin, the 𝑇 = 0 Green’s function (𝐻0 = ∑𝑘 𝜖𝑘𝑐†

𝑘𝑐𝑘) can be
evaluated immediately. We call the ground state energy 𝐸0 = ∑|𝑘|<𝑘𝑓

𝜖𝑘

|𝐸0⟩ = ∏
|𝑘|<𝑘𝑓

𝑐†
𝑘 |0⟩

⇒ |𝐸𝑁+1
𝑛 ⟩ = 𝑐†

𝑘 |𝐸0⟩ ⇒ 𝑐𝑘 |𝐸0⟩ = |𝐸𝑁−1
𝑛 ⟩ if |𝑘| < 𝑘f

0 otherwise

8 See for example chapter 5 [70] and [43] for details about the underlying (𝛾, 𝑝) and (𝑒, 𝑒′𝑝) reactions and
measurement details.
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Since 𝜖𝑘 is the energy needed to add a particle, we have 𝜔𝑁±1
𝑛 = ±(𝜖𝑘−𝜇). Evaluation

of eq. 3.3.4 with these states gives:

𝐺𝜎
0 (𝑘, 𝜔) = ∫

d𝜔′

2𝜋
2𝜋𝛿(𝜔′ − 𝜖𝑘,𝜎 − 𝜇)

𝜔 − 𝜔′

= 1
𝜔 − 𝜖𝑘,𝜎 + 𝜇 + sign(𝜔)𝑖𝜂

(3.3.14)

This result can of course also be obtained by Fourier transformation and subsequent
use of the residue theorem from eq. 3.2.11.
Comparison to fig. 3.2 shows that the free Green’s function only has two poles, in
the lower right and upper left quadrant. This allows for an easy application of the
residue theorem by closing the path in a semi circle in the lower plane (Jordan’s
lemma takes care of the half circle contribution) for the retarded Green’s function
and in the upper half for the advanced Green’s function.

⇒ 𝐺𝑅
0 (𝑘, 𝑡) = −𝑖Θ(+𝑡)𝑒−𝑖𝑡(𝜖𝑘−𝜇) (3.3.15)

𝐺𝐴
0 (𝑘, 𝑡) = 𝑖Θ(−𝑡)𝑒−𝑖𝑡(𝜖𝑘−𝜇) (3.3.16)

A complete discussion can be found for example here [138, 70].

3.4 finite temperature

While the frequency formulation has already proven useful from the numerical as
well the experimental standpoint, we have only considered the case of 𝑇 = 0. It
turns out that going to finite temperatures is even more advantageous for numerical
computations as we obtain a natural discretization that can be used for simulations.
For finite temperatures, the imaginary time Green’s functions is the natural choice.
One can obtain very similar results for the spectral function as in the case of zero
temperature with similar derivations.

𝐴(𝑘, 𝜔) = 1
𝑍 ∑

𝑛,𝑚
| ⟨𝐸𝑛 | 𝑎†

𝑘 | 𝐸𝑚⟩ |2𝑒−𝛽(𝐸𝑚−𝜇𝑁𝑚) (1 − 𝑒−𝛽𝜔)

× 2𝜋𝛿(𝐸𝑛 − 𝐸𝑚 − 𝜇 − 𝜔) (3.4.1)

There is however an important distinction for the frequency representation: The
finite temperatures Green’s function is (anti) periodic, which can be seen using the
cyclic permutation property of the trace operation9.

𝐺𝛼𝛼′(𝜏 − 𝛽) = 1
𝑍

Tr (𝑒−𝛽𝐻𝑇𝜁 [𝑎𝛼(𝜏)𝑎†
𝛼′(𝛽)])

= 𝜁 1
𝑍

Tr (𝑒−𝛽𝐻𝑇𝜁 [𝑎†
𝛼′(𝛽)𝑎𝛼(𝜏)])

= 𝜁 1
𝑍

Tr (𝑒−𝛽𝐻𝑒𝛽𝐻𝑎†
𝛼′(0)𝑒−𝛽𝐻𝑎𝛼(𝜏))

= 𝜁 1
𝑍

Tr (𝑒−𝛽𝐻𝑎𝛼(𝜏)𝑎†
𝛼′(0))

= 𝜁𝐺𝛼𝛼′(𝜏), 0 < 𝜏 < 𝛽 (3.4.2)

9 𝑇 𝑟(𝐴𝐵𝐶) = 𝑇 𝑟(𝐶𝐴𝐵) = 𝑇 𝑟(𝐵𝐶𝐴)



3.4 finite temperature 63

We have again assumed a time independent Hamiltonian and used the property
that operators inside the trace operation can be cyclically permuted.
Due to the finite interval of 𝜏, the Fourier transform is discrete (we use that the
Green’s function only depends on the difference in imaginary time in our case).

𝐺𝛼𝛼′(𝜏) = 1
𝛽

∞

∑
𝑛=−∞

𝑒−𝑖 𝜏
𝛽 𝜋𝑛𝐺𝛼𝛼′

𝑛

𝜔𝑛 =
⎧⎪
⎨
⎪⎩

2𝜋𝑛
𝛽 fermions

2𝜋(𝑛+1)
𝛽 bosons

(3.4.3)

Using the periodic boundary conditions and noting that 𝑒𝑖𝛽𝜔𝑛 = 𝜁 with the Matsub-
ara frequencies 𝜔𝑛, we obtain the later most often used representation of the Green’s
function.

𝐺𝛼𝛼′(𝜏) = 1
𝛽

∞

∑
𝑛=−∞

𝑒−𝑖𝜔𝑛𝜏𝐺𝛼𝛼′(𝑖𝜔𝑛) (3.4.4)

𝐺𝛼𝛼′(𝑖𝜔𝑛) = ∫
𝛽

0
𝑒𝑖𝜔𝑛𝜏𝐺𝛼𝛼′(𝜏) d𝜏 (3.4.5)

We can write down a similar expression to eq. 3.3.9 but this brings up a problem:
There are two frequency representations which need to be connected. The discrete
representation in terms of imaginary Matsubara frequencies and the continuous
one in real frequencies from before.

𝐺𝛼𝛼′(𝜔) = 1
𝑍 ∑

𝑚,𝑛
⟨𝐸𝑛| 𝑎𝛼 |𝐸𝑚⟩ ⟨𝐸𝑚| 𝑎†

𝛼′ |𝐸𝑛⟩

× [
𝑒−𝛽𝐸𝑛

𝜔 − 𝐸𝑚 + 𝐸𝑛 + 𝑖𝜂
− 𝜁 𝑒−𝛽𝐸𝑚

𝜔 − 𝐸𝑚 + 𝐸𝑛 − 𝑖𝜂] (3.4.6)

In cases of the retarded and advanced Green’s function the usual signs of both +𝑖𝜂 or
both −𝑖𝜂 replace the alternating sign of the time ordered 𝜂 above. Using translational
symmetry we can write down the familiar form of the thermal Green’s function in
terms of the spectral function.

𝐺(𝑘 − 𝑘′, 𝑖𝜔𝑛) = 1
𝑍 ∑

𝑚,𝑙

⟨𝐸𝑙| 𝑎𝑘 |𝐸𝑚⟩ ⟨𝐸𝑚| 𝑎†
𝑘′ |𝐸𝑙⟩

𝑖𝜔𝑛 − 𝐸𝑚 + 𝐸𝑙
(𝑒−𝛽𝐸𝑙 − 𝜁𝑒−𝛽𝐸𝑚) (3.4.7)

= − ∫
∞

−∞

d𝜔
2𝜋

𝐴(𝑘 − 𝑘′, 𝜔)
𝑖𝜔𝑛 − 𝜔

(3.4.8)

In fact both representations can be connected by analytic continuation 𝑖𝜔𝑛 → 𝑧. One
however must verify the choice of integration limits in the finite temperature Fourier
transform (see chapter 3 [11], chapter 5 [70]). It is unnecessary to repeat the details
here, however it is worth noting that special care must be taken which path in the
complex plane one chooses. This is due to the aforementioned branch cut (as a re-
sult of a continuum of poles at 𝜔𝑛) on the real axis of 𝑧 in the time ordered Green’s
function. The formula for spectral weight is also affected by this (see eq. 3.4.1).
Again omitting analogous derivations, we also write down the Kramers-Kronig rela-
tions for finite temperatures. They are useful for consistency checks of simulations,
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because the whole Green’s function is obtained from simulations, but imaginary
and real part are related analytically:

ℑ{𝐺(𝑘, 𝜔)} = −1
2

tanh (
𝛽𝜔
2 )

−𝜁
𝐴(𝑘, 𝜔) (3.4.9)

ℜ{𝐺(𝑘, 𝜔)} = P∫
∞

−∞

d𝜔′

2𝜋
𝐴(𝑘, 𝜔′)
𝜔 − 𝜔′

= P∫
∞

−∞

d𝜔′

𝜋
sign(𝜔′)ℑ{𝐺(𝑘, 𝜔′)}

𝜔 − 𝜔′ (3.4.10)

This finally provides us with the relationship between time ordered, retarded and
advanced Green’s function at finite temperatures.

𝐺(𝑘, 𝜔) = (1 + 𝜁𝑛(𝜔 + 𝜇)) 𝐺𝑅(𝑘, 𝜔) − 𝜁𝑛(𝜇 − 𝜔)𝐺𝐴(𝑘, 𝜔) (3.4.11)

During the development of simulation programs it is useful to check results for
known analytic properties of the measured Green’s functions. The Kramers-Kronig
relations gave a first check and the 𝛽 periodicity will also be used frequently. There
are three more useful properties that are easily verifiable.
The diagonal fermionic Green’s function exhibits a discontinuity at the origin of the
complex plane, that provides the first of these identities.

lim
𝜏↘0 [𝐺𝛼𝛼′(𝜏) − 𝐺𝛼𝛼′(−𝜏)] = lim

𝜏↘0

1
𝑍

Tr (𝑒−(𝛽𝐻−𝜇𝑁)𝑇𝜁 [𝑐𝛼(𝜏)𝑐†
𝛼′(0) − 𝑐𝛼(−𝜏)𝑐†

𝛼′(0)])

= lim
𝜏↘0

1
𝑍

Tr (𝑒−(𝛽𝐻−𝜇𝑁)
[𝑐𝛼(𝜏)𝑐†

𝛼′(0) + 𝑐†
𝛼′(0)𝑐𝛼(−𝜏)])

= 1
𝑍

Tr (𝑒−(𝛽𝐻−𝜇𝑁)
[𝑐𝛼𝑐†

𝛼′ + 𝑐†
𝛼′𝑐𝛼]) (3.4.12)

= ⟨{𝑐𝛼, 𝑐†
𝛼′}⟩

eq. 1.2.5
= 𝛿𝛼𝛼′ (3.4.13)

The second property can also be used to reduce storage space for Green’s functions
in multi band simulations, we will use that the imaginary time evolution is not uni-
tary:

[𝐺𝛼𝛼′(𝜏)]
† = 1

𝑍
Tr{(𝑒−𝛽𝐻𝑒𝜏𝐻𝑐†

𝛼(0)𝑒−𝜏𝐻𝑐𝛼′(0))}
†

= 1
𝑍

Tr (𝑐†
𝛼′(0)𝑒−𝜏𝐻𝑐𝛼(0)𝑒𝜏𝐻𝑒−𝛽𝐻

)

= 1
𝑍

Tr (𝑒−𝛽𝐻𝑒𝜏𝐻𝑐†
𝛼′(0)𝑒−𝜏𝐻𝑐𝛼(0))

= 𝐺𝛼′𝛼(𝜏) (3.4.14)

This implies that the diagonal Green’s function is real valued which in turn implies
(by one of the basic properties of Fourier transforms) that [𝐺𝛼𝛼(𝜔)]

† = 𝐺𝛼𝛼(−𝜔). In-
deed there is a more general version for Matsubara Green’s functions:

[𝐺𝛼𝛼′(𝑖𝜔𝑛)]
† = ∫

𝛽

0
𝑒−𝑖𝜔𝑛𝜏[𝐺𝛼𝛼′(𝜏)]

† d𝜏

eq. 3.4.14
= ∫

𝛽

0
𝑒−𝑖𝜔𝑛𝜏𝐺𝛼′𝛼(𝜏) d𝜏

= 𝐺𝛼′𝛼(𝑖𝜔𝑛) (3.4.15)
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So for the diagonal translational invariant Green’s function, there is again a simpli-
fication because only positive Matsubara frequencies have to be stored.
Lastly we look one more time at the free Green’s function as an example. Using eq. 3.5.9
with the appropriate zero potential Hamiltonian 𝐻0, one can derive an expression
for the free Green’s function10 as function of the bosonic or fermionic distribution
𝑛𝛼.

𝐺0,𝛼𝛼′(𝜏) = 𝛿𝛼𝛼′𝑒−(𝜖𝛼−𝜇)𝜏 [Θ(𝜏 − 𝜂)(1 − 𝜁𝑛𝛼) + 𝜁Θ(𝜏 + 𝜂)] (3.4.16)

𝑛𝛼 = 1
𝑒𝛽(𝜖𝛼−𝜇) − 𝜁

(3.4.17)

We obtain the Matsubara representation by inserting eq. 3.4.16 into eq. 3.4.5

𝐺0,𝛼𝛼′(𝑖𝜔𝑛) = 𝛿𝛼𝛼′ ∫
𝛽

0
𝑒𝑖𝜔𝑛𝜏𝑒−(𝜖𝛼−𝜇)𝜏(1 + 𝜁𝑛𝛼) d𝜏

=
𝛿𝛼𝛼′

𝑖𝜔𝑛 − 𝜖𝛼 + 𝜇
(3.4.18)

Comparing both frequency representations of the free propagator (eq. 3.3.14 and eq. 3.4.18)
one can again verify the connection between Matsubara and real frequency repre-
sentation.
We have now several analytic properties available which should be considered dur-
ing implementations simulation algorithms:

Sum Rule (eq. 3.3.12) This should be used after analytic continuation to verify the
spectral function

HF Tail (eq. 3.3.13) The knowledge about the analytic form of the high frequency
tail can be used to suppress noise, for example in the CT-
HYB solver and to improve precision of Fourier transforma-
tions.

periodicity (eq. 3.4.2) This property is used in many derivations and serves as a
check for 𝜏 → 𝛽

Kramer Kronig Rel. (eq. 3.4.10) After having measured the Green’s function numer-
ically or after analytic continuation, the Kramer Kronig rela-
tions should be verified

Hermitian (eq. 3.4.15) This property can be used for the diagonal Green’s function
to reduce the storage requirements and speed up mathemat-
ical operations. This is due to the fact that only real or imag-
inary part have to be stored and all operations can be done
on pure floating point variables.

3.5 feynman diagrams

In this section a very brief overview over diagrammatic perturbation theory is given.
This is necessary because the class of continuous time quantum Monte Carlo meth-
ods expands in orders of these diagrams. We limit all definitions to the case we need

10 One separately considers particle (𝐺𝛼𝛼′

0 (1 − 𝑛𝛼)) and particle hole (𝐺𝛼𝛼′

0 𝑛𝛼) states chapter 5 [70].
For brevity we evaluate our abbreviated derivation under the canonical ensemble.
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for the derivation of the dynamical mean field approximation in the next chapter.
Full derivations and proofs can be found for example in [70, 104, 129].
A useful tool for the systematic construction of Green’s functions and their pertur-
bative expansions are generating functionals. As mentioned before, these resemble
generalized characteristic functions (see eq. 2.1.16), in that they generate all possi-
ble correlation functions (which are generalized to Green’s functions now). We let
some external source 𝐽 act for a limited amount of time 𝑇𝑆 such that 𝑇𝑆 ≪ 𝑡𝑓 − 𝑡𝑖.

𝑍 [𝐽𝛼, 𝐽𝛼] = ∫D[𝜓𝛼, 𝜓𝛼] 𝑒−𝐴[𝜓𝛼,𝜓𝛼] × 𝑒− ∑𝛼 ∫𝛽
0 d𝜏[𝐽𝛼(𝜏)𝜓𝛼(𝜏)+𝜓𝛼(𝜏)𝐽𝛼(𝜏)]

= ⟨𝑒−⟨𝐽 ,𝜓⟩⟩ (3.5.1)

Where the generalized inner product was defined as

⟨𝐽 , 𝜓⟩ = ∑
𝛾 ∫

𝛽

0
d𝜏′

(𝜓𝛼(𝜏′)𝐽𝛼(𝜏′) + 𝐽𝛼(𝜏′)𝜓𝛼(𝜏′)) (3.5.2)

Depending on the number of fields in the underlying model, the generating func-
tional and number of external fields may change. They can have Grassmann or
complex scalar behavior for fermionic and bosonic field respectively. In prepara-
tion for the rest of this section we define the generating functionals for unconnected
and connected diagrams (which will be be introduced later).
The normalized partition functional 𝐺 [𝐽, 𝐽] can be viewed as functional generaliza-
tions of the moment generating functions (eq. 2.1.16), because correlation functions
can be expressed as its derivatives. Connected and unconnected correlation func-
tions are related through similar formulas as moments and cumulants. 𝑊 is called
effective potential, it is a generalization of the cumulant generating function. The
role of 𝑊 and its Legendre transform Γ, the effective action, will be discussed in the
remaining part of this chapter.
The following definitions can be extended by choosing more general source terms,
however this definition will be sufficient for my thesis.

𝐺[𝐽𝛼, 𝐽𝛼] = 1
𝑍

𝑍 [𝐽𝛼, 𝐽𝛼] (3.5.3)

𝑊 [𝐽𝛼, 𝐽𝛼] = ln (𝐺[𝐽𝛼, 𝐽𝛼]) (3.5.4)

Γ [𝜓𝛼, 𝜓𝛼] = −𝑊 [𝐽𝛼, 𝐽𝛼] − ⟨𝐽 , 𝜓⟩ (3.5.5)

One can express expectation values of the fields 𝜓 and 𝜓 (the correlation functions)
as functional derivatives. This is done similarly to the moment trick for the 𝑛-th
moment of Gaussian integrals.

𝜓𝛼𝑒−⟨𝐽 ,𝜓⟩ ↔ (
𝛿

𝛿𝐽𝛼 ) (3.5.6)

From that we obtain:

𝐺(1)(𝛼1𝜏1; 𝛼2𝜏2) = ⟨𝑇𝜁 [𝜓𝛼1
(𝜏1)𝜓𝛼2

(𝜏2)]⟩ (3.5.7)

= 𝜁 𝛿2𝐺[𝐽, 𝐽 ]
𝛿𝐽𝛼2

(𝜏2)𝛿𝐽𝛼1
(𝜏1) |𝐽=𝐽=0

(3.5.8)
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This method is central to diagrammatic perturbation theory as the above and similar
generating functionals can be used in conjunction with Wick’s theorem to system-
atically generate Feynman diagrams. Each functional derivative generates an addi-
tional field operator inside the resulting expectation value and fixes the argument
which can be used to generate 𝑛-body (connected) Green’s functions.

𝐺(𝑛)(𝛼1𝜏1, … , 𝛼𝑛𝜏𝑛; 𝛼′
1𝜏′

1, … , 𝛼′
𝑛𝜏′

𝑛) = 1
𝜁𝑛

𝛿2𝑛𝐺[𝐽, 𝐽 ]
𝛿𝐽𝛼1

(𝜏1)⋯𝐽𝛼𝑛
(𝜏𝑛)𝐽𝛼′

𝑛
(𝜏′

𝑛)⋯𝐽𝛼′
1
(𝜏′

1) |𝐽=𝐽=0
(3.5.9)

𝐺(𝑛)
𝑐 (𝛼1𝜏1, … , 𝛼𝑛𝜏𝑛; 𝛼′

1𝜏′
1, … , 𝛼′

𝑛𝜏′
𝑛) = 𝜁𝑛 𝛿2𝑛𝑊 [𝐽, 𝐽]

𝛿𝐽𝛼1
(𝜏1)⋯𝐽𝛼𝑛

(𝜏𝑛)𝐽𝛼′
𝑛
(𝜏′

𝑛)⋯𝐽𝛼′
1
(𝜏′

1) |𝐽=𝐽=0

(3.5.10)

The functional derivatives provide an intuitive method to fix external states and
times for propagators.
We can simplify calculations by introducing Feynman diagrams to represent prop-
agators and interactions. Creation (field) operators for a state 𝛼 at time 𝜏 are repre-
sented by an outgoing arrow originating at a point labeled 𝜏. Annihilation operators
are defined in the same way with an incoming arrow. Equal times are connected at
a single point.
This means propagation of a state from time 𝜏2 to 𝜏1 is written as follows:

𝛼2𝜏2 𝛼1𝜏1 = 𝛿𝛼1𝛼2
𝐺(𝛼1𝜏1; 𝛼2𝜏2) (3.5.11)

An interaction due to a potential 𝑉 at time 𝜏 is first written according to eq. 1.2.4.

𝑉 (𝑎†(𝜏), 𝑎(𝜏)) = ∑
𝛼𝛽𝛾𝛿

⟨𝛼𝛽| 𝑣 |𝛾𝛿⟩ 𝑎†
𝛼(𝜏)𝑎†

𝛽(𝜏)𝑎𝛾(𝜏)𝑎𝛿(𝜏) (3.5.12)

This is graphically represented by vertex connections at equal times with a dashed
line:

𝜏
𝛾

𝛼

𝛿

𝛽

= ⟨𝛼𝛽| 𝑣 |𝛾𝛿⟩

(3.5.13)

There are so called Feynman rules, governing the possible diagrams and pre-factors
(see [1, 70] for a full derivation). Even though diagrammatic methods will be used
quite a lot, a detailed introduction exceeds the scope of this thesis.
We can however do an expansion of a general interaction and look at the resulting
Feynman diagrams. In the next chapter, we will use a specific model and describe
a method to obtain a simple type of diagrams numerically.
Let 𝐻̂ = 𝐻̂0 + 𝜆𝑉 such that 𝐻0 |𝜖𝑘⟩ = 𝜖𝑘 |𝜖𝑘⟩ is exactly solvable and 𝑉 a small pertur-
bation 𝜆.
We write the usual Dyson series in imaginary time as

𝑈int(𝜏) = 𝑇𝜁 exp [− ∫
𝜏

0
𝑉 (𝜏′) d𝜏′

] (3.5.14)
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𝑍
𝑍0

=
Tr (𝑒−𝛽(𝐻0−𝜇𝑁)𝑈int(𝛽))

Tr (𝑒−𝛽𝐻0−𝜇𝑁)
≡ ⟨𝑈int(𝛽)⟩0 (3.5.15)

Explicit expansion yields:

=
∞

∑
𝑛=0

(−1)𝑛

𝑛! ∫
𝛽

0
d𝜏1⋯d𝜏𝑛⟨𝑉 (𝑎†

𝛼1(𝜏1),⋯𝑎𝛼𝑘(𝜏1))⋯𝑉 (𝑎†
𝛼1(𝜏𝑛)⋯𝑎𝛼𝑘(𝜏𝑛))⋯⟩0

(3.5.16)

𝑍0 = ∫D[𝜓, 𝜓] exp

⎡
⎢
⎢
⎢
⎢
⎢
⎣

− ∑
𝛼 ∫

𝛽

0
𝜓𝛼(𝜏) (

𝜕
𝜕𝜏

+ 𝜖𝛼 − 𝜇)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

(𝐺𝛼𝛼′
0 (𝜏))

−1

𝜓𝛼(𝜏)

⎤
⎥
⎥
⎥
⎥
⎥
⎦

d𝜏 (3.5.17)

An expanded form of the imaginary times Green’s function follows immediately.

⇒ 𝐺(𝑛)(𝛼1𝜏1⋯𝛼′
1𝜏′

1) =
⟨𝑇𝜁 [𝑈int(𝛽)𝑎𝛼1

(𝜏1)⋯𝑎†
𝛼′

1
(𝜏′

1)]⟩0
⟨𝑈int(𝜏)⟩0

(3.5.18)

The notation ⟨⋅⟩0 stands for the average with respect to a zero potential Hamiltonian
𝐻0 with partition function 𝑍0. This identity is especially useful since 𝑍0 is only a
shift in the grand canonical potential:

− 1
𝛽

ln (
𝑍
𝑍0 ) = Ω − Ω0 = −1

𝛽
𝑊 [𝐽, 𝐽] = −1

𝛽
ln (⟨𝑈int(𝜏)⟩) (3.5.19)

As a consequence of the linked cluster theorem Ω−Ω0 is identical to the sum over all
connected vacuum diagrams (no external legs), so 𝑊 [𝐽, 𝐽] generates all contribut-
ing terms. An often quoted hand-waving argument for the vanishing contribution
of unconnected diagrams is, that they are already included in lower order diagrams,
i.e. one unconnected n-point diagram can be written as sum of 𝑘, 𝑙,⋯-point dia-
grams so that 𝑘 + 𝑙 +⋯ = 𝑛, see also correspondence of moments and cumulants.
The last important ingredient for the diagrammatic perturbation theory is the Wick’s
theorem11. This formula allows the expression of expected values of creation and
annihilation operators under the free Hamiltonian as sum over free Green’s func-
tions.
Note that in the non symmetry breaking case, the number of creation and anni-
hilation operators must be the same for ⟨⋯⟩0, under the constraint of a quadratic
Hamiltonian. A pair of creation and annihilation operator is called contraction in
this case, often the possible contractions are denoted by brackets in the following
way:

⟨𝑎?
𝛼1

(𝜏1)𝑎?
𝛼2

(𝜏2)⋯𝑎?
𝛼𝑛

(𝜏𝑛)⟩0
= ∑

𝜋∈𝐾

𝑛

∏
𝑖=1

𝜁 𝑠𝑔𝑛(𝜋)
⟨𝑎𝛼𝜋(1)

(𝜏𝜋(1))𝑎
†
𝛼𝜋(2)(𝜏𝜋(2))⟩0

⋯⟨𝑎𝛼𝜋(𝑛−1)
(𝜏𝜋(𝑛−1))𝑎

†
𝛼𝜋(𝑛)(𝜏𝜋(𝑛))⟩0

(3.5.20)

11 In the context of random variables a similar result is known as Isserlis’ theorem for Gaussian moments.
This further verifies the connection between moments, cumulants and Green’s functions [67, 135].



3.6 dyson equation 69

With 𝐾 ∈ 𝑆𝑛
12 such that no permutations with two creation/annihilation operators

occur. The minus sign for fermions can be obtained by counting the number of times,
lines cross each other. For example:

⟨𝑎𝛼1
(𝜏1)𝑎𝛼2

(𝜏2)𝑎†
𝛼3(𝜏3)𝑎†

𝛼4(𝜏4)⟩0
=𝜁𝛿𝛼1𝛼3

𝐺𝛼1𝛼3
0 (𝜏1 − 𝜏3)𝛿𝛼1𝛼4

𝐺𝛼1𝛼4
0 (𝜏1 − 𝜏4)

+ 𝛿𝛼2𝛼3
𝐺𝛼2𝛼3

0 (𝜏2 − 𝜏3)𝛿𝛼2𝛼4
𝐺𝛼2𝛼4

0 (𝜏2 − 𝜏4)

We can now expand eq. 3.5.16 using Feynman diagrams. The first order diagrams
for eq. 3.5.16 of a two body potential are (zero-th order is of course the free propa-
gator):

𝑉 (𝑎†(𝜏), 𝑎(𝜏)) = 1
2 ∑

𝛼𝛽𝛾𝛿
⟨𝛼𝛽| ̂𝑣 |𝛾𝛿⟩ 𝑎†

𝛼(𝜏)𝑎†
𝛽(𝜏)𝑎𝛾(𝜏)𝑎𝛿(𝜏)

[
𝑍
𝑍0 ]𝑛=1

= −1
2 ∫

𝛽

0
d𝜏 ∑

𝛼𝛽𝛾𝛿
⟨𝛼𝛽| ̂𝑣 |𝛾𝛿⟩ ⟨𝑎†

𝛼(𝜏)𝑎†
𝛽(𝜏)𝑎𝛾(𝜏)𝑎𝛿(𝜏)⟩0

= −1
2 ∫

𝛽

0
d𝜏 ∑

𝛼𝛽

⎡
⎢
⎢
⎣
(⟨𝛼𝛽| ̂𝑣 |𝛼𝛽⟩ + 𝜁 ⟨𝛼𝛽| ̂𝑣 |𝛽𝛼⟩) 𝐺𝛼𝛼

0 (0)⏟
=𝑛𝛼

𝐺𝛽𝛽
0 (0)

⎤
⎥
⎥
⎦

(3.5.21)

= 1
2

𝜏 𝛽𝛼 + 𝜁1
2

𝜏 (3.5.22)

Ignoring all mathematical pitfalls, we imagine reordering all diagrams of 𝑍 into two
groups: the unconnected part is pulled into one bracket in front of the sum over all
connected diagrams. The unconnected contributions are the vacuum contributions
which cancel of with 𝑍0 in the denominator.
It is also common to sum up isomorphic diagrams and omit labels. This changes the
weight of each diagram according to some symmetry factor 1/𝑆𝑛 and the number of
possible permutations 2𝑛𝑛!. Only topologically different diagrams describe distinct
physical processes. We will therefore mostly use unlabeled diagrams, derivations
for the pre-factors relating them to labeled ones can be found in the literature [70,
104, 129]

3.6 dyson equation

We have stated before, that only connected diagrams contribute to the shift in the
grand canonical potential. One can classify these once more by checking whether
or not cutting one propagator results in two diagrams of lower order. Diagrams for
which such a cut does not result in two of lower order are called one particle irre-
ducible (1PI). For example diagram eq. 3.6.2 is one particle reducible while eq. 3.6.1
is not.

(3.6.1)

12 𝑆𝑛 is the symmetric group
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(3.6.2)

There is an important formal way to group these diagrams. We will assume a free
scalar field for now (i.e. 𝑍 [𝐽, 𝐽] → 𝑍 [𝐽]) in order to shorten the following argu-
ment13. No symmetry breaking is assumed in the following calculations. For a
derivation of the symmetry breaking case see chapter 2 [76].

∑
𝛼0

∫ d𝜏0
𝛿2𝑊 [𝐽]

𝛿𝐽𝛼1
(𝜏1)𝛿𝐽𝛼0

(𝜏0)
𝛿2Γ [𝜓, 𝜓]

𝛿𝜓𝛼0
(𝜏0)𝛿𝜓𝛼2

(𝜏2)
(3.6.3)

= ∑
𝛼0

∫ d𝜏0 [

𝛿𝜓𝛼1
(𝜏1)

𝛿𝐽𝛼0 ]
⋅

[
−

𝛿𝐽𝛼2
(𝜏2)

𝛿𝜓𝛼2

(𝜏2)
]

(3.6.4)

= −
𝛿𝜓𝛼1

(𝜏1)
𝛿𝜓𝛼2

(𝜏2)
= −𝛿𝛼1𝛼2

𝛿(𝜏2 − 𝜏1) (3.6.5)

⇔ 𝛼2 𝛼1
Γ 𝐺

= −𝛿𝛼1𝛼2
𝛿(𝜏1 − 𝜏2) (3.6.6)

⇒ Γ(1)(𝛼1𝜏1; 𝛼2𝜏2) = −𝐺−1
𝐶 (𝛼1𝜏1; 𝛼2𝜏2) (3.6.7)

This means the connected one particle Green’s function is the inverse operator of
the two point vertex function.
We have seen that each functional derivative with respect to external field or source
results in an additional leg of Green’s function and vertex function respectively. Di-
agrammatically this can be expressed be attaching a leg to the Γ blob in the first
case and another leg with a Γ blob in the second. Successive differentiation and
use of eq. 3.6.6 with a shorthand notation (𝑖) → (𝛼𝑖𝜏𝑖) and ⨋𝑖⋯𝑗 → ∑𝛼𝑖⋯𝛼𝑗

∫𝛽
0 𝑑𝜏𝑖⋯𝑑𝜏𝑗

yields (we again need to assume the non symmetry breaking case):

𝐺𝐶
= −

𝐺𝐶

Γ

𝐺𝐶

𝐺𝐶𝐺𝐶
(3.6.8)

⇔ 𝐺(2)
𝐶 (5, 6; 5′6′) = − ⨋1⋯4

𝐺(1)
𝐶 (5; 1)𝐺(1)

𝐶 (6; 2)Γ(1, 2; 3, 4)𝐺(1)
𝐶 (3; 5′)𝐺(1)

𝐶 (4; 6′) (3.6.9)

This identity can be extended to higher order Green’s functions [70].
There are two implications: Connected Green’s functions can be constructed as tree
diagrams (i.e. no loops) using vertex functions, which is the reason for the name
“effective action”.
One can show that loops contribute with a factor of 1/ℏ. So in the classical limit of
ℏ → 0, loops should no longer be present and the effective action converges against
the classical action14 [70, 20].
The fact that Γ can be interpreted as action, can also be seen by setting the external

13 The extension to fermionic fields can be obtained by using the functional chain rule to introduce ex-
ternal field 𝐽 and write their derivatives as second derivatives of the effective action.

14 In fact, loop expansion to first order gives Γ[𝜓] = 𝐴[𝜓] + 1
2𝑙

Tr log 𝛿2𝐴[𝜓]
𝛿𝜓2
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fields to zero (i.e. the field are stationary points of Γ).
The second property is the fact that the vertex function must be 1PI: Imagine cutting
a single propagator inside Γ in eq. 3.6.8. If Γ would not be 1PI, this would result in
the left hand side to be disconnected (which it is not by definition). Therefore Γ[𝜓, 𝜓]
is also sometimes called generating function for 1PI diagrams.
We now define the self energy Σ as difference between the effective action of the
interacting Hamiltonian and that of a free one.
The subscript 𝐶 will be dropped where the context permits it. In addition the fol-
lowing identities are true in momentum space, so we can drop the corresponding
arguments as well.

Definition 15 (Self Energy)

Σ(1; 2) = Γ(1; 2) − Γ0(1; 2) (3.6.10)

The self energy will be central to the DMFT algorithm so it is worth stating some
properties which justify its interpretation as effective potential. Σ again only con-
tains 1PI diagrams. But in contrast to Γ(2) does not expand into in a tree like struc-
ture. With the use of the inverse (eq. 3.6.6) we can now find the Dyson equation:

𝐺−1 = 𝐺−1
0 + Σ (3.6.11)

One often rewrites this by multiplying with 𝐺−1
0

𝐺−1
𝐶

, or 𝐺0 from the left and 𝐺 from the
right to obtain two alternative forms. Even though this simplified notation might
suggest otherwise, we are still dealing with operators.

𝐺 = [𝐺−1
0 − Σ]

−1 (3.6.12)
= 𝐺0 − 𝐺0Σ𝐺 = 𝐺0 − 𝐺0Σ𝐺0 + 𝐺0Σ𝐺0Σ𝐺0 ±⋯ (3.6.13)

⇔ = −
Σ

(3.6.14)

= −
Σ

+
Σ Σ

(3.6.15)

= ⋯ (3.6.16)

We will later often use the Dyson equation in Matsubara representation. It then
reads:

𝐺(𝑘, 𝑖𝜔𝑛)
eq. 3.4.18

= 1
𝑖𝜔𝑛 − 𝜖𝑘 + 𝜇 − Σ(𝑘, 𝑖𝜔𝑛)

(3.6.17)

We introduced a double line for the full propagator that includes all self energy
contributions. This is also called dressed propagator. From the last expression, the
role of the self energy as effective one-body potential becomes clear, since it is the
only term that changes in comparison to 𝐺0.
We have also seen that the pole structure of the Green’s function is related to the
features of the quasi particle spectrum. Properties such as the effective mass or
density of states will later be directly calculated as derivatives of Σ. This will later
be used to obtain results from DMFT calculations.
For a more general proof of the effective action (tree diagram) hierarchy one can use
the Dyson Schwinger equation with the connected Green’s functions [104].
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By comparison of the resolvent representation (eq. 3.3.3) for a free and an interaction
system, one can obtain the Lippmann Schwinger equation.

𝐺𝑅/𝐴(𝑧) = [(𝑧 ± 𝑖𝜂)𝟙 − 𝐻0 − 𝑉]
−1 (3.6.18)

= [[𝐺𝑅/𝐴
0 (𝑧)]

−1 − 𝑉]
−1

(3.6.19)

Subsequently comparing eq. 3.6.11 and eq. 3.6.19 again confirms the role of Σ as an
effective potential.
Before moving on quasi particles, we take a closer look at the diagrammatic ex-
pansion of the self energy. One of the solvers will use this expansion. Let’s write
down the first few contributions of the self energy. Separating the contributions for
Hartree-Fock mean field is instructive in order to differentiate dynamical mean field
theory.

Σ = + + + + ⋯ (3.6.20)

We can now distinguish diagrams with and without self energy interactions quite
easily as we only need to look for contributions, i.e. sub graphs with two ampu-
tated outer propagator legs. Replacing all self energy insertions by propagators
and replacing vertex parts (two fermion legs, one interaction leg) by corners (“bare
vertices”), we can obtain a skeleton diagram15.

→ (3.6.21)

Through substitution of free propagators by full ones, we obtain so called dressed
skeleton diagrams. This turns out to be a useful grouping for the derivation of
the dynamical mean field theory. The well known Hartree Fock method can be
expressed in dressed skeleton diagrams as well:

Σ𝐻𝐹 = + (3.6.22)

15 Not all contributions have to be replaced. A diagram that is its own skeleton diagram is called irre-
ducible [116].
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Since we did not fully develop the diagrammatic rules, the calculation of these dia-
grams is left to the literature [24, 80].
But even without explicit calculation we can make an important observation which
empathizes the distinction between DMFT and HF approximations: The Hartree
and Fock like contributions are given in eq. 3.6.23 and eq. 3.6.24, the outer legs are
amputated as usual. Outer momenta and frequencies are fixed by the external free
propagators.

0, 0

𝑘′, 𝑖𝜔′
𝑛, 𝜎′

= − ∑
𝑘,𝑛,𝜎′

⟨𝑘𝑘′| 𝑣 |𝑘𝑘′⟩ 𝐺𝜎′

0 (𝑘′, 𝑖𝜔′
𝑛)𝑒𝑖𝜔′

𝑛𝜂

= ⟨𝑘𝑘′| 𝑣 |𝑘𝑘′⟩ 𝑛𝐻𝐹(𝑘) (3.6.23)

𝑘 − 𝑘′, 𝑖𝜔𝑛 − 𝑖𝜔′
𝑛

𝑘′, 𝑖𝜔′
𝑛, 𝜎′

= 𝜁 ∑
𝑘,𝑛,𝜎′

𝛿𝜎,𝜎′ ⟨𝑘𝑘′| 𝑣 |𝑘′𝑘⟩ 𝛿𝜎,𝜎′𝐺𝜎′

0 (𝑘′, 𝑖𝜔′
𝑛)𝑒𝑖𝜔′

𝑛𝜂

=𝜁 ⟨𝑘𝑘′| 𝑣 |𝑘′𝑘⟩ 𝑛𝐻𝐹(𝑘) (3.6.24)

⇒ Σ𝐻𝐹(𝑘, 𝑖𝜔𝑛) = Σ𝐻𝐹(𝑘) (3.6.25)
= (⟨𝑘𝑘′| 𝑣 |𝑘𝑘′⟩ + 𝜁 ⟨𝑘𝑘′| 𝑣 |𝑘′𝑘⟩) 𝑛𝐻𝐹(𝑘) (3.6.26)

= 1
𝑉 (𝑣(0) + 𝜁𝑣(𝑘 − 𝑘′)) 𝑛𝐻𝐹(𝑘) (3.6.27)

The last line shows again (by comparison to eq. 1.4.12) that the self energy is the
correction to the energy of the free system. We also used that:

1
𝛽 ∑

𝜔𝑛

𝐺𝐻𝐹(𝑘, 𝑖𝜔𝑛)𝑒𝑖𝜔𝑛𝜂 = −
𝜁

𝑒𝜖𝑘−𝜇+Σ𝐻𝐹(𝑘) = −𝜁𝑛𝐻𝐹(𝑘) (3.6.28)

This is a self consistency equation as introduced in eq. 1.4.5 since the distribution
function 𝑛HF(𝑘) is a function of the self energy that again determines the electron
distribution.
It also now becomes obvious why the bare propagators in eq. 3.6.23 and eq. 3.6.24
should be replaced by the full HF Green’s function (see eq. 3.6.22): Iterative calcu-
lation of the self consistency equation will introduce more HF-like contributions16.
The most important feature of the self energy in HF approximation for us is the
independence of 𝑖𝜔𝑛. The DMFT approximation will be in a certain sense compli-
mentary, since it will be independent of 𝑘 but retain full frequency dependence.
An expansion into skeleton diagrams is often formalized in the definition of the
Luttinger-Ward functional. Similar to the the definition of the self energy in eq. 3.6.10,
the difference between an effective action of interacting and non-interacting systems
is used. However, this time one uses the 2PI effective action obtained from Legendre

16 In order to speed up convergence or even make it possible at all, one normally does not start with the
free propagator but some more sophisticated guess.
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transformation of the effective potential using a (assumed) convex Green’s function
as source [109, 105]

Γ [𝐺] = [−𝑊 [𝐽] − ⨋𝛼,𝛽
𝐽𝛼,𝛽𝐺(𝛽, 𝛼)] |𝐽=𝐽[𝐺]

(3.6.29)

Γ [𝐺] is called Baym-Kadanoff functional. The second term on the right side is usu-
ally abbreviated as tr(𝐽𝐺).
Now the Luttinger-Ward function is defined as the difference between interacting
and non-interacting 2PI effective action:

Φ [𝐺] = Γ [𝐺] − Γ0 [𝐺] (3.6.30)
= Γ [𝐺] − tr log(−𝐺) − tr ((𝐺−1

0 − 𝐺−1)𝐺) (3.6.31)

Φ is the sum over all closed 2PI skeleton diagrams [106].
The usefulness stems from the relation to the grand canonical potential [14, 89] as
well as the ability to generate irreducible functions from derivatives with respect to
the full Green’s function [81].

Ω = Tr log(−𝐺) + Tr (Σ𝐺) + Φ [𝐺] (3.6.32)

Σskeleton [𝐺] = 1
𝑇

𝛿Φ [𝐺]
𝛿𝐺

(3.6.33)

Σ𝑖𝑗 = Σskeleton [𝐺] (3.6.34)

There are two important properties that are needed for the use of the Luttinger-Ward
functional in DMFT [105]:

Φ[𝐺] = 0, if 𝑈 = 0 (3.6.35)
Φ[𝐺] universal (3.6.36)

Universality means that Φ is the same for two Hubbard systems with identical 𝑈,
regardless of the parameter 𝑡𝑖𝑗. This will be central to the application in DMFT.

3.7 quasi particles

With the introduction of the spectral function we have already seen that the pole
structure of Green’s functions can also be represented by the experimentally mea-
surable spectral weight function. Its features give rise to the concept of quasi parti-
cles. These particles are a collection of many excitations that behave collectively as
one particle would.
The Green’s function for free fermions without spin has exactly two poles. This
results in the corresponding spectral function having two delta peaks. The intro-
duction of interactions will broaden the delta peak due to more excitation poles
(see also discussion of the Green’s function for the Hubbard model in the first chap-
ter). However, the sum of them can still result in a peak of the spectral function and
the overall excitation may retain some characteristics of a particle. This can be seen
more formally by looking at the propagation of an excitation with energy 𝑘 over
some time 𝑡:

𝑖𝐺(𝑘, 𝑡) = 𝑖 ∫
∞

−∞

d𝜔
2𝜋

𝑒𝑖𝜔𝑡𝐺(𝑘, 𝜔)
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= 𝑖 ∫
0

−∞

d𝜔
2𝜋

𝑒𝑖𝜔𝑡𝐺𝐴(𝑘, 𝜔) + 𝑖 ∫
∞

0

d𝜔
2𝜋

𝑒𝑖𝜔𝑡𝐺𝑅(𝑘, 𝜔) (3.7.1)

One again has to carefully consider the integration path. Because the time ordered
Green’s function is not analytic everywhere one has to use the retarded and ad-
vanced propagator and choose the contour accordingly [90, 80].
Let’s assume one pole at 𝜉𝑘 − 𝑖𝛾𝑘 with residue 𝑍𝑘. After applying the residue theo-
rem we obtain:

= 𝑍𝑘𝑒−𝑡(𝜉𝑘+𝑖𝛾𝑘) + ∫
0

−𝑖∞

d𝜔
2𝜋

𝑒−𝑖𝜔𝑡 [𝐺𝐴(𝑘, 𝜔) − 𝐺𝑅(𝑘, 𝜔)] (3.7.2)

The remaining integral can be approximated if the real part of the pole is much
larger than the imaginary one. It measures the background noise of the quasi parti-
cle weight 𝑍𝑘

≈ 𝑍𝑘𝑒−𝑡(𝜉𝑘+𝑖𝛾𝑘) if 𝛾𝑘 ≪ 𝜉𝑘 (3.7.3)

The corresponding spectral function will have a sharp peak at 𝜉𝑘 with height pro-
portional to 𝑍𝑘/𝛾𝑘 and width proportional to 𝛾𝑘. Since the quasi particle lifetime is
inversely proportional to the width of the collective excitation, it is useful to define
the quasi particle lifetime as 𝜏𝑘 = 1

𝛾𝑘
. 𝑍𝑘 can for example be measured by Compton

𝜉𝑘

𝜏𝑘𝑍𝑘

1
𝜏𝑘

𝜔

𝐴(𝑘, 𝜔)

Figure 3.3: Spectral function example

scattering as it is proportional to the distribution function at the Fermi level [90].
In practice, the spectral weight will be expressed in terms of the self energy. One
does however need to make certain approximations as the analytic continuation for
arbitrary poles is not possible. Expansion around the Fermi energy (i.e. self energy
around 𝜔 = 0) gives a simplified formula for the retarded Green’s function [24, 44,
100]:

𝐺𝑅(𝑘, 𝜔) =
𝑍𝑘

𝜔 − 𝜉𝑘 + 𝑖𝜏𝑘
(3.7.4)
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Using the Kramers-Kronig relations and Dyson equation, a useful representation of
the spectral function in terms of the self energy can be found. It has the a Lorentzian
shape.

𝐴(𝑘, 𝜔) = 1
𝜋

−ℑ{Σ𝑅(𝑘, 𝜔)}

(𝜔 − 𝜖𝑘 + 𝜇 − ℜ{Σ𝑅(𝑘, 𝜔)})
2 + (ℑ{Σ𝑅(𝑘, 𝜔)})

2 (3.7.5)

This form is plotted in fig. 3.3. We can also see here that the imaginary part of the
self energy needs to be negative, since the spectral function is always positive.
The quasi particle lifetime can be approximated in the vicinity of the Fermi surface:

𝜏𝑘 = −
𝑍𝑘
𝛾𝑘

≈ −[ℑ{Σ(𝑘, 𝜔)}]−1 (3.7.6)

𝑍𝑘 = [1 − 𝜕
𝜕𝜔

ℜ{Σ(𝑘, 𝜔)}|𝜔=0]
−1

(3.7.7)

In some cases it is possible to neglect the finite life time of quasi particles. This
approximation is known as Fermi liquid theory, a sufficient condition for its validity
is [70, 97, 24]:

lim
𝑘→𝑘𝑓

lim
𝜔→0

−2ℑ{Σ(𝑘, 𝜔)} = 0 (3.7.8)

Dynamic mean field theory is known to predict Fermi liquid behavior at low tem-
peratures except for half filling in the Mott insulating region [9]. Our calculations
will not be in real frequencies which means that the above formula for the quasi par-
ticle weight can only be applied to the analytic continuation of the results. There is
however a numerically more stable method (see section III.A [9])17.

𝜕
𝜕𝜔

ℜ{Σ(𝜔)}|𝜔=0
= ∫

d𝜔
𝜋

Σ(𝜔)
𝜔2 ≈

ℑ{Σ(𝜔𝑛)}
𝜔𝑛

|𝜔𝑛=𝜔0
(3.7.9)

We can therefore deduce the broadening of the quasi particle peak from the imagi-
nary part of the self energy. In practice, the value at 𝑇 = 0 is extrapolated by com-
puting eq. 3.7.9 from a few samples at low temperatures. Because the self energy
is an even function the expansion around 𝜔 = 0 is best fitted with an according
polynomial

ℑΣ(𝜔) ≈ 𝜔2 + 𝜔4 +⋯

For the estimation in this thesis I obtained reasonable results for a fourth order poly-
nomial, fitted to the lowest six samples of the self energy.
The most important observation of this section is that HF approximations are fre-
quency independent. Therefore 𝑍𝑘 ≡ 1 and according to the sum rule no peaks
can appear, which means no quasi particles can be defined. This gives a hint, why
standard HF fails to predict the Mott insulating phase. Standard DFT with LDA or
GGA approximations for the exchange correlation term fail as well, due to the band
gap problem [28, 118]. It stems from the fact that there is no discontinuity in the
potential for both approximations:

lim
𝛿→0

Δ𝑥𝑐 = lim
𝛿→0 [

𝛿𝐸𝑥𝑐
𝛿𝑛 |𝑁+𝛿

−
𝛿𝐸𝑥𝑐
𝛿𝑛 |𝑁−𝛿]

17 The 𝑘 dependence is omitted, since we will be using the DMFT approximation
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LDA,GGA
= 0

The dynamical mean field approximation does introduce a frequency dependence,
at the cost of the 𝑘 dependence and being a first principle method.





4
DY NA M I C M E A N F I E L D T H E O RY

In this chapter we will introduce the dynamical mean field theory (DMFT) as an
approximative solution method for the Hubbard model. DMFT becomes exact in
infinite spacial dimensions. This means the coordination number can be used as a
control parameter for the quality of the approximation. Even though the number
of spacial dimensions is fixed at three, the coordination number can become quite
large especially when next nearest neighbor interactions are introduced.
We will later find, that the central approximation can be reformulated as 𝑘 indepen-
dence of the self energy.

Σ(𝑘, 𝜔) → Σ(𝜔) (4.0.1)

4.1 derivation
The central realization that led to the development of DMFT came from Metzner
and Vollhardt in 1989 [95]:
In the noninteracting limit of the single band Hubbard model on the hypercubic lat-
tice with lattice constant 𝑎 and dimension 𝐷, the energy reduces to the pure kinetic
energy term (see discussion following eq. 1.2.21):

𝜖𝑘 = 2𝑡
𝐷

∑
𝑑=1

cos(𝑘𝑑𝑎)

One can define the contribution of the kinetic energy for one dimension as a random
variable. Thus the total energy is given as a sum over 𝐷 i.i.d. random variables 𝑋𝑑
with mean 0 and variance 2𝑡2, because 𝑋𝑑 can take values in the interval [−2𝑡, 2𝑡]
and is symmetric.

𝑋𝑑 = 2𝑡 cos(𝑘𝑑𝑎)

Since we assume 𝑈 → 0 for now, the density of states is that of free electrons on a
lattice with 𝑁 sites:

𝜌(𝜔) = 𝐴0(𝜔) = 1
𝑁 ∑

𝑘
𝛿(𝜔 − 𝜖𝑘) (4.1.1)

Following the argument from [95] we assume 𝑘 to be randomly distributed and
transform it using the cosine function. Now 𝜖𝑘 is the sum over i.i.d. random vari-
ables with finite expected value and variance, so that we can use the CLT to obtain
a Gaussian density of states1.

𝜌(𝜔)
𝐷≪1
⟶ 1

2𝑡√𝜋𝐷
⋅ 𝑒

−(
𝜔

2𝑡√𝐷 )

2

(4.1.2)

In order for the DOS to be finite in this limit, the hopping strength obviously needs
to be rescaled. A more intuitive reason for this rescaling is, that the kinetic energy

1 The CLT is applicable for finite 𝐷 as shown in appendix sec. A.
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has to be of the same order of magnitude as the interaction strength 𝑈 in order to
allow for meaningful results away from the atomic limit.

𝑡 → 𝑡⋆

√𝑧
= 𝑡⋆

√2𝐷
= const (4.1.3)

The resulting approximate DOS for large dimension is a normal distribution.

𝜌(𝜔)
𝐷≪1
⟶ 1

𝑡⋆√2𝜋
𝑒− 1

2 (
𝜔
𝑡⋆ )

2

(4.1.4)

One can see this convergence quite easily by comparison of the plots for the tight
binding DOS with increasing dimensions (see also fig. 1.8). Notice that we scaled

Figure 4.1: Tight binding DOS for increasing dimensions. Taken from [125], here
𝑁(𝜔) instead of 𝜌(𝜔)

with 1/√𝑧 instead of 1/𝑧 for the Weiss mean field theory (see eq. 1.4.11). While the
“classical” renormalization is not unphysical, it does results in 𝐸kin = 0 and is there-
fore an unusable approximation [126], as can be seen directly from the Hubbard
Hamiltonian (eq. 1.2.21).

𝐻 = − 𝑡⋆

√𝑧 ∑
⟨𝑖𝑗⟩𝜎

𝑐†
𝑖𝜎𝑐𝑗𝜎 + 𝜖0 ∑

𝑖𝜎
𝑛𝑖𝜎 + 𝑈 ∑

𝑖
𝑛𝑖↑𝑛𝑖↓ (4.1.5)

This “non-classical” scaling allows for competition between kinetic and on-site terms.
We will now discuss the implications of infinite dimensions in terms of the diagram-
matic expansion. After that we will use the cavity construction to obtain the self
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consistency equations for the dynamical mean field theory. Lastly, the Anderson
impurity model (AIM) is introduced and by comparison of the effective action in
infinite dimensions, we obtain a much simpler picture of the dynamical mean field
approach for the Hubbard model.

4.2 perturbation theory in infinite dimensions

As discussed in the previous chapter, we can represent the kinetic energy at 𝑇 = 0
by the free Green’s function:

⟨ ̂𝑇 ⟩0 = −
⟨

𝑡 ∑
⟨𝑖𝑗⟩𝜎

𝑐†
𝑖𝜎𝑐𝑗𝜎⟩

0

(4.2.1)

= −𝑡 ∑
⟨𝑖𝑗⟩𝜎

⟨𝑐†
𝑖𝜎𝑐𝑗𝜎⟩0

(4.2.2)

= −𝑡 ∑
⟨𝑖𝑗⟩𝜎

𝐺0,𝑖𝑗(−𝜂) (4.2.3)

Because |𝐺0,𝑖𝑗(−𝜂)|2 is the transition amplitude to a nearest neighbor, the non-interacting
Green’s function must scale proportional to 1

√𝑧

𝐺0,𝑖𝑗(−𝜂)
𝑑→∞

= O
(

1
√𝑧)

(4.2.4)

This property does not depend on the imaginary time of the system and must there-
fore also hold for other representations of the free propagator (the transformation
to Matsubara frequencies is a linear operation). More specifically, it has been shown
that the scaling of the Green’s function2 is [124, 94]:

𝐺0,𝑖𝑗(𝜏)
𝑑→∞

∝ O (𝑡|𝑖−𝑗|) = O(𝑑
|𝑖−𝑗|

2
) (4.2.5)

∝ O
(

1
√𝑧)

(4.2.6)

𝐺0,𝑖𝑗(𝑖𝜔𝑛)
𝑑→∞

∝ O
(

1
√𝑧)

(4.2.7)

Where we used the rescaled hopping from eq. 4.1.3. This scaling also leads to a col-
lapse of diagrams for infinite dimensions. Tables for the collapse of the first three
orders in the self energy are computed here [94]. For example the only proper sec-
ond order self energy diagram collapses in the following way:

𝑟𝑖

∝ 1/√𝑧

𝑟𝑗
𝑑→∞
⟶ 𝑟𝑖𝛿𝑖𝑗 (4.2.8)

2 𝑖, 𝑗 are the lattice points, local 𝑖 = 𝑗 and non local 𝑖 ≠ 𝑗, | ⋅ | is the Manhattan distance
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This collapse of the propagators does result in a purely local self energy:

lim
𝑑→∞

Σ(𝑟𝑖, 𝑟𝑗, 𝑖𝜔𝑛) = 𝛿𝑖𝑗Σ(𝑟𝑖, 𝑟𝑖, 𝑖𝜔𝑛) (4.2.9)

From this follows by Fourier transformation a momentum independent self energy

lim
𝑑→∞

Σ(𝑘, 𝑖𝜔𝑛) = Σ(𝑖𝜔𝑛) (4.2.10)

It is important to note, that the particles are not localized but only the transition be-
tween fixed lattice points 𝑖 and 𝑗 becomes negligible (since there are now infinitely
many neighbors). This results in DMFT retaining the dynamics of non local elec-
trons while providing mathematical simplifications.
Using the Dyson equation and assuming no symmetry breaking, the interaction
Green’s function without 𝑘-dependence now reads:

𝐺(𝑖𝜔𝑛) = 1
𝑁𝑘 ∑

𝑘
[𝑖𝜔𝑛 + 𝜇 − 𝜖𝑘 − Σ(𝑖𝜔𝑛)]

−1

= ∫
𝜌(𝜖)

𝑖𝜔𝑛 + 𝜇 − 𝜖 − Σ(𝑖𝜔𝑛)
d𝜖 (4.2.11)

The DOS 𝜌(𝜖) introduces the effects of the lattice.
Note that eq. 4.2.11 is a Hilbert transform:

𝐻(𝑓)(𝑠) = 1
𝜋

𝑝.𝑣. ∫
𝑓(𝜏)
𝑠 − 𝜏

d𝜏 (4.2.12)

It is also useful to define a reciprocal function [51]:

𝑅[𝐻(𝑓)] = 𝑓 −1(𝐻−1(𝑓 )(𝑠)) = 𝑠 (4.2.13)

This is important due to its well understood properties, many of which are useful
in chemistry and physics [92, 87, 75, 134].

4.3 cavity construction and anderson impurity model

The central idea for the so called cavity construction is the same that we already
used for the simple Weiss mean field derivation (see eq. 1.4.8): We imagine one lat-
tice point as separated from the rest and calculate the sum of interactions to and
from it. This site is called impurity.
The impurity Hamiltonian is a single particle problem and can be solved exactly (at
least numerically) with an internal interaction term 𝑈 and one that stems from the
exchange of particles with the bath 𝑉. This means one can obtain the full interacting
Green’s function and the corresponding self energy. For now we will assume an
interacting bath, however we will map the effective action of the Hubbard model
onto the Anderson impurity model in infinite dimensions with the following steps.
For the derivation we will follow the steps of Ohkawa [69] and A. Georges et al. [51].
We will find that the self energy of the bath and the impurity must be equal thus
making the bath interactions also implicitly dependent on 𝑈 and 𝑉. Since the hy-
bridization then changes the impurity Hamiltonian, the impurity problem has to
be solved again, generating an updated self energy, thereby closing the mean field
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self consistency loop.
Let 𝑖 = 0 be the removed lattice point. We also use 𝜕𝜏 = 𝜕

𝜕𝜏

𝐴 = 𝐴lattice + 𝐴cavity + 𝐴hyb (4.3.1)

𝐴lattice = ∑
𝑖≠0,𝜎

∫
𝛽

0

⎛
⎜
⎜
⎜
⎝

𝑐†
𝑖𝜎(𝜏) [𝜕𝜏 − 𝜇] 𝑐𝑖𝜎(𝜏) − ∑

𝑖≠0,𝑗≠0
𝜎

𝑡𝑖𝑗𝑐
†
𝑖𝜎(𝜏)𝑐𝑗𝜎(𝜏) + 𝑈 ∑

𝑖≠0
𝑛𝑖,↑(𝜏)𝑛𝑖,↓(𝜏)

⎞
⎟
⎟
⎟
⎠

d𝜏

𝐴cavity = ∑
𝜎 ∫

𝛽

0
(𝑐†

0𝜎(𝜏) [𝜕𝜏 − 𝜇] 𝑐0𝜎(𝜏) + 𝑈𝑛0,↑(𝜏)𝑛0,↓(𝜏)) d𝜏

𝐴hyb = − ∑
𝑖,𝜎 ∫

𝛽

0
(𝑡𝑖0𝑐†

𝑖𝜎(𝜏)𝑐0𝜎(𝜏) + 𝑡0𝑖𝑐
†
0𝜎(𝜏)𝑐𝑖𝜎(𝜏)) d𝜏

We will now consider an effective action instead of the full one and argue that both
resulting thermodynamic averages are equivalent under the DMFT approximation.

⟨𝑂⟩full = 1
𝑍 ∫ ∏

𝑖
D[𝑐†

𝑖𝜎]D[𝑐𝑖𝜎] 𝑂𝑒−𝐴

Now the integration over the bath can be carried out. The remaining action of lattice
site 0 is then called effective action.

1
𝑍eff

𝑒−𝐴eff = 1
𝑍full ∫ ∏

𝑖≠0,𝜎
D[𝑐†

𝑖𝜎]D[𝑐𝑖𝜎] 𝑒−𝐴

≈ 1
𝑍full ∫ ∏

𝑖≠0,𝜎
D[𝑐†

𝑖𝜎]D[𝑐𝑖𝜎] 𝑒−𝐴lattice[𝑐†
𝑖≠0𝜎,𝑐𝑖≠0𝜎]𝑒−𝐴hyb[𝑐†

𝑖𝜎,𝑐𝑖𝜎]𝑒−𝐴cavity[𝑐†
0𝜎,𝑐0𝜎]

= 1
𝑍full

𝑒−𝐴cavity
∫ ∏

𝑖≠0,𝜎
D[𝑐†

𝑖𝜎]D[𝑐𝑖𝜎] 𝑒−𝐴hyb𝑒−𝐴lattice (4.3.2)

=
𝑍lattice
𝑍full

𝑒−𝐴cavity
⟨𝑒−𝐴hyb

⟩lattice
(4.3.3)

⇒ 𝑍eff =
𝑍full

𝑍lattice
(4.3.4)

𝐴eff = 𝐴cavity − log [⟨𝑒−𝐴hyb
⟩lattice] (4.3.5)

We can pull the hybridization inside the expected value of the cavity action using
this effective action. In order to apply the DMFT approximation we expand the
hybridization action (eq. 4.3.2) and find the leading order of 1

√𝐷
.

𝑍eff = ∫D[𝑐†
0𝜎]D[𝑐0𝜎]

× 𝑒−𝐴cavity

⟨

∞

∑
𝑛=0

1
𝑛!

𝑛

∏
𝑚=1

[∫
𝛽

0 ∑
𝑖,𝜎

(𝑡𝑖0𝑐†
𝑖𝜎(𝜏𝑚)𝑐0𝜎(𝜏𝑚) + 𝑡0𝑖𝑐

†
0𝜎(𝜏𝑚)𝑐𝑖𝜎(𝜏𝑚)) d𝜏𝑚]⟩

lattice

= ∫D[𝑐†
0𝜎]D[𝑐0𝜎] 𝑒−𝐴cavity

× [1 − ∫d𝜏1 ∑
𝜎,𝑖≠0

⟨𝑡𝑖0𝑐†
𝑖𝜎(𝜏1)𝑐0𝜎(𝜏1) + 𝑡0𝑖𝑐

†
0𝜎(𝜏2)𝑐𝑖𝜎(𝜏2)⟩lattice
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+ 1
2! ∫d𝜏1 ∫d𝜏2 ∑

𝜎,𝑖,𝑗≠0
⟨𝑡𝑖0𝑡𝑗0𝑐†

𝑖𝜎(𝜏1)𝑐0𝜎(𝜏1)𝑐†
𝑗𝜎(𝜏2)𝑐0𝜎(𝜏2)⟩lattice

+ 1
2! ∫d𝜏1 ∫d𝜏2 ∑

𝜎,𝑖,𝑗≠0
⟨𝑡0𝑖𝑡𝑗0𝑐†

0𝜎(𝜏1)𝑐𝑖𝜎(𝜏1)𝑐†
𝑗𝜎(𝜏2)𝑐0𝜎(𝜏2)⟩lattice

+ 1
2! ∫d𝜏1 ∫d𝜏2 ∑

𝜎,𝑖,𝑗≠0
⟨𝑡𝑖0𝑐†

𝑖𝜎(𝜏1)𝑐0𝜎(𝜏1)𝑡0𝑗𝑐
†
0𝜎(𝜏2)𝑐𝑗𝜎(𝜏2)⟩lattice

+ 1
2! ∫d𝜏1 ∫d𝜏2 ∑

𝜎,𝑖,𝑗≠0
⟨𝑡0𝑖𝑐

†
0𝜎(𝜏1)𝑐𝑖𝜎(𝜏1)𝑡0𝑗𝑐

†
0𝜎(𝜏2)𝑐𝑗𝜎(𝜏2)⟩lattice

+O(𝑡3)] (4.3.6)

= ∫D[𝑐†
0𝜎]D[𝑐0𝜎] 𝑒−𝐴cavity

× [1 + ∫d𝜏1 ∫d𝜏2 ∑
𝜎 ⟨

𝑐†
0𝜎(𝜏1) ∑

𝑖,𝑗≠0
(𝑡𝑖0𝑡0𝑗𝑐

†
𝑖𝜎(𝜏1)𝑐𝑗𝜎(𝜏2)) 𝑐0𝜎(𝜏2)

⟩
lattice

]

(4.3.7)

The first order, as well as the first and fourth term of second order are equal to 0,
because we do not consider symmetry breaking. The other two terms are the same
as the number of creator annihilator permutations must be even. This also leads to
all other odd terms of the perturbative expansion disappearing and only connected
n-point Green’s functions (see linked cluster theorem eq. 3.5.19) 𝐺cavity contributing.

𝐺𝐶,lattice
⋯ (⋯) = ⟨𝑇 [⋯]⟩lattice (4.3.8)

𝐴eff = 𝐴cavity +
∞

∑
𝑛=1

∑
𝑖1⋯𝑖𝑛𝑖′

𝑛𝑖′
1

∫
𝛽

0
d𝜏1⋯d𝜏𝑛 d𝜏′

𝑛⋯𝑑𝜏′
1

× 𝐽 †
𝑖1

(𝜏1)⋯𝐽 †
𝑖𝑛

(𝜏𝑛)𝐽𝑖′𝑛(𝜏′
𝑛)⋯𝐽𝑖1(𝜏′

1)𝐺𝐶,lattice
𝑖1⋯𝑖′1

(𝜏1⋯𝜏′
1) (4.3.9)

With the source term 𝐽𝑖1(𝜏1) = 𝑡𝑖10𝑐0𝜎 coupling to 𝑐†
𝑖𝜎, this provides a generating

functional for the connected Green’s functions of the cavity Hamiltonian [51].
We can now use eq. 4.2.5 to find the contributing terms of 𝑑 → ∞. By considering
all scaling contributions (the sums contribute a factor of 𝑑 each, n point functions
𝑑𝑛) one can see that the 𝑛th term in the expansion scales as [51]:

𝐴(𝑛)
eff = O(𝑑2−𝑛), for 𝑛 > 1 (4.3.10)

This means only the 𝑛 = 2 term contributes in the DMFT limit.

𝐴eff = 𝐴cavity + ∫
𝛽

0
d𝜏1 ∫

𝛽

0
d𝜏2 ∑

𝜎𝑖𝑗
𝑐†

0𝜎𝑡𝑖0𝑡0𝑗𝐺
𝐶,lattice
𝑖𝑗 (𝜏1 − 𝜏2) (4.3.11)

⇒ 𝒢 −1
0 𝜎 (𝜏1 − 𝜏2) = −𝛿𝑖𝑗 (𝜕𝜏1

− 𝜇) − ∑
𝑖𝑗

𝑡𝑖0𝑡0𝑗𝐺
𝐶,lattice
𝑖𝑗 (𝜏1 − 𝜏2) (4.3.12)

Here we defined the Weiss function 𝒢0 𝜎(𝜏1 − 𝜏2), where the name was chosen in
reference to the original mean field approach.
The self consistency equations relating the Weiss function to the lattice Green’s func-
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tion are the DMFT equations that will be used later. Even though there is a relation

Initial guess for G0
or Δ, parameters 𝜇, 𝛽, 𝜖𝑘

Compute
𝐺imp(𝑖𝜔𝑛) from
G0 (CT-INT) or

Δ (CT-HYB)

Compute self energy Σimp(𝑖𝜔𝑛)

Compute 𝐺loc(𝑖𝜔𝑛)

Compute new G0(𝑖𝜔𝑛) or Δ(𝑖𝜔𝑛)

Transform 𝐹 (𝑖𝜔𝑛) → 𝐹 (𝜏)Transform 𝐹 (𝑖𝜔𝑛) → 𝐹 (𝜏)

if 𝐺loc
is not

converged

Figure 4.2: Program flow of the DMFT loop. The initial guess can be obtained from
the non interacting DOS of the lattice.

between cavity and full Green’s function known (see [51]), we will not make use of
it. The mapping to the Anderson impurity model (derived in the rest of this section)
will provide a more convenient formulation.

𝐺𝐶,lattice
𝑖𝑗 = 𝐺𝑖𝑗 −

𝐺𝑖0𝐺0𝑗

𝐺00
(4.3.13)

Inserting eq. 4.3.13 into eq. 4.3.12 and using the Matsubara representation as well
as Hilbert transform properties, one can show that:

𝒢 −1
0 𝜎 (𝑖𝜔𝑛) = Σ(𝑖𝜔𝑛) + 1

𝐻(𝐷(𝜖))(𝑖𝜔𝑛 + 𝜇 − Σ(𝑖𝜔𝑛))
(4.3.14)

While this is a feasible operation (see alg. 9), it does require additional effort and
adds a layer of numerical evaluation which can otherwise be carried out analytically.
In case of certain lattice types, such as the simple cubic one, it is possible to map the
problem on a tree like lattice which allows the analytic evaluation of eq. 4.3.13 to an
algebraic equation. We will derive this in sec. 4.4.
In any other case, as well as when using LDA+DMFT, one has to resort to the com-
putationally more expensive k-space integration. However the general structure of
the computation from fig. 4.2 does still hold.
The next steps now are to write down the Anderson impurity model. Let ̂𝑑𝛼 be the
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annihilation operator of state 𝛼 for the impurity and ̂𝑐𝛼 the annihilation operator for
the bath.

𝐻AIM = ⨋𝛼𝛽
̃𝜖𝛼𝛽𝑑†

𝛼𝑑𝛽 + 1
2 ⨋𝛼𝛽𝛾𝛿

𝑈𝛼𝛽𝛾𝛿𝑑†
𝛼𝑑†

𝛽𝑑𝛾𝑑𝛿
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝐻loc

+ ⨋𝛼𝜇𝜈
(𝑉 ⋆

𝛼𝜇𝜈𝑐†
𝜇𝜈𝑑𝛼 + ℎ.𝑐.)

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝐻hyb

+ ⨋𝜇𝜈
𝜖𝜇𝑐†

𝜇𝜈𝑐𝜇𝜈
⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝐻bath

(4.3.15)

We only consider a single impurity site and the same simplifications as during the
derivation of the Hubbard model are applied. Also the quantum numbers are as-
sumed to be discrete (we set −𝜇 ≡ ̃𝜖𝛼𝛽)

𝐻AIM = − 𝜇(𝑛↑ + 𝑛↓) + 𝑈𝑛↑𝑛↓⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝐻loc

+ ∑
𝛼𝜎

(𝑉𝛼𝜎𝑑†
𝜎𝑐𝛼𝜎 + ℎ.𝑐.)

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝐻hyb

+ ∑
𝛼𝜎

𝜖𝛼𝑐†
𝛼𝜎𝑐𝛼𝜎

⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝐻bath

(4.3.16)

Obviously the Hubbard model is a special case of the AIM. We can immediately
recover it by fixing the impurity site at 𝑖 = 0 and setting ̃𝜖𝛼𝛽 = 𝑡𝑖𝑗, 𝑉𝛼𝜎 = 𝑡0𝑗.
We can use the coherent state path integral formalism to find the action correspond-
ing to this Hamiltonian (see eq. 3.1.15 to eq. 3.1.20). This will allow us to integrate
out the bath and only work with the impurity effective action. The Grassmann fields
for the impurity and bath action are denoted by a 𝑐 and 𝑑 subscript respectively (the
following discussion has been adapted from [54]).

𝑍 = ∫ ∏
𝛼
D[𝜉⋆

𝛼𝑑]D[𝜉𝛼𝑑]D[𝜉⋆
𝛼𝑐]D[𝜉𝛼𝑐] 𝑒−𝐴[𝜉⋆

𝛼𝑑,𝜉𝛼𝑑,𝜉⋆
𝛼𝑐,𝜉𝛼𝑐]

𝐴 [𝜉⋆
𝛼𝑑, 𝜉𝛼𝑑, 𝜉⋆

𝛼𝑐, 𝜉𝛼𝑐] = ∑
𝛼

∫d𝜏 [𝜉⋆
𝛼 (𝜕𝜏 − 𝜇) 𝜉𝛼 + 𝐻AIM [𝜉⋆

𝛼𝑑(𝜏), 𝜉𝛼𝑑(𝜏), 𝜉⋆
𝛼𝑐(𝜏), 𝜉𝛼𝑐(𝜏)]]

= ∑
𝛼

∫d𝜏[ 𝜉⋆
𝑖𝑑𝜎(𝜏) (𝜕𝜏 − 𝜇) 𝜉𝑖𝑑𝜎(𝜏) + 𝐻loc [𝜉⋆

𝑖𝑑(𝜏), 𝜉𝑖𝑑(𝜏)]

+ 𝜉⋆
𝑖𝑐𝜎(𝜏) (𝜕𝜏 − 𝜇 + 𝜖𝑖) 𝜉𝑖𝑐𝜎(𝜏)

+ 𝜉⋆
𝑖𝑐𝜎(𝜏)𝑉 ⋆

𝑖𝜎 𝜉𝑖𝑑𝜎(𝜏) + 𝜉⋆
𝑖𝑑𝜎(𝜏)𝑉𝑖𝜎𝜉𝑗𝑐𝜎(𝜏)]

The first line of the equation above is the impurity action, the second line the bath
action and the third line is the hybridization.

= ∑
𝛼

∫d𝜏[𝜉⋆
𝑖𝑑𝜎(𝜏) (𝜕𝜏 − 𝜇) 𝜉𝑖𝑑𝜎(𝜏) + 𝐻loc [𝜉⋆

𝑖𝑑(𝜏), 𝜉𝑖𝑑(𝜏)]

− ∑
𝑗

𝜉⋆
𝑖𝑐𝜎(𝜏)𝑀𝑖𝑗𝜉⋆

𝑗𝑐𝜎(𝜏) + 𝜉⋆
𝑖𝑐𝜎(𝜏) 𝐽𝑖𝑑𝜎(𝜏) + 𝐽 ⋆

𝑖𝑑𝜎(𝜏) 𝜉𝑖𝑐𝜎(𝜏)]
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Here we introduced the following symbols:

𝐽𝑖𝜎(𝜏) = 𝑉𝑖𝜎𝜉𝑗𝑐𝜎(𝜏)
𝑀𝑖𝑗 = −𝛿𝑖𝑗 (𝜕𝜏 + 𝜇 − 𝜖𝑖)

This allows us to use eq. 3.1.16 in order to integrate out the bath into a constant factor.
The constants and pre-factor of ln(det(𝑀)) can be computed exactly, but since they
are absorbed into 𝑍eff later, they will be ignored here.

𝐴eff = 𝐴 − Tr (ln [𝛿𝑖𝑗 (𝜕𝜏 − 𝑒𝑖 + 𝜇)])

= 𝐴 − 𝑆0 − Tr (ln (𝐺−1
0, 𝜎(𝑖, 𝑗, 𝜏)))

We denote the bath Green’s function with 𝐺0, 𝜎(⋅)

= ∑
𝑖𝜎

∫d𝜏 [𝜉⋆
𝑖𝑑𝜎(𝜏) (𝜕𝜏 − 𝜇) 𝜉𝑖𝑑𝜎(𝜏) + 𝐻loc [𝜉⋆

𝑖𝑑(𝜏), 𝜉𝑖𝑑(𝜏)]]

+ ∑
𝑖𝑗𝜎

∫d𝜏 ∫d𝜏′𝐽 ⋆
𝑖𝑑𝜎(𝜏) [𝑀−1]𝑖𝑗𝐽𝑗𝑑𝜎(𝜏′)

= ∑
𝑖𝜎

∫d𝜏 [𝜉⋆
𝑖𝑑𝜎(𝜏) (𝜕𝜏 − 𝜇) 𝜉𝑖𝑑𝜎(𝜏) + 𝐻loc [𝜉⋆

𝑖𝑑(𝜏), 𝜉𝑖𝑑(𝜏)]]

+ ∑
𝑖𝑗𝜎

∫d𝜏∫ d𝜏′𝜉⋆
𝑖𝑑𝜎(𝜏) [Δ𝜎(𝜏 − 𝜏′)]𝑖𝑗⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

=𝑉 ⋆
𝑖𝜎 𝐺0, 𝜎(𝑖,𝑗,𝜏−𝜏′)𝑉𝑗𝜎

𝜉𝑗𝑑𝜎(𝜏′)

We can now insert the simplified Hubbard model (eq. 1.2.21) as local Hamiltonian

𝐴eff = ∑
𝜎

∫d𝜏 ∫d𝜏′
[𝜉⋆

𝑑𝜎(𝜏)𝛿(𝜏 − 𝜏′) (𝜕𝜏′ − 𝜇) 𝜉𝑑𝜎(𝜏′)

+ 𝜖0𝜉⋆
𝑑𝜎(𝜏)𝛿𝜎(𝜏 − 𝜏′)𝜉𝑑𝜎(𝜏′) + 𝜉⋆

𝑑𝜎(𝜏)Δ(𝜏 − 𝜏′)𝜉𝑑𝜎(𝜏′)

+ 𝛿(𝜏 − 𝜏′)𝑈𝑛↑(𝜏)𝑛↓(𝜏)]

= −∑
𝜎

∫
𝛽

0
d𝜏 ∫

𝛽

0
d𝜏′𝜉⋆

𝑑𝜎(𝜏)𝒢 −1
0 𝜎 (𝜏 − 𝜏′) 𝜉𝑑𝜎(𝜏′) + ∫

𝛽

0
d𝜏𝑈𝑛↑(𝜏)𝑛↓(𝜏) (4.3.17)

We identified the Weiss function by comparison with the cavity method as the Green’s
function generated by the effective action. An alternative representation in terms of
the hybridization operator is later used for the hybridization expansion solver.

𝐴eff = −∑
𝜎

∫
𝛽

0 ∫
𝛽

0
𝑑†

𝜎(𝜏)Δ𝜎(𝜏 − 𝜏′)𝑑𝜎(𝜏′) d𝜏 d𝜏′

+ ∫
𝛽

0
(𝑈𝑛↑(𝜏)𝑛↓(𝜏) − 𝜇𝑛↑(𝜏) − 𝜇𝑛↓(𝜏)) d𝜏 (4.3.18)

The hybridization operator Δ𝜎 can be written in terms of Matsubara frequencies:

Δ𝜎(𝜏) = ∑
𝑘

|𝑉𝑘𝜎|2𝐺0, 𝜎(𝑘, 𝜏 − 𝜏′) (4.3.19)
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Δ𝜎(𝑖𝜔𝑛) = ∑
𝑘

|𝑉𝑘𝜎|2

𝑖𝜔𝑛 − 𝜖𝑘 + 𝜇
(4.3.20)

𝒢0 𝜎(𝜏 − 𝜏′) = [−𝛿(𝜏 − 𝜏′) (𝜕𝜏 − 𝜇) − Δ𝜎(𝜏 − 𝜏′)]
−1 (4.3.21)

𝒢0 𝜎(𝑖𝜔𝑛) = [𝑖𝜔𝑛 + 𝜇 − Δ𝜎(𝑖𝜔𝑛)]
−1 (4.3.22)

=
[

𝑖𝜔𝑛 + 𝜇 − ∑
𝑘

|𝑉𝑘𝜎|2

𝑖𝜔𝑛 − 𝜖𝑘 + 𝜇]

−1

(4.3.23)

For the Hubbard model with impurity site 𝑖 = 0 the hybridization reads:

Δ𝜎(𝑖𝜔𝑛) = ∑
𝑖,𝑗≠0

𝑡𝑖0𝑡𝑗0𝐺𝑖𝑗
0 (𝑖𝜔𝑛) (4.3.24)

In order to obtain the relation between lattice and impurity Green’s function one can

𝑉𝑖𝑐
†
𝑖𝜎𝑑𝜎

𝜖𝑑

Figure 4.3: DMFT scheme on the AIM. The orange lattice point is solved exactly, the
blue region is the bath with the impurity self energy, the orange region
is the local problem connecting bath and impurity site.

also use the universality of the Luttinger-Ward functional [105]. The Hubbard model
parameters are denoted as subscripts in the context of the functional construction.

G𝑈[𝐺−1
𝑡,0 ] = 𝐺𝑡,𝑈

𝐺̂𝑈[Σ] = G𝑈[𝐺̂−1
𝑈 [Σ] + Σ]
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Using the stationary point of the grand canonical potential in terms of the Luttinger-
Ward functional, M. Potthoff derived the DMFT self consistency equations without
the need for perturbative expansion [105]:

𝐺̂𝑈[Σ] = 1
𝐺−1

𝑡,0 − Σ

⇒ 𝐺𝑡′,𝑈|local
= 1

𝐺−1
𝑡,0 − Σ𝑡′,𝑈

|local

Because of Σ𝑖𝑗 = 𝛿Φ
𝛿𝐺𝑖𝑗

this can also be understood as the first order of an expansion
for Φ = ∑𝑖 Φ1[𝐺𝑖𝑖] + ∑⟨𝑖𝑗⟩ Φ2[𝐺𝑖𝑖, 𝐺𝑗𝑗, 𝐺𝑖𝑗], where only Φ1 is taken into account [81].
While the non-perturbative approach can be useful for related methods such as the
self consistent cluster method, for the present case of single site DMFT, the pertur-
bative derivation will be sufficient.
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4.4 bethe lattice

𝑡𝑑

𝑡⋆𝑑
√7

Figure 4.4: Bethe lattice up to fifth
and third generation
with 𝑧 = 3 and 𝑧 = 5.
The branching ratio is
𝐾 = 𝑧 − 1

Since the hypercubic lattice does not retain
the physical property of a finite bandwidth
in infinite dimensions (see also fig. 4.1), it is
useful to map the DOS onto a simpler lattice
with similar properties and finite bandwidth.
In practice one often chooses the Bethe lat-
tice [18] which is a tree with degree 𝑧 for ev-
ery vertex. Even though this introduces very
strong surface effects due to exponential in-
crease in nodes per generation (see fig. 4.4),
one gains the ability to do analytical calcula-
tions on such a graph which greatly reduce
the computational cost of the DMFT loop [34].
In order to use the Bethe lattice, a relation be-
tween the original and the Bethe lattice needs
to be established. In our case this will be done
for the hopping parameter 𝑡𝑑, also the num-
ber of neighbors on the hypercubic lattice is
set to be equal to the degree of the Bethe lat-
tice. We restrict ourselves to nearest neighbor
hopping here, even though there is a hierar-
chy for higher order hopping known3. In fact
the DOS in the limit of lim𝐾→∞ and next near-
est neighbor hopping 𝑡𝑖𝑗 = 𝑡 can be computed
exactly [35, 34, 51].

lim
𝐾→∞

𝜌𝑁𝑁(𝜔) = lim
𝐾→∞

√𝜔2 − 4𝑡2(𝐾 − 1)/𝐾
2𝜋(𝑡2 − 𝜔2/𝐾)

=
√4𝑡2 − 𝜔2

2𝜋𝑡2 (4.4.1)

In the following we will write 𝑈, 𝛽 and the DOS in terms of the half-bandwidth 𝐷.

=
2√1 − 𝜔2

𝐷2

𝜋𝐷
, |𝜔| < 𝐷 (4.4.2)

As mentioned before, in addition to the finite bandwidth DOS, the Hilbert transform
and its reciprocal on the Bethe lattice (eq. 4.2.12 and eq. 4.2.13) also have a closed
form solution.

𝐻(𝜌)(𝑠) =
𝑠 − sign(ℑ{𝑠})√𝑠2 − 4𝑡2

2𝑡2 (4.4.3)

𝑅[𝐻(𝜌)(𝑠)] = 𝑡2𝐻(𝜌)(𝑠) + 𝐻−1(𝜌)

3 For example the next nearest neighbor tight binding hopping Hamiltonian for coordination number
𝑧 ∶ 𝐻̂2 = (𝐻̂1)

2
− 𝑧𝟙 [34]
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h −𝐷 𝐷
𝜔

𝜌(𝜔)

Figure 4.5: DOS for the Bethe lattice with bandwidth 2𝐷

Comparison with the original motivation for the introduction of the Hilbert trans-
form yield a very useful relationship between the interacting and non interacting
Green’s function:

𝐺(𝑖𝜔𝑛) =
𝑖𝜔𝑛 + 𝜇 − 𝒢 −1

0 𝜎 (𝑖𝜔𝑛)
𝑡2 (4.4.4)

=
Δ(𝑖𝜔𝑛)

𝑡2 (4.4.5)

This greatly reduces computational performance and numerical stability while re-
taining properties of some other lattice types.
The Hilbert transform of the Gaussian DOS (eq. 4.1.4) can also be obtained in closed
form with 𝑡 = 1/√2 as:

𝐻(𝜌𝑔)(𝑠) = −𝑖 sign(ℑ{𝑠})√𝜋𝑒−𝑠2
erfc(− sign(ℑ{𝑠})𝑖𝑠) (4.4.6)

erfc(𝑥) = 1 − erf(𝑥) = 2
√𝜋

∫∞
𝑥 𝑒−𝑠2

d𝑠 is the complementary error function 4. Bethe
and hypercubic lattice at 𝑇 = 0 have been shown to yield very similar results in the
context of DMFT by R. Bulla [25]. Therefore all following calculations will be done
using the Bethe lattice if not stated otherwise.

4.5 impurity solvers

We have now reduced the full lattice problem to an effective single site computation,
in which the full lattice only enters through the bath interactions. There are several
ways to obtain a solution for the impurity problem (i.e. obtain the impurity Green’s
function).
One possibility is exact diagonalization, that is finding a basis and solving the eigen-
value problem directly (at least for the lower energy states). For most problems in
solid state physics this is unfeasible, since neither many body Hamiltonians nor sys-
tems approaching the thermodynamic limit are within the reach of computational
possibility. The renormalization group method allows for very close inspection
of phase transition but is only exact in this region of the phase diagram. Monte
Carlo methods are computationally expensive in comparison to the above, espe-
cially when the sign problem is present, but offer an unbiased approach with few
parameters that control convergence and precision. In this work I will focus on con-

4 In numerical calculations the (complementary) error function turned out to be unstable due to under-
flow errors. One can resort to the use of the Dawson or Faddeeva function instead. See also sec. 5
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tinuous time quantum Monte Carlo. The name distinguishes these methods from
the Hirsch-Fye algorithm, because instead of expansion of the action using Trot-
ter approximation (eq. 3.1.3), one expands in terms of interaction vertices. Since
we want to employ the Metropolis algorithm, we will have to identify appropriate
weights and transition probabilities.

𝐻 = 𝐻0 + 𝐻1 (4.5.1)

Let’s introduce an auxiliary operator 𝐴(𝜏) which we use to rewrite the partition
function.

𝐴(𝜏) = 𝑒𝜏𝐻𝐴𝑒−𝜏𝐻 (4.5.2)
𝑍 = Tr (𝑒−𝛽𝐻0𝐴(𝛽)) (4.5.3)

𝑒−𝛽𝐻0𝐴(𝜏) = 𝑒−𝛽𝐻0 [𝑒𝜏𝐻0𝑒−𝜏𝐻] = 𝑒−𝛽𝐻 (4.5.4)
𝜕𝜏𝐴(𝜏) = 𝑒𝜏𝐻0 (𝐻0 − 𝐻) 𝑒−𝛽𝐻 = −𝑒𝜏𝐻0𝐻1𝑒−𝜏𝐻0𝐴(𝜏)

= −𝐻1(𝜏)𝐴(𝜏) (4.5.5)

The boundary is 𝐴(0) = 𝟙.

⇒ 𝐴(𝛽) = 𝑇 𝑒− ∫𝛽
0 𝐻1(𝜏)𝑑𝜏 (4.5.6)

𝑍 = Tr [𝑒−𝛽𝐻0𝑇 [𝑒− ∫𝛽
0 𝐻1(𝜏)𝑑𝜏

]] (4.5.7)

The exponential is then expanded to find the weight of a configuration:

𝑍 =
∞

∑
𝑛=0

∫
𝛽

0 ∫
𝛽

𝜏1

⋯∫
𝛽

𝜏𝑛−1

Tr [𝑒−(𝛽−𝜏𝑛)𝐻0 (−𝐻1)⋯𝑒−(𝜏2−𝜏1)𝐻0 (−𝐻1) 𝑒−𝜏1𝐻0] d𝜏𝑛⋯d𝜏1⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑤𝐶 d𝐶

(4.5.8)
𝐶 = {𝜏1,⋯𝜏𝑛}, 𝜏𝑖 < 𝜏𝑖+1, 𝜏𝑖 ∈ [0, 𝛽) (4.5.9)

The three continuous time quantum Monte Carlo methods are obtained by choosing
different decompositions of 𝐻AIM for the single site impurity model.

𝐻AIM = 𝐻loc + 𝐻hyb + 𝐻bath (4.5.10)

𝐻loc = − 𝜇(𝑛↑ + 𝑛↓)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝐻𝜇

+ 𝑈𝑛↑𝑛↓⏟
𝐻𝑈

(4.5.11)

In order to employ Monte Carlo sampling, we recall that the expectation value needs
to be in the form of eq. 2.5.9. Lets start with the usual grand canonical expectation
value:

⟨𝑂⟩ = ⟨𝑒−𝛽(𝐻−𝜇𝑁)𝑂⟩
𝑍

=
Tr [𝑒−𝛽(𝐻−𝜇𝑁)𝑂]
Tr [𝑒−𝛽(𝐻−𝜇𝑁)]
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This allows expansion of the exponentials perturbatively as a sum over weights.
Theses are then identified as density matrices.

𝑒−𝛽(𝐻−𝜇𝑁) ∼ ∑
𝐶

𝜌𝐶

⇒ ⟨𝑂⟩ ∼
∑𝐶 Tr [𝜌𝐶𝑂]
∑𝐶 Tr [𝜌𝐶]

= ∑
𝐶

Tr [𝜌𝐶]
∑𝐶′ Tr [𝜌𝐶′]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝑝𝐶

Tr [𝜌𝐶𝑂]
Tr [𝜌𝐶]⏟⏟⏟⏟⏟

𝑤𝐶

⇒ ⟨𝑂⟩𝑝 = ∑
𝐶

𝑝𝐶𝑤𝐶

As proven in sec. 2.1, sampling with these probabilities provides an unbiased es-
timator for the expected value of the operator 𝑂. We will now look at algorithms
which allow us to sample these weights within a Monte Carlo simulation, which in
turn provides the estimated probabilities. The general strategy will be to transition
between different perturbation orders 𝑘 and calculate the sum over all diagrams 𝑍𝑘
contributing to this order.

𝑍 = 𝑍0 +⋯ + 𝑍𝑘−1 + 𝑍𝑘 + 𝑍𝑘+1 +⋯ (4.5.12)

This is made possible by a matrix identity that allows the computation of determi-
nant ratios 𝑍𝑘

𝑍𝑘+1
, as well as the value of the new determinant, in O(𝑘2) operations.

After every move, the measurement for the impurity Green’s function as well as
other observables can be computed from the stored matrix.

4.5.1 Interaction Expansion — CT-INT
We first discuss the continuous time interaction expansion method (CT-INT). This
method is also called Weak Coupling approach [115]. Here we chose 𝐻1 = 𝐻𝑈 (in
reference to eq. 4.5.8) and use (d𝜏)

𝑛 as a formal abbreviation of the 𝑛 equal integral
measures.

𝐻0 = 𝐻hyb + 𝐻bath − 𝜇(𝑛↑ + 𝑛↓) (4.5.13)

𝐻1 = 𝑈𝑛↑𝑛↓ (4.5.14)

We will assume only one impurity site for this, the resulting algorithm is easily ex-
tended by adding the necessary indices to the density operators.

d𝐶 𝑤𝐶 = (−𝑈 d𝜏)
𝑛 Tr [𝑒−𝛽𝐻0]
Tr [𝑒−𝛽𝐻0]

Tr [𝑒−(𝛽−𝜏𝑛)𝐻0𝑛↑𝑛↓𝑒−(𝜏𝑛−𝜏𝑛−1)𝐻0 … ]

= (−𝑈 d𝜏)
𝑛 𝑍0

𝑍0
Tr [𝑒−𝛽𝐻0𝑒𝜏𝑛𝐻0𝑛↑𝑒−(𝜏𝑛−𝜏𝑛)𝐻0𝑛↓𝑒−(𝜏𝑛−𝜏𝑛−1)𝐻0 … ] (4.5.15)

Having inserted the necessary unity operators, we can use Wick’s theorem to rewrite
the trace. Note that only equal spin creation annihilation pairs survive

= (−𝑈 d𝜏)
𝑛𝑍0 ⟨⋯𝑑†

↑(𝜏𝑗)𝑑↑(𝜏𝑗)⋯𝑑†
↑(𝜏𝑖)𝑑↑(𝜏𝑖)⋯⟩0
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= (−𝑈 d𝜏)
𝑛𝑍0 ∏

𝜎
det [𝒢0 𝜎(𝜏𝑖 − 𝜏𝑗)]

The brackets indicate the matrix of all vertex insertion times 𝑖, 𝑗. In case 𝑖 = 𝑗 we use
the 𝒢0 𝜎(0+).

= (−𝑈 d𝜏)
𝑛𝑍0 ∏

𝜎
det 𝑀−1

𝜎 (4.5.16)

Where we identified:

𝒢0 𝜎(𝜏) = 1
Tr{𝑒−𝛽𝐻0}

Tr [𝑒−𝛽𝐻0𝑇 (𝑑(𝜏)𝑑†(0))] (4.5.17)

[𝑀−1
𝜎 ]𝑖𝑗 = 𝒢0 𝜎(𝜏𝑖 − 𝜏𝑗) (4.5.18)

This identity can be confirmed by comparison to our derivation of the Anderson
impurity action (eq. 4.3.17). Following diagrams contribute at order 𝑛 = 1 and 𝑛 = 2,
we use red color to indicate Ising spin up and blue color for down for the rest of this
chapter.

(−𝑈) det [𝑀−1
(1),↑𝑀−1

(1),↓] = U

𝒢0 ↓(0+)

𝒢0 ↑(0+)

(−𝑈)2 det [𝑀−1
(2),↑𝑀−1

(2),↓] = + + +

From the expansion in eq. 4.5.16 we can immediately spot a potential sign problem
in the paramagnetic phase where 𝒢0↑ ≡ 𝒢0↓, since odd perturbation orders lead to
negative weights [54].
There is however an adjustment to the Hamiltonian from F. Assaad and T. C. Lang
that suppresses the sign problem at 𝜇 ≈ 𝑈/2 [10]: One introduces a shift to the
ground state energy, that depends on an external Ising field to the density operator.
Note that this extension is not always implied when talking about the interaction
expansion. The procedure including this shift is closely related to the auxiliary field
method introduced below. In fact we will discuss a prove for their equivalence in
the context of this work, where we consider density-density interactions [54]. The
resulting algorithm is however more closely related to the original CT-INT method.

𝑈𝑛↑𝑛↓ = 𝑈
2 ∑

𝑠
∏

𝜎
(𝑛𝜎 − 𝛼𝜎(𝑠)) + 𝑈

2
(𝑛↑ + 𝑛↓) + 𝑈 [(

1
2

+ 𝛿)
2

− 1
4] (4.5.19)

𝛼𝜎(𝑠) = 1
2

+ 𝜎𝑠 (
1
2

+ 𝛿) (4.5.20)

With 𝛿 sufficiently small and 𝑠 = ±1.
The last term is a constant and can be absorbed into the partition function. The
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second term is just a shift in the chemical potential, resembling the particle hole
transformation from chapter 1:

𝜇 → 𝜇 − 1
2

𝑈 (4.5.21)

𝒢 −1
0 𝜎 (𝑖𝜔𝑛) → 𝒢 −1

0 𝜎 (𝑖𝜔𝑛) − 1
2

𝑈 (4.5.22)

Note that this shift applies to the whole DMFT loop, not just the sampling step!
More importantly however, the sample space and weights change as well:

𝑆 = {𝜏𝑖 | 𝜏𝑖 ∈ [0, 𝛽)} → 𝑆 = {(𝜏𝑖, 𝑠𝑖) | 𝜏𝑖 ∈ [0, 𝛽) , 𝑠𝑖 ∈ {−1, +1}} (4.5.23)

[𝑀−1
𝜎 ]𝑖𝑗 → [𝑀−1

𝜎 ]𝑖𝑗 − 𝛿𝑖𝑗𝛼𝜎(𝑠𝑖) (4.5.24)

d𝐶 𝑤𝐶 → 𝑍̃0(−𝑈 d𝜏
2 )

𝑛
det 𝑀−1

↑ 𝑀−1
↓ (4.5.25)

For brevity we omitted all indices for impurity sites or different states. This trans-
formation is not a full Hubbard-Stratonovich transformation, but due to the equiva-
lence of CT-INT and CT-AUX for density-density interactions (see next section) we
can use the same type of diagrams. The Hubbard-Stratonovich transformation in-
troduces four fermion operators:

exp [−𝑈 (𝑛↑ − 1
2) (𝑛↓ − 1

2)] = 𝑒− 𝑈
4 ∑

𝑠∈{±1}
𝑒−𝑠𝛾(𝑛↑−𝑛↓) (4.5.26)

𝛾 will be determined in the next section. The left hand side contains four fermion
operators while the two particle density operator on the right hand side only couples
to a classical Ising field. This can be written in form of diagrams:

= + (4.5.27)

The role of the Ising dependent shift can be easily seen by writing down 𝑀−1 ex-
plicitly

𝑀−1
(𝑛),𝜎 =

⎛
⎜
⎜
⎜
⎝

𝒢0 𝜎(0+) − 𝛼𝜎(𝑠) 𝒢0 𝜎(𝜏1 − 𝜏2) ⋯ 𝒢0 𝜎(𝜏1 − 𝜏𝑛)
𝒢0 𝜎(𝜏2 − 𝜏1) 𝒢0 𝜎(0+) − 𝛼𝜎(𝑠) ⋯ 𝒢0 𝜎(𝜏2 − 𝜏𝑛)

⋮ ⋮ ⋱ ⋮
𝒢0 𝜎(𝜏𝑛 − 𝜏1) 𝒢0 𝜎(𝜏𝑛 − 𝜏2) ⋯ 𝒢0 𝜎(0+) − 𝛼𝜎(𝑠)

⎞
⎟
⎟
⎟
⎠

(4.5.28)

We gain a better conditioned matrix as well as positive weights, but lose some per-
formance [10]. This is not only due to the larger sample space but also the average
perturbation order increases:

⟨𝑛⟩ = −𝛽𝑈 [⟨ ̂𝑛↑ ̂𝑛↓⟩ − 1
2 ⟨ ̂𝑛↑ + ̂𝑛↓⟩ − 𝛿2

] (4.5.29)

In practice it turned out to be sufficient to occasionally check for occurrence of neg-
ative weights due to numerical instabilities (from an ill conditioned 𝑀 matrix) and
increase 𝛿 until the sampled weights were all positive again. This is of course only
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viable at half filling. A safe pick was 𝛿 ∼ 0.001 near half filling for 𝑈 ∼ 2.5, 𝛽 ∼ 64.
The average perturbation order is proportional to the potential energy in case of the
interaction expansion:

⟨𝑛⟩ = −𝛽𝐸pot + 1
2

𝛽𝑈 ⟨𝑛↑ + 𝑛↓⟩ (4.5.30)

The kinetic energy can be obtained easily from the imaginary time Green’s function:

𝐸kin = 𝐷2

2 ∫
𝛽

0
d𝜏𝐺(𝜏)𝐺(−𝜏) (4.5.31)

=
𝛽2𝐷2

2 ∑
𝑛

𝐺(𝑖𝜔𝑛)𝐺(−𝑖𝜔𝑛) (4.5.32)

4.5.2 CT-INT sampling and measurement

Due to the equivalence of CT-INT and CT-AUX in this thesis, we only write down
the the sampling algorithm for CT-INT. The burn-in period is assumed to be taken
care of by the accumulator object, which has to disregard the initial configurations.
This is also the case for skipping of data points in order to reduce auto correlation.
The Metropolis proposal rates 𝑇 (𝐶 → 𝐶′) and acceptance probabilities are in prin-
cipal an almost free choice as explained before.

𝐴(𝐶 → 𝐶′) = min{1, 𝑅(𝐶 → 𝐶′)}

However, the simplest choice that still satisfies ergodicity is to draw insertion and
removal proposal uniformly from their respective sample spaces. For the insertion
we have to draw 𝜏 ∈ [0, 𝛽) and 𝑠 ∈ {−1, 1}, for the removal 𝑛 ∈ |𝐶|.

𝑇 (𝑛 → 𝑛 + 1) = 1
2𝛽

, 𝑇 (𝑛 + 1 → 𝑛) = 1
𝑛 + 1

(4.5.33)

𝑅(𝑛 → 𝑛 + 1) =
d𝐶 (𝑛+1) 𝑤𝐶(𝑛+1) 𝑇 (𝑛 → 𝑛 + 1)

d𝐶 (𝑛) 𝑤𝐶(𝑛) 𝑇 (𝑛 + 1 → 𝑛)
(4.5.34)

=
−𝛽𝑈
𝑛 + 1 ∏

𝜎

det 𝑀−1
(𝑛+1),𝜎

det 𝑀−1
(𝑛),𝜎

(4.5.35)

𝑅(𝑛 + 1 → 𝑛) = 1
𝑅(𝑛 → 𝑛 + 1)

(4.5.36)

The evaluation of the determinant looks unfeasible, but can in fact be done with
only a couple of matrix multiplications as shown in sec. 5.1. In summary we have
the following proposals: In order for this algorithm to work we need to store 𝑀(𝑛),𝜎,

Table 4.1: Proposals for the CT-INT solver which fulfill detailed balance
Proposal Transition rate

Segment insertion −𝛽𝑈
𝑛+1 ∏𝜎

det[𝑀 (𝑛+1)
𝜎 ]

−1

det[𝑀 (𝑛)
𝜎 ]

−1

Segment removal −𝑛
𝛽𝑈 ∏𝜎

det[𝑀 (𝑛)
𝜎 ]

−1

det[𝑀 (𝑛+1)
𝜎 ]

−1
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but since the algorithm provides us with the option to never use 𝑀−1
(𝑛),𝜎 explicitly, we

do not even need the matrix inversion.
The sample algorithm is based on alg. 4. This is however only a single sampling
step and the accumulation is done separately. The impurity Green’s function for a

input : Weiss function 𝒢0 𝜎(𝜏), Simulation parameters 𝜇, 𝛽, 𝑈.
Configuration 𝐶 (𝑛) = {(𝜏1, 𝑠1),⋯(𝜏𝑛, 𝑠𝑛)}, Matrix 𝑀𝜎

output : Updated configuration 𝐶 and 𝑀𝜎

1 Draw 𝜁 ∼ 𝑈(0, 1); 𝜁 ′ ∼ 𝑈(0, 1)
2 if 𝜁 < 0.5:
3 Draw 𝑠 ∼ 2 ⋅ ⌊𝑈(0, 1)⌉ − 1
4 Draw 𝜏 ∼ 𝑈(0, 𝛽)
5 if 𝑛 == 0:
6 Set acceptance probability 𝑅insert = 1
7 else:
8 Compute acceptance probability 𝑅 using eq. 5.1.2
9 if 𝜁 ′ < 𝑅:

10 Set ̃𝐶 (𝑛+1) = 𝐶 (𝑛) ∪ {(𝜏, 𝑠)}
11 Update 𝑀(𝑛),𝜎 → 𝑀(𝑛+1),𝜎 using 𝒢0 𝜎(𝜏) and eq. 5.1.6
12 else:
13 if 𝑛 == 0:
14 return ̃𝐶0

15 Draw 𝑛′ ∼ 𝑈(0, 𝑛 − 1)
16 Compute acceptance probability 𝑅 using eq. 5.1.1
17 if 𝜁 ′ < 𝑅:
18 Set ̃𝐶 (𝑛+1) = 𝐶 (𝑛)\{(𝜏𝑛′, 𝑠𝑛′)}
19 Update 𝑀(𝑛),𝜎 → 𝑀(𝑛−1), 𝜎 using 𝒢0 𝜎(𝜏) and eq. 5.1.7
20 return updated ̃𝐶 (𝑛±𝑙), 𝑀(𝑙),𝜎, 𝑙 ∈ {−1, 0, +1}

Algorithm 6: CT-INT sampling

single configuration can be obtained from eq. 4.5.15 by inserting 𝑑†(0) and 𝑑(𝜏) and
then using eq. 5.1.2 with Wick’s theorem:

𝐺𝐶,imp, 𝜎(𝜏) =
⟨𝑇 𝑑(𝜏)𝑑†(0) ∏𝑖 𝑑†

𝜎(𝜏𝑖)𝑑𝜎(𝜏𝑖)⟩0

⟨∏𝑖 𝑑†
𝜎(𝜏𝑖)𝑑𝜎(𝜏𝑖)⟩0

=
det 𝑀−1

(𝑛+1)

det 𝑀−1
(𝑛)

= 𝒢0 𝜎(𝜏) − ∑
𝑖𝑗

𝒢0 𝜎(𝜏 − 𝜏𝑖)[𝑀𝜎]𝑖𝑗𝒢0 𝜎(𝜏 − 𝜏𝑗) (4.5.37)

Fourier transformation yields the measurement in Matsubara frequencies:

𝐺𝐶,imp, 𝜎(𝑖𝜔𝑛) = 𝒢0 𝜎(𝑖𝜔𝑛) − 𝛽−1(𝒢0 𝜎(𝑖𝜔𝑛))
2

∑
𝑖𝑗

𝑒𝑖𝜔𝑛(𝜏𝑖−𝜏𝑗)[𝑀𝜎]𝑖𝑗 (4.5.38)

These measurements can be done faster and more stable using a separate accumu-
lation process (see sec. 5.3).
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In order to obtain the full impurity Green’s function, we use the usual Monte Carlo
sign weighted sum

𝐺imp, 𝜎(⋅) = ∑
𝐶∈𝑆

𝑤𝐶𝐺𝐶,imp, 𝜎(⋅)

𝑍
≈

∑𝐶∈𝑆𝑀𝐶
sign𝐶|𝑤𝐶|𝐺𝐶,imp, 𝜎(⋅)

∑𝐶∈𝑆𝑀𝐶
sign𝐶|𝑤𝐶|

=
⟨sign ⋅ 𝐺imp, 𝜎(⋅)⟩𝑀𝐶

⟨sign⟩𝑀𝐶

(4.5.39)

𝐶𝑖,𝜎,MC = {(𝜏1, … , 𝜏𝑛, [𝑀𝜎]𝑖𝑗, 𝑠1, … , 𝑠𝑛)} (4.5.40)

4.5.3 Auxiliary Field — CT-AUX

The auxiliary field method is well known for its efficiency for large impurity cluster
calculations, while still retaining an advantage over sign problem susceptible algo-
rithms such as Hirsch-Fye or CT-INT [59].
However, we again consider only one impurity site for the derivation. The choice
of 𝐻1 is similar to CT-INT but we introduce an additional parameter 𝐾 and employ
the discrete Hubbard-Stratonovich transformation [64] during the derivation of the
weights (compare eq. 4.5.15).

𝐻0 = 𝐻hyb + 𝐻bath − 𝜇(𝑛↑ + 𝑛↓) + 1
2

𝑈 (𝑛↑ + 𝑛↓) + 𝐾
𝛽

(4.5.41)

𝐻1 = 𝑈𝑛↑𝑛↓ − 1
2

𝑈 (𝑛↑ + 𝑛↓) − 𝐾
𝛽

(4.5.42)

= 𝐾
2𝛽 ∑

𝑠∈{+1,−1}
𝑒𝛾𝑠(𝑛↑−𝑛↓) = 𝐾

2𝛽 ∑
𝑠

∏
𝜎

(𝑒𝛾𝑠𝜎 − (𝑒𝛾𝑠𝜎 − 1) 𝑑𝜎𝑑†
𝜎) (4.5.43)

𝐾 =
𝛽𝑈

2 cosh(𝛾) − 2
(4.5.44)

Similar to the derivation of the weights for CT-INT it is now possible to evaluate
the trace analytically. We decompose the original non-perturbed Hamiltonian into
three commuting parts: 𝐻0 = 𝐾

𝛽 + ∑𝜎∈{↑,↓} 𝐻𝜎,0

d𝐶 𝑤𝐶 = (
𝐾 d𝜏

𝛽 )

𝑛
𝑒−𝐾𝑍𝜎,0 ⟨∑

𝑠
∏

𝜎
(⋯𝑒𝛾𝑠𝑖𝜎 − (𝑒𝛾𝑠𝑖𝜎 − 1) 𝑑↑(𝜏𝑖)𝑑

†
↑(𝜏𝑖)⋯)⟩

𝜎,0

Instead of summing over all Ising spins 𝑠, we once again extend the sample space.
Also analog to before, the second term of 𝐻1 is absorbed into the chemical potential
so 𝜇 → 𝜇 − 1

2 𝑈 etc. The derivation of the trace factor is a bit more tedious this time
and therefore left to the literature [51]

. = (
𝐾 d𝜏

𝛽 )

𝑛
𝑒−𝐾𝑍𝜎,0 ∏

𝜎
Tr [𝑒−𝛽𝐻𝜎,0] det 𝑁−1

↑ 𝑁−1
↓ (4.5.45)

with

𝑁−1
𝜎 = 𝑒Γ𝜎 − [𝒢0 𝜎(𝜏𝑖 − 𝜏𝑗)] (𝑒Γ𝜎 − 𝟙) (4.5.46)

[𝑒Γ𝜎]𝑖𝑗 = 𝛿𝑖𝑗𝑒𝛾𝜎𝑠𝑖 (4.5.47)
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The matrix explicitly takes the following form:

𝑁−1
𝜎 =

⎛
⎜
⎜
⎜
⎜
⎜
⎝

𝑒𝛾𝜎𝑠1 − 𝒢0 𝜎(0+) (𝑒𝛾𝜎𝑠1 − 1) 𝒢0 𝜎(𝜏1 − 𝜏2) (𝑒𝛾𝜎𝑠2 − 1) ⋯ 𝒢0 𝜎(𝜏1 − 𝜏𝑛) (𝑒𝛾𝜎𝑠𝑛 − 1)
𝒢0 𝜎(𝜏2 − 𝜏1) (𝑒𝛾𝜎𝑠1 − 1) 𝑒𝛾𝜎𝑠2 − 𝒢0 𝜎(0+) (𝑒𝛾𝜎𝑠2 − 1) ⋯ 𝒢0 𝜎(𝜏2 − 𝜏𝑛) (𝑒𝛾𝜎𝑠𝑛 − 1)

⋮ ⋮ ⋱ ⋮
𝒢0 𝜎(𝜏𝑛 − 𝜏1) (𝑒𝛾𝜎𝑠1 − 1) 𝒢0 𝜎(𝜏𝑛 − 𝜏2) (𝑒𝛾𝜎𝑠2 − 1) ⋯ 𝑒𝛾𝜎𝑠𝑛 − 𝒢0 𝜎(0+) (𝑒𝛾𝜎𝑠𝑛 − 1)

⎞
⎟
⎟
⎟
⎟
⎟
⎠

(4.5.48)

We again use 𝒢0 𝜎(0+) for 𝑖 = 𝑗.
In order to show the equivalence of CT-INT and CT-AUX we rewrite 𝑁−1

𝜎 in the
following form [54]:

𝑒Γ𝜎 − [𝒢0 𝜎(𝜏𝑖 − 𝜏𝑗)] (𝑒Γ𝜎 − 𝟙)

= ([𝒢0 𝜎(𝜏𝑖 − 𝜏𝑗)] − 1
2

𝟙 − [
1
2

𝟙 − (𝟙 − 𝑒Γ𝜎)
−1

]) (𝟙 − 𝑒Γ𝜎)

The square bracket is a diagonal matrix with elements that can be evaluated to
𝜎𝑠

2 tanh (𝛾/2) using 𝜎𝑠 = ±1.
It follows that ∏𝜎 (𝟙 − 𝑒Γ𝜎) = − 𝛽𝑈

𝐾 𝟙

⇒ ∏
𝜎

det (𝑁−1
𝜎 ) = (

𝛽𝑈
𝐾 )

𝑛
det ([𝒢0 𝜎(𝜏𝑖 − 𝜏𝑗)] − 1

2
𝟙 − 𝑠𝜎

2 tanh(𝛾/2)
𝟙)

⇒ 1
2

+ 𝛿 = 1
2 tanh(𝛾/2)

⇔ 𝐾 = 𝛽𝑈 [(
1
2

+ 𝛿)
2

− 1
4]

Note that we are still expanding in orders of 𝑈 since 𝐾 ∼ 𝑈.
The average perturbation order for CT-AUX is therefore

⟨𝑛⟩ = −𝛽𝑈 [⟨ ̂𝑛↑ ̂𝑛↓⟩ − 1
2 ⟨ ̂𝑛↑ + ̂𝑛↓⟩] + 𝐾 (4.5.49)

Since the CT-AUX methods requires more operations due to the exponential func-
tions5 the CT-INT method with Ising spin extension is preferable wherever these
methods are equivalent.

4.5.4 Hybridization Expansion — CT-HYB
We can either express the effective action in terms of the Weiss Green’s function eq. 4.3.17
or the hybridization function eq. 4.3.18. The strong coupling or hybridization ex-
pansion method expands in terms of the hybridization potential 𝑉𝛼𝜎 instead of the
interaction strength 𝑈 [132].
However, the general idea for the derivation of this method is the same as before.
We will again start with a suitable partition of the Hamiltonian

𝐻0 = 𝐻loc + 𝐻bath (4.5.50)

𝐻1 = 𝐻hyb = 𝐻𝑑†

1 + 𝐻𝑑
1 (4.5.51)

5 In fact, this drawback can almost be completely neglected with proper optimization, since one can
used cached values. However it still introduces unnecessary overhead.
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𝜏𝛼 = 0 𝜏𝛼 = 𝛽

𝜏𝛾 = 0 𝜏𝛾 = 𝛽

𝑐†
𝛼(𝜏𝛼

1 ) 𝑐𝛼(𝜏′𝛼
1 ) 𝑐†

𝛼(𝜏𝛼
2 ) 𝑐𝛼(𝜏′𝛼

2 ) 𝑐†
𝛼(𝜏𝛼

3 )𝑐𝛼(𝜏′𝛼
3 )

𝑐†
𝛾 (𝜏𝛾

1) 𝑐𝛾(𝜏′𝛾
1 ) 𝑐†

𝛾 (𝜏𝛾
2) 𝑐𝛾(𝜏′𝛾

2 )

Figure 4.6: Overlap of segments for local trace computation. Line 𝛼 has a permuta-
tion sign of −1 due to the last segment wrapping around.

= ∑
𝛼,𝜎

𝑉𝛼,𝜎𝑑†𝐶𝛼,𝜎 + ∑
𝛼,𝜎

𝑉 ⋆
𝛼,𝜎𝑐†

𝛼,𝜎𝑑𝜎 (4.5.52)

We can use that 𝑒−𝜏𝐻0 does not flip the spin and therefore the number of creation
operators for each configuration must be the same as the number of annihilation
operators. This will be used in the second line. We start by writing eq. 4.5.8 explicitly
with this choice of 𝐻0 and 𝐻1.

𝑍 =
∞

∑
𝑛=0

∫
𝛽

0
d𝜏1⋯∫

𝛽

𝜏𝑛

d𝜏𝑛 ∫
𝛽

0
d𝜏′

1 ⋯∫
𝛽

𝜏′
𝑛

d𝜏′
𝑛

× Tr [𝑒−𝛽𝐻0𝑇 𝐻𝑑
1 (𝜏𝑛) 𝐻𝑑†

1 (𝜏′
𝑛)⋯𝐻𝑑

1 (𝜏1) 𝐻𝑑†

1 (𝜏′
1)]

One can now use that [𝐻bath, 𝑑] = [𝐻loc, 𝑐] = 0 to separate the traces over impurity
and bath.

= 𝑍bath ∏
𝜎

∞

∑
𝑛𝜎=0

∫
𝛽

0
d𝜏1,𝜎⋯∫

𝛽

𝜏𝑛𝜎−1,𝜎

d𝜏𝑛𝜎,𝜎 ∫
𝛽

0
d𝜏′

1,𝜎 ⋯∫
𝛽

𝜏′
𝑛𝜎−1,𝜎

d𝜏′
𝑛𝜎,𝜎

× Tr𝑑 [𝑒−𝛽𝐻loc𝑇 ∏
𝜎

𝑑𝜎(𝜏𝑛𝜎,𝜎)𝑑†
𝜎(𝜏′

𝑛𝜎,𝜎) ⋯ 𝑑𝜎(𝜏1,𝜎)𝑑†
𝜎(𝜏′

1,𝜎)]

× 1
𝑍bath

Tr𝑐
⎡
⎢
⎢
⎣
𝑒−𝛽𝐻bath𝑇 ∏

𝜎
∑

𝛼1⋯𝛼𝑛𝜎
∑

𝛼′
1⋯𝛼′

𝑛𝜎

𝑉 ⋆
𝛼1,𝜎𝑉𝛼′

1 ,𝜎 ⋯ 𝑐†
𝛼𝑛𝜎,𝜎(𝜏𝑛𝜎,𝜎)𝑐𝛼′

𝑛𝜎,𝜎(𝜏′
𝑛𝜎,𝜎) ⋯

⎤
⎥
⎥
⎦

The trace over the bath Tr𝑐 can be evaluated in the same manner as before and re-
sults in the determinant of a matrix. The impurity trace requires us to look at the
eigenbasis of 𝐻loc:
Creation and annihilation operators for the same spin 𝑑𝜎, 𝑑†

𝜎 must alternate for the
trace to contribute. This can be represented by two time lines [0, 𝛽) with full seg-
ments for times during which the impurity is occupied and empty segments where
it is not. This is called section picture [54]. While this is not the only way to treat
this trace it is, sufficient for this thesis. These evaluations of the local trace are better
suited for arbitrary local interactions, but are out of the scope of this thesis. The to-
tal length of segments for spin 𝜎 is called 𝑙𝜎, the total length of all overlaps between
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segments of different spin (or states in general) 𝑙overlap. With these definitions one
can write down the Monte Carlo weights:

d𝐶 𝑤𝐶 = (d𝜏)
2𝑛𝜎(−1)∑𝜎 𝑠𝜎𝑒𝜇 ∑𝜎 𝑙𝜎−𝑈𝑙overlap × det 𝑀−1

𝜎 (4.5.53)

[𝑀−1
𝜎 ]𝑖𝑗 = Δ𝜎(𝜏′

𝑖𝜎 − 𝜏𝑗𝜎) (4.5.54)

𝑠𝜎 ∈ [0, 1] is equal to one iff a 𝜎 segment ends at 𝜏′
𝜎 < 𝜏𝜎 (since segments also follow

the cyclic boundary conditions). An example for a segment configuration is given
in fig. 4.6.
In contrast to the expansion in 𝑈, the (−1)𝑠↑+𝑠↓ factor does not result in a “trivial”
sign problem. In fact one can proof that both CT-INT and CT-HYB do not exhibit
a sign problem at all for our application (half filling, density-density interactions),
because the sign cancels with the determinant ratio, see chapter 8.7 [54]. For the
hybridization expansion this can be explained using the fact that the hybridization
function inherits the anti-symmetric property of the Green’s function:

Δ𝜎(−𝜏) = −Δ𝜎(𝛽 − 𝜏) (4.5.55)

This follows from the time dependence only entering through the Green’s function
in eq. 4.3.19.

4.5.5 CT-HYB sampling and measurement

The proposal and acceptance probabilities follow similar to the CT-INT method.
Proposed segments starting at 𝜏 can have a maximum length of

𝑙max = (𝜏′ − 𝜏) mod 𝛽 (4.5.56)

with 𝜏′ being the start of the next segment. In case there is no other segment,
𝑙max = 𝛽.
We propose the insertion of a segment with random size 𝑙new ∈ (0, 𝛽], which changes
the total overlap of segments between segments of 𝜎 and 𝜎′ by 𝛿overlap, with transi-
tion probabilities:

𝑇 (𝑛𝜎 → 𝑛𝜎 + 1) = 𝑑𝜏
𝛽

𝑑𝜏
𝑙max

(4.5.57)

𝑇 (𝑛𝜎 + 1 → 𝑛𝜎) = 1
𝑛𝜎 + 1

(4.5.58)

As before, we get the acceptance probabilities from the weight and proposal proba-
bilities:

𝑅(𝑛 → 𝑛 + 1) =
d𝐶 (𝑛+1)𝑤𝐶(𝑛+1)𝑇 (𝑛𝜎 → 𝑛𝜎 + 1)

d𝐶 (𝑛)𝑤𝐶(𝑛)𝑇 (𝑛𝜎 + 1 → 𝑛𝜎)

=
𝛽𝑙max
𝑛𝜎 + 1

𝑒𝜇𝑙new−𝑈𝛿overlap
det 𝑀−1

(𝑛𝜎+1),𝜎

det 𝑀−1
(𝑛𝜎),𝜎

(4.5.59)

𝑅(𝑛 + 1 → 𝑛) = 1/𝑅(𝑛 → 𝑛 + 1) (4.5.60)

The determinant ratio is again computed by using the fast update algorithm (eq. 5.1.8).
However, one has to consider that completely empty and completely full lines (i.e.
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segments of length 𝛽 and no segment at all) are not sampled equally likely by only
proposing the insertion of segments of random length. This should not be the case
for an ergodic system. We therefore also need to allow for the insertion and removal
of so called anti-segments. An insertion of an anti-segments amounts to a split of a
segment, the removal of an anti-segment joins two segments together. This makes
insertion and removal of anti-segments algorithmically equivalent to the operations
on segments. The only special case we have to consider is an empty line which can
either be encoded as a completely full or completely empty line.
The maximum length 𝑙max for anti-segments starting at 𝜏′ is 𝜏𝑗 − 𝜏′. 𝜏𝑗 is the the end
of the segment which the anti-segment is splitting. Removal of an anti-segment at
order 𝑛𝜎 = 1 leads to a full line that is conveniently encoded by 𝐶{(𝜏, 𝜏)}. One usu-
ally also allows for a global shift of all segments. This is not required but reduces
auto correlation times and overall “jitter” from high rejection rates. See table 4.2 for
a list of all proposals including acceptance rates.
The measurement for the CT-HYB method requires a bit more work than the one

⟹ 𝑐†
𝛼(𝜏𝛼

1 = 1) 𝑐𝛼(𝜏′𝛼
1 = 4)

Figure 4.7: Segment insertion with uniformly drawn starting position from [0, 𝛽),
here 𝜏𝛼

1 = 1. Max length is 𝑙max = 𝛽, because no other segments are
present. Length 𝑙new is then uniformly drawn from (0, 𝛽), here 3.
𝑐†

𝛼(𝜏𝛼
1 ) 𝑐𝛼(𝜏′𝛼

1 ) 𝑐†
𝛼(𝜏𝛼

2 ) 𝑐𝛼(𝜏′𝛼
2 ) ⟹ 𝑐†

𝛼(𝜏𝛼
1 ) 𝑐𝛼(𝜏′𝛼

1 )

Figure 4.8: Segment removal. Segment is uniformly chosen (probability 1/2 in this
example).
𝑐†

𝛼(𝜏𝛼
1 = 1) 𝑐𝛼(𝜏′𝛼

1 = 4) ⟹ 𝑐†
𝛼(𝜏𝛼

1 ) 𝑐𝛼(𝜏′𝛼
1 =2) 𝑐†

𝛼(𝜏𝛼
2 =3) 𝑐𝛼(𝜏′𝛼

2 )

Figure 4.9: Anti segment insertion with uniformly drawn starting position from
[0, 𝛽), here 𝜏′𝛼

1,new = 2, proposals which do not fall into an existing seg-
ment are rejected. The maximum length is 𝑙max = 𝜏′𝛼

1,old − 𝜏′𝛼
1,new = 2.

Length 𝑙new is then uniformly drawn from (0, 𝛽), here 1.
Note that anti segments can also be inserted into full lines.
𝑐†

𝛼(𝜏𝛼
1 = 1) 𝑐𝛼(𝜏′𝛼

1 = 4) ⟹ 𝑐†
𝛼(𝜏𝛼

1 = 0+) 𝑐𝛼(𝜏′𝛼
1 = 𝛽)

Figure 4.10: Anti segment removal. Segment is uniformly chosen (probability 1 in
this example). The result is a full line (at expansion order 0).

⟺ 𝑐†
𝛼(𝜏𝛼

1 = 0+) 𝑐𝛼(𝜏′𝛼
1 = 𝛽)

Figure 4.11: Empty to full line and vice versa. This is a decomposition of expansion
order 𝑛𝛼 = 0.

for CT-INT. We will need the following generalized Dirac delta to capture the peri-
odicity of the Green’s function:

𝛿(𝜏, 𝜏′) =
{

𝛿(𝜏 − 𝜏′) 𝜏′ ≥ 0
−𝛿(𝑡 − 𝜏′ − 𝛽) 𝜏′ < 0

(4.5.61)
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input :Hybridization function Δ𝜎(𝜏), Simulation parameters 𝜇, 𝛽, 𝑈.
Configuration 𝐶 (𝑛)

𝜎 = {(𝜏′
1,𝜎, 𝜏1,𝜎) ,⋯(𝜏′

𝑛𝜎,𝜎, 𝜏𝑛𝜎,𝜎)}, inverse
expansion Matrix 𝑀−1

output :Updated configuration 𝐶 and 𝑀−1

1 Draw 𝜁 ∼ 𝑈(0, 1); 𝜁 ′ ∼ 𝑈(0, 1); 𝜎 ∼ 2 ⋅ ⌊𝑈(0, 1)⌉ − 1
2 if 𝜁 < 0.25:
3 Draw 𝜏′

𝜎 ∼ 𝑈(0, 𝛽)
4 if 𝜏′

𝜎 not in segment and not in full line:
5 Draw 𝜏𝜎 ∼ 𝑈(0+, 𝑙max)
6 Compute 𝑅(𝑛 → 𝑛 + 1) from eq. 4.5.59 and eq. 5.1.2
7 if 𝜁 ′ < 𝑅:
8 Insert segment (𝜏′

𝜎, 𝜏𝜎)
9 Update 𝑀𝜎 using Δ𝜎(𝜏) using eq. 5.1.6

10 elif 0.25 ≤ 𝜁 < 0.5:
11 if 𝑛𝜎 > 0:
12 Draw 𝑛′ ∼ ⌊𝑈(0, 𝑛)⌋
13 Compute 𝑅(𝑛 + 1 → 𝑛) from eq. 4.5.60 and eq. 5.1.2
14 if 𝜁 ′ < 𝑅:
15 Remove segment 𝑛′

16 Update 𝑀𝜎 using Δ𝜎(𝜏) using eq. 5.1.7
17 elif 0.5 ≤ 𝜁 < 0.75:
18 Draw 𝜏′

𝜎 ∼ 𝑈(0, 𝛽)
19 if 𝜏′

𝜎 in segment or full line:
20 Draw 𝜏𝜎 ∼ 𝑈(0+, 𝑙max)
21 Compute 𝑅(𝑛 → 𝑛 + 1) from eq. 4.5.59 and eq. 5.1.2
22 if 𝜁 ′ < 𝑅:
23 Split segment (𝜏′

𝑖,𝜎, 𝜏𝑖,𝜎) → (𝜏′
𝑖,𝜎, 𝜏′

𝜎) , (𝜏′
𝜎, 𝜏𝑖,𝜎)

24 Update 𝑀𝜎 using Δ𝜎(𝜏) using eq. 5.1.6
25 else:
26 if 𝑛𝜎 > 1:
27 Draw 𝑛′ ∼ ⌊𝑈(0, 𝑛)⌋
28 Compute 𝑅(𝑛 + 1 → 𝑛) from eq. 4.5.60 and eq. 5.1.2
29 if 𝜁 ′ < 𝑅:
30 Remove anti-segment 𝑛′ (i.e. merge (𝜏′

𝑖 , 𝜏𝑖) , (𝜏′
𝑖+1, 𝜏𝑖+1) to

(𝜏′
𝑖 , 𝜏𝑖+1))

31 Update 𝑀𝜎 using Δ𝜎(𝜏) using eq. 5.1.7
32 if 𝑛𝜎 == 1 and 𝐶 ≠ {𝜏1, 𝜏1}:
33 Compute 𝑅(1 → 0) from eq. 4.5.60 and eq. 5.1.2
34 if 𝜁 ′ < 𝑅:
35 Set full line
36 return updated ̃𝐶 (𝑛±𝑙), 𝑀−1

(𝑙) , 𝑙 ∈ {−1, 0, +1}

Algorithm 7: CT-HYB sampling using insertion and removal of segments
and anti-segments.
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Table 4.2: Proposals for the CT-HYB solver which fulfill detailed balance
Proposal Transition rate

Segment insertion
|

det{[𝑀𝑛𝜎+1
𝜎 ]}

−1

det{[𝑀𝑛𝜎
𝜎 ]}

−1 |
𝛽𝑙max
𝑘+1 𝑒𝜇𝑙new−𝑈Δ𝑙overlap

Segment removal
|

det{[𝑀𝑛𝜎
𝜎 ]}

−1

det{[𝑀𝑛𝜎+1
𝜎 ]}

−1 |
𝛽𝑙

𝑘+1 𝑒−𝜇𝑙old+𝑈Δ𝑙overlap

Anti segment insertion see segment insertion
Anti segment removal see segment removal
Shift end-point 𝑀𝑛𝜎

𝜎
𝑀𝑛𝜎

𝜎

𝛽𝑙max
𝑘+1 𝑒𝜇𝑙new−𝑈Δ𝑙overlap

Switch zero state see insertion/removal

This allows to rewrite eq. 3.4.2 for the impurity Green’s function as follows:

𝐺imp, 𝜎(𝜏) = ∫
𝛽

0
d𝜏′

∫
𝛽

0
d𝜏″𝛿(𝜏, 𝜏′ − 𝜏″)𝐺imp, 𝜎(𝜏′ − 𝜏″) (4.5.62)

= 1
𝑍eff ∫

𝛽

0
d𝜏′

∫
𝛽

0
d𝜏″𝛿(𝜏, 𝜏′ − 𝜏″) ⟨𝑇 𝑑(𝜏′)𝑑†(𝜏″)⟩eff

eq. 4.3.18
= ∫

𝛽

0
d𝜏′

∫
𝛽

0
d𝜏″𝛿(𝜏, 𝜏′ − 𝜏″)

𝛿𝑍eff
𝛿Δ𝜎′(𝜏″ − 𝜏′)

By explicit expansion of the partition function (as done in the derivation of the
weights, see also [54]) and the definition of M (eq. 4.5.54), one can show the fol-
lowing form:

𝐺𝐶,imp, 𝜎(𝜏) ≈ ∫
𝛽

0
d𝜏′

∫
𝛽

0
d𝜏″𝛿(𝜏, 𝜏′ − 𝜏″) 1

det (𝑀−1
𝐶 )

𝜕 det (𝑀−1
𝐶 )

𝜕Δ𝜎′(𝜏″ − 𝜏′)

We can now use Jacobi’s formula6 eq. 4.5.54 and 𝛿Δ𝜎(𝜏)
𝛿Δ𝜎′(𝜏′) = 𝛿(𝜏 − 𝜏′)𝛿𝜎𝜎′ to obtain the

measurement formula in imaginary and Matsubara representation:

= ∫
𝛽

0
d𝜏′

∫
𝛽

0
d𝜏″𝛿(𝜏, 𝜏′ − 𝜏″)𝛿(𝜏𝑛𝑖

− 𝜏′
𝑛𝑗

− (𝜏′ − 𝜏″))𝛿𝜎𝜎′
det (𝑀−1

𝜎′ )
det (𝑀−1

𝜎 )
𝑀𝜎

= −1
𝛽

𝛿(𝜏, 𝜏𝑛𝑖
− 𝜏′

𝑛𝑗
)[𝑀]𝑖𝑗

⇒ 𝐺imp, 𝜎(𝜏) ≈
⟨

−1
𝛽 ∑

𝑖𝑗
𝛿(𝜏, 𝜏𝑛𝑖

− 𝜏′
𝑛𝑗

)[𝑀]𝑖𝑗⟩
𝑀𝐶

(4.5.63)

𝐺imp, 𝜎(𝑖𝜔𝑛) ≈
⟨

−1
𝛽 ∑

𝑖𝑗
𝑒𝑖𝜔𝑛(𝜏𝑖−𝜏′

𝑗 )[𝑀]𝑖𝑗⟩
𝑀𝐶

(4.5.64)

Note that the measurement formula does not involve the convolution with another
Green’s function as in the case of CT-INT and CT-AUX. This means that the tail
is not guaranteed to follow the ∼ 1

𝜔𝑛
constraint (see eq. 3.3.13). One can however

6 We use a special case here since the derivative is with regards to a component of an invertible matrix:
𝜕 det 𝐴

𝜕𝐴𝑖𝑗
= 𝐴−1 det 𝐴
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Figure 4.12: Diagrams for CT-INT (left) and CT-HYB (right) that are obtained from
determinants of matrices of size 2 (left) and 3 (right). The diagrams
contributing to the CT-INT algorithm have already been obtained
in 4.5.19. In the segment picture the hybridization line connects cre-
ation and annihilation operators. The permutation sign of the segments
is +, −, −, −, +, + from bottom to top. For a full discussion see chapter
8.7 [54]

expand the measured Green’s function in terms of Legendre polynomials in order
to suppress noise and force a correct tail, see also sec. 5.3. The kinetic energy can be
measured directly in CT-HYB [54]:

𝐸kin = − ∑
𝜎 ⟨

1
𝛽 ∑

𝑖𝑗
[𝑀𝜎]𝑖𝑗Δ𝜎(𝜏′

𝑗 − 𝜏𝑖)⟩
𝑀𝐶

= −1
𝛽 ⟨𝑛↑ + 𝑛↓⟩ (4.5.65)

The average perturbation order can be shown to be proportional to the kinetic en-
ergy [54]:

⟨𝑛⟩ = −𝛽𝐸kin (4.5.66)

In fig. 4.13b and fig. 4.13a, the expansion orders for the CT-INT and CT-HYB solvers
are shown in comparison. While the latter does need a substantially lower expan-
sion order, there is an overhead due to the computation of the local trace (see seg-
ment picture above). The expansion orders are approximately normal distributed
(skewness and kurtosis are smaller than 10−2 for 2 million samples). In fig. 4.14 a
direct comparison between both expansion orders is shown. Both algorithms ex-
pansion order scales linearly with 𝛽 (see for example eq. 4.5.29). Because the con-
vergence speed depends on the temperature, this does not directly translate into
overall time complexity. However, assuming the computation of determinant ratios
are the dominant performance factor, the scaling can be estimated as 𝛽3 [54].
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4.6 program flow and extensions

Using the DMFT approximation Σloc(𝑘, 𝑖𝜔𝑛) ≈ Σimp(𝑖𝜔) and the Dyson equation eq. 4.3.14,
we can summarize the program flow for the DMFT self consistency loop. The 𝑘
independent lattice Green’s function should converge against the impurity one by
successively tuning the free parameters.

𝐺imp 𝜎(𝑖𝜔𝑛) ∫BZ 𝐺 𝜎(𝑘, 𝑖𝜔𝑛) d𝑘

Impurity Solver

The impurity solver will either tune the hybridization function or the Weiss function
until convergence is reached.

𝐺−1
loc, 𝜎(𝑘, 𝑖𝜔𝑛) ≈ ∫BZ

𝑖𝜔𝑛 + 𝜇 − 𝜖𝑘 − Σimp(𝑖𝜔𝑛) d𝑘 (4.6.1)

Σ𝜎(𝑘, 𝑖𝜔𝑛) = 𝐺−1
lattice, 𝜎(𝑘, 𝑖𝜔𝑛) − 𝐺−1

𝜎 (𝑘, 𝑖𝜔𝑛) (4.6.2)

Σimp(𝑖𝜔𝑛) = 𝒢 −1
0 𝜎 (𝑖𝜔𝑛) − 𝐺−1

imp, 𝜎(𝑖𝜔𝑛) (4.6.3)

The impurity solver provides us with the impurity Green’s function.

input : Initial guess for Weiss function 𝒢0 𝜎(𝜏), bath dispersion 𝜖𝑘, 𝜇, 𝛽,
burn-in steps 𝑗

output :𝐺loc

1 while 𝐺loc not converged:
2 Solve impurity problem: 𝐺imp, 𝜎(𝜏) [𝒢0 𝜎(𝜏)]
3 Fourier transform: 𝐺imp, 𝜎(𝜏) ⟶ 𝐺imp, 𝜎(𝑖𝜔𝑛)
4 Σimp,𝜎(𝑖𝜔𝑛) = 𝒢 −1

0 𝜎 (𝑖𝜔𝑛) − 𝐺−1
imp, 𝜎(𝑖𝜔𝑛)

5 Hilbert transform: 𝐺loc, 𝜎(𝑖𝜔𝑛) = ∫ d𝑘
𝜔𝑛+𝜇−𝜖𝑘−Σ𝑖𝑚𝑝(𝑖𝜔𝑛) = ∫ 𝜌(𝜖)

𝑖𝜔𝑛+𝜇−𝜖−Σ(𝑖𝜔𝑛) d𝜖

6 Update: 𝒢 −1
0 𝜎 (𝑖𝜔𝑛) = 𝐺−1

loc, 𝜎(𝑖𝜔𝑛) + Σimp,𝜎(𝑖𝜔𝑛)
7 Fourier transform: 𝒢0 𝜎(𝑖𝜔𝑛) → 𝒢0 𝜎(𝜏)
8 return 𝐺loc

Algorithm 8: DMFT Loop in terms of Weiss Green’s function on general
lattice
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Figure 4.14: Comparison of expansion order between CT-INT and CT-HYB. Mott
transition occurs between 𝑈/𝐷 ≈ 2.3 and 𝑈/𝐷 ≈ 3



5
P RO G R A M A N D N U M E R I C A L M E T H O D S

The main goal of this thesis was the development of a DMFT simulation program.
Despite a straightforward analytical formulation, especially using the path integral
formalism, there were quite a lote of numerical hurdles.
Many of these algorithms are not directly required for the code to work but greatly
improve accuracy, reliability or performance. Since the analytic continuation is ex-
tremely sensitive to noise of input data, many of these algorithms are actually re-
quired in order to obtain more than the simplest of observables. To give some insight
that can be used for the development of similar projects, I will give an aggregated
overview over the most important methods used and their precise application for
DMFT.

5.1 fast matrix update

This algorithm is essential for the continuous time quantum Monte Carlo methods,
because it allows the computation of the determinant ratios in O(𝑛2) operations.
This is possible since the matrix only changes in 𝑘 rows and columns (usually 𝑘 ≤ 2)
on every Metropolis proposal.
The general formula is known as Woodbury matrix identity. The special version in
this thesis, is often referred to as Sherman-Morrison formula.

𝑀−1
(𝑛+1) = (

𝑀−1
(𝑛) 𝑄

𝑅 𝑆) (5.1.1)

𝑄 is a 𝑛 × 𝑘 block with entries of the same type as 𝑀−1
(𝑛) (depending on the sampler

𝒢0 𝜎(𝜏) or Δ(𝜏) or (𝑒𝛾𝑠𝑗𝜎 − 1)𝒢0 𝜎(𝜏)). R and S are 𝑘 × 𝑛 and 𝑘 × 𝑘 sub blocks.
We will omit the 𝜎 index for this derivation.

det 𝑀−1
(𝑛+𝑘)

det 𝑀−1
(𝑛)

= det (
𝑀(𝑛) 0𝑛×𝑘
0𝑘×𝑛 𝟙𝑘 ) det (

𝑀−1
(𝑛) 𝑄

𝑅 𝑆) = det (
𝟙𝑛×𝑛 𝑀(𝑛)𝑄

𝑅 𝑆 )

= 𝑆 − 𝑅𝑀(𝑛)𝑄 (5.1.2)

Writing 𝑀(𝑛+𝑘) in terms of sub matrices ̃𝑃 , 𝑄̃, 𝑅̃, ̃𝑆, provides 4 equations from which
we can construct 𝑀(𝑛+𝐾) as functions of 𝑀(𝑛), 𝑅, 𝑄, 𝑆 (these are all stored in memory
or can be constructed as seen above) and vice versa.

𝟙 = 𝑀(𝑛+𝑘)𝑀−1
(𝑛+𝑘) = (

̃𝑃 𝑄̃
𝑅̃ ̃𝑆) (

𝑀−1
(𝑛) 𝑄

𝑅 𝑆)

Solving this system of 4 coupled equations yields the 4 necessary equations for in-
sertion of a vertex:

̃𝑆 = (𝑆 − 𝑅 [𝑀(𝑛)𝑄])
−1 (5.1.3)

𝑄̃ = − [𝑀(𝑛)𝑄] ̃𝑆 (5.1.4)
𝑅̃ = ̃𝑆 [𝑅𝑀(𝑛)] (5.1.5)
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̃𝑃 = 𝑀(𝑛) + [𝑀(𝑛)𝑄] ̃𝑆 [𝑅𝑀(𝑛)] (5.1.6)

Note that there are only matrix-vector multiplications, some of which are used mul-
tiple times. We need 7 multiplications. Each of these takes O(𝑛2) multiplications.
There are more efficient algorithms available but since 𝑀(𝑛) changes often, none of
these are applicable. The equations for the removal of a vertex follow as well:

det 𝑀−1
(𝑛)

det 𝑀−1
(𝑛+𝑘)

= ̃𝑆 (5.1.7)

𝑀(𝑛) = ̃𝑃 − 𝑄̃𝑅̃ ̃𝑆−1 (5.1.8)

Sometimes it can be useful to allow for multiple insertions/removals in a single
step. This algorithm is still applicable but the matrix-vector multiplications become
matrix-matrix ones. The advantage of multiple insertions at once is a faster and
more stable exploration of the state space. For the cases considered in this thesis,
the expansion order grows monotonic (proportional to the kinetic energy), this is
however not guaranteed in general and can therefore lead to the Monte Carlo sam-
plers being “stuck” (or slow down) at a certain expansion order, if only one addi-
tional vertex is added at a time1.
In case of the CT-HYB solver, there are two subtleties to consider. The rows and
columns are not added at the border of the matrix and one needs to consider anti-
segment insertions and removals (which is a splitting of one segment into two). The
first case generally introduces a factor of (−1)𝑖+𝑗 because of det(𝑃 𝐴) = det(𝑃) det(𝐴),
for the insertion/removal at line 𝑖 and column 𝑗. One uses that permutation matri-
ces are orthogonal in order to find the necessary permutations of the inverse matrix:

𝑃𝜋𝑀 = 𝑀𝜋(𝑖)𝜋(𝑗)

⇒ (𝑃𝜋𝑀)
−1 = 𝑀−1𝑃 𝑇

𝜋

= 𝑀−1
𝜋(𝑗)𝜋(𝑖)

This becomes especially simple in the case of the single orbital model when 𝑖 = 𝑗
and 𝜋(𝑖) = 1,⋯𝑖 − 1, 𝑛, 𝑖,⋯.
The anti-segment moves can be computed by first removing a row and column
and then inserting two new ones for the insertion. For example, removing an anti-
segment will have the following determinant ratio associated:

𝑀−1
(𝑛−1)

𝑀−1
(𝑛)

=

⎧⎪
⎪
⎪
⎨
⎪
⎪
⎪⎩

𝑀−1
(𝑛−2)

𝑀−1
(𝑛)

𝑀−1
(𝑛−1)

𝑀−1
(𝑛−2)

if 𝑛 ≥ 2

𝑀−1
(0)

𝑀−1
(1)

𝑀−1
(1)

𝑀−1
(0)

if 𝑛 = 1

𝑀−1
(1)

𝑀−1
(0)

Empty to full line

For this thesis, I used the permutation matrix modules provided by Eigen3 [55].

1 multiple update steps (with 𝑛 ± 2) had already been considered in the first publication of the CT-
INT method but found to be unnecessary for simple applications which will be considered in this
thesis [115].
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5.2 convergence stabilization

Espcially in the coexistence region of the phase diagram, the self consistency cycle
stabelizes very slowly or even diverges. There are some established methods to
improve convergence in these situations:
The easiest but most costly method is mixing, where only a portion 𝛼 of the new
result is used for the next iteration.

𝐺(𝑖)
loc ← 𝛼𝐺(𝑖)

loc + (1 − 𝛼)𝐺(𝑖−1)
loc (5.2.1)

For the IPT solver the DMFT loop can be carried out quickly enough to disregard
the performance impact of mixing but the CTQMC solvers do have a substantial run
time atached.
It is therefore advantageous to use more sophisticated methods based on quasi-
Newton methods2 [139, 122]. For this thesis, I implemented two versions of Broy-
den’s method [23, 12].
The action of the solver on the input in iteration 𝑛 is denoted by:

𝐺(𝑛)
out = S{𝐺(𝑛)

in } (5.2.2)

The solver is converged under the condition 𝐹(𝑛) → 0 with

𝐹 (𝑛) = 𝐺(𝑛)
out − 𝐺(𝑛)

in (5.2.3)

The usual quasi-newton update method proposes a new imput as:

𝐺(𝑛+1)
in = 𝐺(𝑛)

in − 𝐵(𝑛)𝐹 (𝑛) (5.2.4)

𝐵(𝑛) is the inverse Jacobian of 𝐹. Broyden’s method provides an approximation for 𝐵.
There are two versions with similar accuracy but differing time complexity available.
Since the DMFT loop only takes up a very small portion of the total runtime, the fast
and less accurate version was only implemented for reference.
Both methods use the fast matrix update formula from the previous section.

Δ𝐺(𝑛) = 𝐺(𝑛)
in − 𝐺(𝑛−1)

in (5.2.5)
Δ𝐹 = 𝐹 (𝑛) − 𝐹 (𝑛−1) (5.2.6)

𝐵(𝑛) = 𝐵(𝑛−1) +
Δ𝐺(𝑛) − 𝐵(𝑛−1)Δ𝐹(𝑛)

Δ𝐺†
(𝑛)𝐵(𝑛−1)Δ𝐹(𝑛)

Δ𝐺†
(𝑛)𝐵

(𝑛−1) (5.2.7)

̃𝐵(𝑛) = 𝐵(𝑛−1) +
Δ𝐺(𝑛) − 𝐵(𝑛−1)Δ𝐹(𝑛)

YΔ𝐹(𝑛)Y
Δ𝐹 †

(𝑛) (5.2.8)

5.3 monte carlo accumulation and noise reduction

We have seen before that the Green’s function can be obtained in Matsubara and
imaginary time representation from the expansion matrix 𝑀 at every step of the
sampling process. It is however faster to accumulate a kernel like function 𝑆(𝜏) first
and measure the Green’s function after the Monte Carlo sampling [56]. 𝑆 is approx-
imated by a fine grid so that 𝑆(𝜏𝑘) ≡ 𝑆(𝜏𝑙) for 𝜏𝑘 − 𝜏𝑙 < 𝜖𝑆. The discretization error

2 Mixing can be seen as a quasi newton method with an approximation of the Jacobian to − 1
𝛼
𝟙
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introduced here is negligible when set against tail fit and fast Fourier transformation
errors.

𝑆(𝜏) = ∑
𝑘𝑙

𝛿(𝜏 − 𝜏𝑘)𝑀𝜎
𝑘𝑙𝒢

𝜎
0 (𝜏𝑙) (5.3.1)

𝐺 𝜎(𝜏) = 𝒢0 𝜎(𝜏) −

𝛽

∫
0

𝑑𝜏′𝒢0 𝜎(𝜏 − 𝜏′) ⟨𝑆𝜎(𝜏′)⟩𝑀𝐶 (5.3.2)

𝐺 𝜎(𝑖𝜔𝑛) = 𝒢0 𝜎(𝑖𝜔𝑛) −
𝒢 −1

0 𝜎 (𝑖𝜔𝑛)
𝛽 ⟨∑

𝑘𝑙
𝑒𝑖𝜔𝑛(𝜏𝑘−𝜏𝑙)𝑀𝜎

𝑘𝑙⟩
𝑀𝐶

= 𝒢0 𝜎(𝑖𝜔𝑛) − 𝒢0 𝜎(𝑖𝜔𝑛) ∫
𝛽

0
𝑒𝑖𝜔𝑛𝜏 ⟨𝑆𝜎(𝜏′)⟩𝑀𝐶 d𝜏 (5.3.3)

Using this binning procedure, we can introduce another improvement of the mea-
surement. We first note that 𝑆 is invariant under shifts of 𝜏𝑘, 𝜏𝑙. One can therefore
add a random time to both on each update, thereby generating new samples on
rejections steps:

𝑆𝜎(𝜏) ∑
𝑘𝑙

𝛿(𝜏 − 𝜏𝑘 + 𝜏′)𝑀𝜎
𝑘𝑙𝒢

𝜎
0 (𝜏𝑙 − 𝜏′) (5.3.4)

While this does require additional operations and prevents caching of the Weiss
function, it does greatly reduce jitter resulting from high rejection rates, see also
fig. 5.1. Another way to reduce noise is expansion into basis functions.
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Figure 5.1: Impurity Green’s function for three DMFT iterations. Left: random offset
for 𝑆-bins enabled, right: disabled. The number of Monte Carlo sweeps
is intentionally kept low (80000 samples) to make the difference more
obvious.

This is especially important for the CT-HYB solver which does not ensure correct tail
behavior. One therefore usually expands the solution in terms of Legendre polyno-
mials 𝑃𝑙(𝑥) to enforce the correct tail [21]. The formulas in this section do not directly
apply to the other solver types. Fitting the functions proved more time consuming
for the CT-INT solver than increasing the number of samples to achieve comparable
quality.

𝐺(𝜏) = ∑ 𝑙 ≥ 0
√2𝑙 + 1

𝛽
𝑃𝑙(𝑥(𝜏))𝐺𝑙 (5.3.5)

𝐺𝑙 = √2𝑙 + 1 ∫
𝛽

0
𝑃𝑙(𝑥(𝜏))𝐺(𝜏) (5.3.6)
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The coefficients 𝑐𝑚 for the expansion in Matsubara moments can be obtained analyt-
ically as well, see appendix E [21].

𝑐1 = − ∑
𝑙≥0,even

2√2𝑙 + 1
𝛽

𝐺𝑙 (5.3.7)

𝑐2 = ∑
𝑙≥0,odd

2√2𝑙 + 1
𝛽2 𝑙(𝑙 + 1)𝐺𝑙 (5.3.8)

⋮ (5.3.9)

𝑐𝑛 = 1
𝛽𝑛 ∑

𝑙≥0
𝑡𝑛,𝑙𝐺𝑙 (5.3.10)

𝑡𝑛,𝑙 =
{

(−1)𝑛2√2𝑙 + 1 (𝑛+𝑙+1)!
(𝑛−1)!(𝑙−𝑛+1)! if 𝑛 + 𝑙 odd

0 else
(5.3.11)

The knowledge of the analytic form of the tail coefficients can be used to obtain an
analytic expression of the Fourier transformed Legendre coefficients:

𝐺(𝑖𝜔𝑛) = ∑
𝑙

𝑇𝑛𝑙𝐺𝑙 (5.3.12)

𝑇𝑛𝑙 = (−1)𝑛𝑖𝑙+1√2𝑙 + 1𝑗𝑙 (
𝛽𝜔𝑛

2 ) (5.3.13)

It is possible to directly measure the impurity Green’s function in terms of Legendre
coefficients. We absorb the 𝛽 anti periodic boundary conditions into the definition
of the Legendre polynomials by redefining the Legendre polynomials:

𝑃𝑙(𝜏) =
{

𝑃𝑙(𝑥(𝜏)) 𝜏 > 0
−𝑃𝑙(𝑥(𝜏 + 𝛽)) 𝜏 < 0

(5.3.14)

with 𝑥(𝜏) = 2𝜏
𝛽 − 1.

By using eq. 4.5.64, we immediately obtain the measurement coefficients 𝐺𝑙:

𝐺𝑙 = ⟨− ∑
𝑖𝑗

√2𝑙 + 1
𝛽

𝑃𝑙(𝜏)(𝜏𝑖 − 𝜏′
𝑗 )𝑀𝑖𝑗⟩MC (5.3.15)

The two particle Green’s functions can be measured similarly for both methods [21].

5.4 frequency summation and tail fit

During the Monte Carlo runs, an array of averages for the Matsubara Green’s func-
tion at a finite amount of frequencies is computed. Since the overall algorithm re-
quires samples to be drawn from the imaginary time Green’s function, but the self
energy is extracted from the Matsubara Green’s function during the DMFT loop,
Fourier transformations are required.
As discussed before, the tail of the real frequency Green’s function approaches 1/𝜔,
which also applies to the Matsubara frequencies. This fact can be used to construct
an explicit analytic tail expansion from relatively few frequencies. Many inaccura-
cies that are ostensibly the fault of insufficient or biased Monte Carlo sampling, can
be traced back to bad treatment of the tail expansion. We will again encounter this
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during the discussion of numerical methods for analytic continuation. There are
several problems the following algorithm addresses:

precision: Due to the property 𝐺⋆(𝑖𝜔𝑛) = 𝐺(−𝑖𝜔𝑛) (eq. 3.4.15) we expect the imaginary
parts to cancel for the diagonal Green’s function at half filling which coincides
with eq. 3.4.14. The internal representation of floating point numbers tends
to increase the rounding error in this case. Even more so for all sampling
algorithms, when the tail values fall below the Nyquist threshold, the Fourier
transformation will carry over that error to imaginary time 3.

discontinuity: The normal Fourier transform algorithms are badly suited for the metal-
lic phase because the Matsubara Green’s function exhibits a discontinuity at
𝐺(𝑖𝜔−1) ↔ 𝐺(𝑖𝜔0).

performance: There is a performance drop with increasing number of Matsubara fre-
quencies. Especially the accumulation and inversion of the self energy (not
the Monte Carlo sampling itself) suffers, as well as the overall storage require-
ments. This can have a huge performance impact when the sampled Green’s
function becomes to large to be stored in fast memory (cache).

sampling: The CT-HYB Monte Carlo algorithm does not recover the correct tail be-
havior at high frequencies. When this is not the case, the analytic continua-
tion becomes even more unstable. One therefore resorts to expansion in basis
functions with the correct tail.

The central problem is the summation over Matsubara frequencies which occurs
when transforming to imaginary time or during analytic continuation. We first con-
sider an arbitrary function 𝐹 of 𝑖𝜔𝑛 and its Fourier transform 𝐹 and expand 𝐹 in
powers of Matsubara frequencies.

𝐹 (𝜏) = 1
𝛽

∞

∑
−∞

𝑒−𝑖𝜔𝑛𝜏𝐹 (𝑖𝜔𝑛) (5.4.1)

= 1
𝛽

∞

∑
−∞

𝑒−𝑖𝜔𝑛𝜏
∑

𝑚

𝑐𝑚
(𝑖𝜔𝑛)𝑚 (5.4.2)

The naive approximation of only summing over the available samples of 𝐹 will ex-
hibit the above problems.

∞

∑
𝑛=−∞

→
𝑁max

∑
𝑛=𝑁min

A better approximation is obtained by fitting a number of coefficients 𝑐𝑚 from the
available samples, evaluating the full Matsubara sum analytically and then using

3 This is an effect of finite lattice spacing in imaginary time. The Nyquist theorem limits the frequency
resolution to 𝜔𝑛𝑞 ≥

𝜋
Δ𝜏

for any lattice spacing Δ𝜏 even for continuous time sampling.
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the coefficients in the resulting series expansion of 𝐹 (𝜏) (for details of the evaluation
see appendix [11]).

𝐹 (𝜏) = 1
𝛽

𝑁max

∑
𝑛=𝑁min

𝑒−𝑖𝜔𝑛𝜏
(𝐹 (𝑖𝜔𝑛) − ∑

𝑚

𝑐𝑚
(𝑖𝜔𝑛)𝑚 )

+ 1
𝛽

∞

∑
−∞

𝑒−𝑖𝜔𝑛𝜏
∑

𝑚

𝑐𝑚
(𝑖𝜔𝑛)𝑚

≈ 1
𝛽

𝑁max

∑
𝑛=𝑁min

𝑒−𝑖𝜔𝑛𝜏
(𝐹 (𝑖𝜔𝑛) −

𝑐1
(𝑖𝜔𝑛)

−
𝑐2

(𝑖𝜔𝑛)2 +⋯)

− sign(𝜏)
𝑐1
2

+
𝑐2
4

(2𝜏 − 𝛽) +⋯ (5.4.3)

Usually few terms are enough to stabilize the Fourier transformation. In fact even
the first one proved to be sufficient for most calculations. However, the convergence
behavior did suffer from a lower amount of tail coefficients.
The inverse transformation is usually done using a cubic spline interpolation of 𝐺(𝜏).
For the CT-INT sampler it turned out to be sufficient to skip the interpolation and
work directly with the data of the first moment (see fig. 5.2 for example)4. But for
the analytic continuation, to be discussed in the next section, this step is required
to smooth out the data. The result, directly written in a usable form for the FFT
algorithm (see last section), with 𝑁 discrete points (see appendix C [16]), is:

𝐺(𝑖𝜔) =
𝐺(0) − 𝜁𝐺(𝛽)

𝑖𝜔𝑛
+

𝑆′(0) − 𝜁𝑆′(𝛽)
(𝑖𝜔𝑛)2 +

𝑆″(0) − 𝜁𝑆″(𝛽)
(𝑖𝜔𝑛)3

+ 1 − 𝑒𝑖𝜔𝑛𝛽/𝑁

(𝑖𝜔𝑛)4 𝑒𝑖𝜔𝑛𝜏𝑗

𝑁−1

∑
𝑗=0

𝑒𝑖𝜔𝑛𝜏𝑗𝑆(3)
𝑗+1 (5.4.4)

with 𝑆𝑖(𝜏) being the cubic polynomial in the 𝑖-th interval.
While it is possible to measure both imaginary time and Matsubara Green’s func-
tions from the impurity solvers directly, we still need eq. 5.4.3 in order to obtain the
input for the Monte Carlo impurity solvers from the DMFT loop.
Obtaining the coefficients 𝑐𝑖 can be easily done by fitting the tail for example using

least squares. In the case of the CT-HYB solver one usually directly accumulates the
coefficients of Legendre polynomials [21]. This provides not only a more reliable
way to obtain the Fourier transforms, but also smooths out statistical errors. Espe-
cially the hybridization and self energy function suffer from statistical error of the
measured Weiss function:

Δ(𝑖𝜔𝑛) = 𝑖𝜔𝑛 + 𝜇 − 𝑈
2

− [𝒢0 𝜎(𝑖𝜔𝑛)]
−1

Without a proper tail expansion, Δ(𝚤𝜔𝑛) and Σ(𝑖𝜔𝑛) will be noisy at high frequencies
because of a high relative error from the inverse of 𝒢0 𝜎(𝑖𝜔𝑛).

4 In the coexistence region of the phase diagram non interpolated data restricted the precision of the
solver. However, due to time constraints in this thesis (the interpolation does require some perfor-
mance optimization for this use), I decided not to implement the interpolation.
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Figure 5.2: Comparison of tail fitted and non fitted impurity Green’s function after
Fourier transformation to imaginary time.

Expansion of the Weiss function results in the following tail approximation of the
hybridization function (see also appendix B.4. [58]):

Δ(𝑖𝜔𝑛) =
⟨𝜖⟩2 − ⟨𝜖2⟩

𝑖𝜔𝑛
+O( 1

(𝑖𝜔𝑛)2 ) (5.4.5)

⟨𝜖𝑘⟩ = ∫𝐵𝑍
𝜖𝑘𝜌(𝜖) d𝜖 (5.4.6)

For example on the Bethe lattice with half bandwidth 𝐷 = 2𝑡, the integral can be
solved analytically. The same is of course true for the cubic lattice which has a Gaus-
sian DOS as shown in the previous section:

𝜌Bethe(𝜖) = 2
𝜋𝐷√1 − (

𝜖
𝐷)

2
(5.4.7)

⟨𝜖⟩Bethe = 0, ⟨𝜖2⟩Bethe = 𝐷2

4
(5.4.8)

This can be confirmed by comparison of eq. 4.4.4 and eq. 4.3.22.

𝐺(𝑖𝜔𝑛) =
Δ(𝑖𝜔𝑛)

𝑡2 (5.4.9)

The explicit integral for the moments is more controlled than a simple fit, but does
offer a less smooth connection between measured data and tail fit.
In the program for this thesis I switched back and forth between both, without no-
ticeable precision differences, see for example fig. 5.3. The most stable solution was
obtained by mixing a few analytically obtained tail values into the fit procedure.
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Figure 5.3: Tail fit for sampled Green’s function at 𝛽 = 40

The tail expansion of the self energy can be obtained as well, the usual particle-hole
symmetrization which shifts 𝜇 by 𝑈

2 is assumed:

Σ𝜎(𝑖𝜔) =
𝑐1,𝐺 − 𝑐1,G

(𝑖𝜔)0 +
𝑐2

1,G − 𝑐2
1,𝐺 − 𝑐2,G + 𝑐𝑐,𝐺

𝑖𝜔
(5.4.10)

= 𝑈 (⟨𝑛𝜎̄⟩ − 1
2) + 𝑈 2

𝑖𝜔𝑛
⟨𝑛𝜎̄⟩ (1 − ⟨𝑛𝜎̄⟩) +O(

1
(𝑖𝜔𝑛)2 ) (5.4.11)

𝜇=𝑈/2
= 𝑈 2

4𝑖𝜔𝑛
+O(

1
(𝑖𝜔𝑛)3 ) (5.4.12)

In practice, the tail coefficients are obtained by solving the following over deter-
mined equation:

⎛
⎜
⎜
⎝

𝑓1(𝑥1) 𝑓2(𝑥1) ⋯ 𝑓𝑛(𝑥1)
⋮ ⋮ ⋱ ⋮

𝑓1(𝑥𝑚) 𝑓2(𝑥𝑚) ⋯ 𝑓𝑛(𝑥𝑚)

⎞
⎟
⎟
⎠

⋅
⎛
⎜
⎜
⎝

𝑐1
⋮
𝑐𝑛

⎞
⎟
⎟
⎠

=
⎛
⎜
⎜
⎝

𝑦1
⋮

𝑦𝑚

⎞
⎟
⎟
⎠

(5.4.13)

𝑓𝑙 are the basis functions, i.e. 1
(𝑖𝜔𝑛)𝑙 for raw data and Legendre polynomials for the

smoothed CT-HYB data. 𝑐𝑙 are the coefficients to be determined and 𝑦𝑘 the mea-
sured data points. One usually specifies a range of tail data to use, depending on the
Monte Carlo noise. The self energy and the hybridization function usually require
a lower threshold than the impurity Green’s function. This system is solved using
Cholesky, QR or singular value decomposition which can handle near-singular co-
efficient matrices better in ascending order but require more computational effort
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to do so.
For all calculations at half filling we can use the fact that the Matsubara Green’s
function is purely imaginary and only the first 4 coefficients have a significant con-
tribution.

⎛
⎜
⎜
⎜
⎝

1
𝑖𝜔𝑛

1
𝑖𝜔𝑛⋅𝜔2

𝑛
⋮ ⋮
1

𝑖𝜔𝑚

1
𝑖𝜔𝑚⋅𝜔2

𝑚

⎞
⎟
⎟
⎟
⎠

⋅ (
𝑐1
𝑐3) =

⎛
⎜
⎜
⎝

𝐺(𝑖𝜔𝑛)
⋮

𝐺(𝑖𝜔𝑚)

⎞
⎟
⎟
⎠

(5.4.14)

For the inverse transformation the coefficient can be directly obtained form the data
using eq. 5.4.3.
When the analytic form of the tail is known (such as 𝑐1 = ⟨𝜖⟩2 − ⟨𝜖2⟩ for the hy-
bridization function), the right hand side is enlarged by a number of these data
points to additionally suppress Monte Carlo noise. As mentioned before, setting
the coefficients exactly to the tail values can result in problematic behavior due to
the discontinuity between Monte Caro data and exact tail.
In fig. 5.4 and fig. 5.5 the effect of the tail fit after one transformation to imaginary
time and back can be seen. Obviously, fitting the first coefficient is enough to supress
problematic oscillations. The effect of second coefficient will typically lie below the
noise amplitude of the data and can therefore often be set to zero.

0.5 0.0 0.5 1.0 1.5
i n

0.600

0.575

0.550

0.525

0.500

0.475

0.450

G
(i

n)

#tail Coefficients: 1
#tail Coefficients: 2
#tail Coefficients: 0

(a) 𝒢0 𝜎(0+) behaviour

0.04385 0.04390 0.04395 0.04400 0.04405 0.04410
i n

0.490835

0.490830

0.490825

0.490820

0.490815

0.490810

0.490805

0.490800

G
(i

n)

#tail Coefficients: 1
#tail Coefficients: 2
#tail Coefficients: 0

(b) overall difference

Figure 5.4: Imaginary time dependence on frequency tail fit. Compared are no fit,
one and two coefficients for initial guess (no noise)
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Figure 5.5: Effect of tail fit on imaginary time and Matsubara Green’s function

5.5 fast fourier transformations

The transformation between Matsubara frequencies and imaginary time is closely
related to traditional Fourier transforms. Naive transformations algorithms require
O(𝑛2) operations for input and ouput of equal size 𝑛. A family of algorithms called
fast fourier transformations (FFT) reduce the computational complexity toO(𝑛 log 𝑛).
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We will now look at the basic idea of these algorithms and then consider the trans-
formation to the required input format.
FFT algorithms require equally spaced (Δ𝑥 = 1

Δ𝑓𝑇 ) input points, which are then
transformed into an output of equal frequency spacing Δ𝑓5. Let 𝑥𝑘 be an array of 𝑛
points, sampled in the interval [0, 𝑛𝑇 ]. Then the continuous fourier transform reads:

𝑓(𝑘) = ∫
∞

−∞
𝑓 (𝑡) 𝑒−𝑖𝑘𝑡 d𝑡 (5.5.1)

is approximated by the discrete one:

𝑓 (2𝜋𝑘Δ𝑓) ≈ 𝑇
𝑛−1

∑
𝑟=0

𝑓 (𝑟𝑇) 𝑒
2𝜋𝑖𝑘𝑟

𝑛 (5.5.2)

In the following, the Cooley-Tuckey (radix-2) algorithm is used as an example for a
FFT algorithm. This version requires 𝑛 to be a power of two. In the program I used
the fftw3 library [41] which contains a number of different algorithms. The premise
of certain input length numbers increasing the overall performance does carry over
to the other algorithms (a list of these can be found in the documentation of fftw3).

𝑓𝑘 =
𝑛/2−1

∑
𝑟=0

𝑓2𝑟𝑒
−2𝜋𝑖𝑘2𝑟

𝑛 +
𝑛/2−1

∑
𝑟=0

𝑓2𝑟+1𝑒
−2𝜋𝑖𝑘(2𝑟+1)

𝑛 (5.5.3)

=
𝑛/2−1

∑
𝑟=0

𝑓2𝑟𝑒
−2𝜋𝑖𝑘𝑟

𝑛/2 + 𝑒
−2𝜋𝑖𝑘

𝑛

𝑛/2−1

∑
𝑟=0

𝑓2𝑟+1𝑒
−2𝜋𝑖𝑘𝑟

𝑛/2 (5.5.4)

= 𝑔𝑘 + 𝑒
−2𝜋𝑖𝑘𝑟

𝑛/2 ℎ𝑘 (5.5.5)

Due to the periodicity of the Fourier transformation 𝑔𝑘+𝑛/2 = 𝑔𝑘 and ℎ𝑘 = ℎ𝑘+𝑛/2, 𝑓𝑘
is calculated in 𝑐 × 𝑛 operations from 𝑘/2 samples of 𝑔𝑘 and ℎ𝑘:

𝑓𝑘 =
⎧⎪
⎨
⎪⎩

𝑔𝑘 + 𝑒
−2𝜋𝑖𝑘𝑟

𝑛/2 ℎ𝑘 if 𝑘 < 𝑛/2

𝑔𝑘−𝑛/2 − 𝑒
−2𝜋𝑖𝑘𝑟

𝑛/2 ℎ𝑘−𝑛/2 if 𝑘 ≥ 𝑛/2
(5.5.6)

The decomposition is applied recursivly. The runtime complexity 𝑇 (𝑛) is then given
as6:

𝑇 (𝑛) = 2𝑇 (𝑛/2) + 𝑐 ⋅ 𝑛 (5.5.7)
= 2 (𝑇 (𝑛/4) + 𝑐(𝑛/2)) + 𝑐 ⋅ 𝑛 (5.5.8)

= ⋯ = 𝑐′ 𝑛
2

+ 𝑐𝑛 log 𝑛 (5.5.9)

= O(𝑛 log 𝑛) (5.5.10)

In order to use the FFT algorithm we have to transform input and output accordingly.
The following transformation has been adapted from the TRIQS package [99].
We define the lowest Matsubara frequency 𝜔0 = 2𝜋

𝛽 or 𝜔0 = − 2𝜋(𝑛min+1)
𝛽 depending

5 Equal size of input and output can of course be forced by interpolation or zero padding.
6 Instead of expanding the recursion, one can directly obtain the runtime complexity from the master

theorem for divide-and-conquer recurrences.
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on storage. The lowest imaginary time7 𝜏0 = 0. The FFT algorithm requires imagi-
nary time and Matsubara Green’s functions to be sampled over equally many points
𝑁𝜏 = 𝑁𝜔

8, with spacing 𝛿𝜏 = 𝛽
𝑁𝜏

and 𝛿𝜔 = 2𝜋
𝛽 . At half filling one can use the (anti)

symmetry to reduce storage cost. This has to be accounted for during transforma-
tion. The transformation from imaginary time to Matsubara frequencies, including
the tail correction, is carried out as follows:

𝑓𝑟 = (𝐺(𝜏0 + 𝑟𝛿𝜏) − F [Tail] (𝜏)) 𝑒𝑖𝜔0(𝜏0+𝑟𝛿𝜏) (5.5.11)

Now the FFT operates on 𝑓𝑟 and returns 𝑓𝑛, which needs to be transformed before
being stored as the Matsubara Green’s function. With my choice of 𝜏0 = 0 the phase
factor is equal to 1:

𝐺(𝑖𝜔𝑛) =
𝛽

𝑁𝜏
𝑓𝑛𝑒𝑖𝜏0(𝜔𝑛−𝜔0) + Tail(𝑖𝜔𝑛) (5.5.12)

An expression for the tail was derived in the previous section. The simplest form
here is the subtraction of 𝑐1

2 and after the FFT transformation, the addition of 𝑐1
𝑖𝜔𝑛

.
The coefficient can be obtained from 𝐺(𝜏) and its derivatives. For example: 𝑐1 =
𝐺(0) − 𝐺(𝛽), which is at half filling 𝑐1 = −2 ⋅ 𝑓0.
For the inverse transformation the coefficients are obtained by SVD as explained in
the previous section, the FFT and tail preparation read:

𝑓𝑛 = 1
𝛽 (𝐺(𝑖𝜔𝑛) + Tail(𝑖𝜔𝑛)) 𝑒−𝑖𝜏0(𝜔0+𝑛𝛿𝜔) (5.5.13)

The FFT output is then transformed to obtain the imaginary time representation:

𝐺(𝜏𝑟) = (𝑓𝑟) 𝑒−𝑖𝜔0(𝑟𝛿𝜏−𝜏0) + F [Tail] (𝜏) (5.5.14)

The most important stability requirement for this transformation is the compliance
with the Fourier inversion theorem. This was checked by transforming the free
Green’s function multiple times between both representations and measuring the
overall error.
Starting from 𝑁𝜔 = 𝑁𝜏 = 128 to 4096 and all tail coefficients except the first one set
to zero, the transformations did not introduce an error above 0.1% on each point.
However, the lowest Matsubara mode suffers from a bad tail fit. So especially in
the coexistence region when the solution slowly stabelize and the lowest Matsubara
mode is the most important one for the physical solution, the coefficient number for
the tail fit had to be adjusted.

5.6 analytic continuation

The nature of computers force us to use discrete quantities in our computations.
Fortunately, Matsubara frequencies provide a natural grid for functions during sim-
ulations. To obtain observable quantitiesit is necessary to continue these functions

7 The choice of 𝜏0 is important because the tail fit depends on it. I found this choice to be more conve-
nient, since one can enforce the limit 𝐺𝜎(𝜏 → 0+) = ⟨𝑛𝜎⟩.

8 One can use interpolation to obtain these samples from grinds with different numbers of grind points.
For this thesis, the grids were small enough to save two equally spaced grids.
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back to real frequencies. The class of methods which will be presented here, are
generally known as deconvolution algorithms.

𝐹 𝑅(𝑖𝜔𝑛) ⟶ 𝐹 (𝜔 + 𝑖𝜂)

Where the relationship between Matsubara representation and complex frequency
is given by the Cauchy integral formula

2𝜋𝑖𝐹 (𝑖𝜔𝑛) = ∮𝐶

𝐹 (𝑧)
𝑧 − 𝑖𝜔𝑛

d𝑧 (5.6.1)

The contour has to be chosen appropriately. Since we know from eq. 3.3.13 that the
tail decays as 1/𝑧, the integration of the real axis can be closed in the usual semi
circle with the use of Jordan’s lemma.

ℜ{𝑧}

ℑ{𝑧}

𝑖𝜔
−2

𝑖𝜔
−1

𝑖𝜔
1

𝑖𝜔
2

𝑖𝜔
3

𝑖𝜔
4

0

𝐶

𝜔 + 𝑖𝜂

In order to compare results with
experimentally accessible quanti-
ties we need to solve eq. 5.6.1
for 𝐹 (𝑍), from which we can ob-
tain the retarded Green’s func-
tion. Subsequently, one can cal-
culate the spectral function by
virtue of the Kramers Kronig
relations (see eq. 3.3.11). By
using the Kramers Kronig rela-
tions again and explicitly rewrit-
ing the Cauchy integral formula,
we obtain the direct relations
of eq. 5.6.1 for real and imaginary part of the retarded Green’s function [11]:

𝐺(𝑧) = 1
𝜋 ∫

∞

−∞

ℑ{𝐺𝑅(𝜔)}
𝜔 − 𝑧

d𝑧 (5.6.2)

= 1
𝑖𝜋 ∫

∞

−∞

ℜ{𝐺𝑅(𝜔)}
𝜔 − 𝑧

(5.6.3)

This is an inhomogeneous Fredholm equation of the first kind with kernel 𝐾(𝜔, 𝑧) =
1

𝜔−𝑧 :

𝑔(𝑧) = ∫
𝑏

𝑎
𝐾(𝜔, 𝑧)𝐹 (𝜔) d𝜔 (5.6.4)

Since the kernel only depends on the difference of the arguments (i.e. 𝐾(𝜔, 𝑧) =
𝐾(𝜔 − 𝑧)) and the integral limits tend to infinity, there exists a formal solution in
terms of the Fourier transforms of 𝑔 and 𝐾 (for brevity here ̃𝑔, ̃𝐾, details can be
found in chapter 16 [7]):

𝑓(𝜔) = ∫
∞

−∞

̃𝑔(𝑥)
̃𝐾(𝑥)

𝑒2𝜋𝑖𝑥𝜔 d𝑥

Instead of using the explicit solution, one may want to include the more general
case without transitionally invariant kernel or Fredholm equations of the second
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kind. This is also possible with a fairly simple approach: One can discretize the
integral and the kernel9 and obtains a system of equations [11]:

𝜋𝐺(𝑖𝜔𝑛) = ∫
∞

−∞

ℑ{𝐺𝑅(𝜔)}
𝜔 − 𝜔𝑛

d𝜔

≈ ∑
𝑚

1
2

𝜔𝑚+1 − 𝜔𝑚
𝜔𝑚 − 𝑖𝜔𝑛⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝐴𝑛𝑚

ℑ{𝐺𝑅(𝜔𝑚)}

⇔ −𝐴(𝜔) ≈ 1
2[𝐴−1 ⋅ [𝐺(𝑖𝜔𝑛)]]𝑚

with 𝜔𝑛 ⊂ 𝑅 and [𝐺(𝑖𝜔𝑛)] denoting a column vector with Matsubara Green’s func-
tion entries at frequencies 𝑖𝜔𝑛 at entry 𝑛. The direct inversion method does however
suffer from extremely poor noise tolerance. In practice one often uses either the
Padé approximant of the unknown function or the maximum entropy method. The
first one is a stable method for inputs with low signal to noise ratio while the latter
greatly improves stability for noisy data such as results from Monte Carlo simula-
tions, at the cost of clearly traceable error.
The Padé approximant of order 𝑚, 𝑛 of a function 𝑓 is given as:

𝑃[𝑓]𝑀,𝑁 =
∑𝑀

𝑖=0 𝑎𝑖𝑥𝑖

1 + ∑𝑁
𝑖=0 𝑏𝑖𝑥𝑖

(5.6.5)

The coefficients can be obtained by solving 𝑓(𝑧) = 𝑃[𝑓]𝑀,𝑁(𝑧) (there are more effi-
cient algorithms available [107]). One could now smooth out the sampled data, for
example by choosing a suitable basis expansion (such as Legendre polynomials) of
the functions or using noise reduction filters such as the Wiener filter. The com-
monly used alternative is however a less noise dependent algorithm called maxi-
mum entropy method (MEM), which can subsequently be improved by smoothing
as well.
We first rewrite the kernel by transforming to imaginary time, assuming measure-
ment data for which only a finite amount of Matsubara frequencies are available

𝐺(𝜏) ≈ 𝐺(𝜏𝑛)

𝐺(𝜏𝑛) = − ∫
∞

−∞
𝐴(𝜔)

𝑛max

∑
𝑛=𝑛min

1
𝛽

𝑒𝑖𝜔𝑛𝜏𝑛

𝜔 − 𝜔𝑛
d𝜔

= − ∫
∞

−∞
𝐴(𝜔)𝐾(𝜔, 𝜏𝑛) d𝜔

The sum over the kernel can be carried out explicitly. For the relevant case of this
thesis (the particle hole symmetric fermionic one, see also table 3 [85] for other ker-
nels) one obtains:

𝐾(𝜔, 𝜏𝑛) = − 𝑒−𝜏𝑛𝜔

1 + 𝑒−𝜔𝛽

𝐾(𝜔, 𝜔𝑛) = −
𝜔𝑛

𝜔2
𝑛 + 𝜔2

9 Here we use the rectangle rule. This method can be seen as a special case of the Nyström method
for Fredholm equations of the second kind using the choice of weights acording to sections 19.0 to
19.3 [107].
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For large 𝜔 the kernel becomes exponentially narrow and 𝐴(𝜔) therefore depends
on minute details of 𝐺(𝜏). This can also be seen by considering the fact that 𝐺(𝜏)
does not depend on 𝐴(𝜔) for large 𝜔, which results in an ill conditioned inver-
sion. The MEM takes advantage of two physical properties of the spectral function
(see eq. 3.3.12)10:

∫
∞

−∞

1
2𝜋

𝐴(𝜔) d𝜔 = 1 Sum Rule (5.6.6)

Bosons: sign(𝜔)𝐴(𝜔)
Fermions: 𝐴(𝜔)

≥ 0 Sign (5.6.7)

We can identify the spectral function as a probability distribution and reformulate
the inversion problem in terms of a maximum likelihood estimation, employing
Bayes’ theorem (eq. 2.1.6):

𝑃 (𝐴(𝜔)|𝐺(𝜏𝑛)) =
𝑃 (𝐺(𝜏𝑛)|𝐴(𝜔)) 𝑝 (𝐴(𝜔))

𝑃 (𝐺(𝜏𝑛))
(5.6.8)

The left hand side is called posterior probability in this context, 𝑝(𝐺|𝐴) is the like-
lihood, 𝑝(𝐺) is the evidence and 𝑝(𝐴) is called prior probability. The average over
𝑀 measurements of 𝐺(𝜏𝑛) will be denoted as 𝐺̄𝑛, which allows us to apply the 𝜒2

goodness of fit under a selected 𝐴(𝜔).
The likelihood function is assumed to be of Gaussian shape (validity of the CLT is
assumed here). We propose some, for now completely randomly selected, trail 𝐴(𝜔)
to compute 𝐺:

𝑃 (𝐺|𝐴) = 𝑒−𝜒2/2 (5.6.9)

𝜒2 = ∑
𝑖𝑗

(𝐺𝑖 − 𝐺̄𝑖) 𝐶−1
𝑖𝑗 (𝐺𝑗 − 𝐺̄𝑗) (5.6.10)

𝐶𝑖𝑗 = Cov[𝐺̄𝑖, 𝐺̄𝑗] (5.6.11)

If the space of possible 𝐴(𝜔) is completely unrestricted, one may encounter over
fitting (fitting to noise instead of actual features). This is counteracted by using a
non-flat prior 𝑃 (𝐴). In our case we select a so-called default model 𝑚(𝜔) and punish
deviation from it. 𝑆[𝐴] is called entropy term.

𝑆[𝐴] = − ∫ (𝐴(𝜔) − 𝑚(𝜔) − 𝐴(𝜔) ln (
𝐴(𝜔)
𝑚(𝜔))) d𝜔 (5.6.12)

𝑃 (𝐴) = 𝑒𝛼𝑆 (5.6.13)

𝑆 has a maximum when 𝐴 ≡ 𝑚. The impact of this regularization term can be ad-
justed by tuning 𝛼.
Computation of the spectral function is done using for example Bryan’s method [71].
In order to remove autocorrelation effects between data points and ensure data suffi-
ciency, one has to carefully apply the methods discussed in sec. 2.7 and following.
In addition the tails of Green’s functions have to be taken care of with methods from

10 We do not consider broken time reversal symmetry here (which implies different signs), however there
are generalizations available [110]
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the previous section.
For this thesis I decided to use Maxent [85] which is part of the ALPSCore li-
brary [46]. This program has been demonstrated to work well with results from
DMFT on the Hubbard model.

5.7 program design and algorithms
In this section I will give a brief overview over design choices and the various algo-
rithms employed in the program for this thesis, including possible extensions over
the sometimes naive proof of concept implementations. Some basic algorithms are
already implemented in the boost library for C++.
The DMFT loop and impurity solvers have been implemented using C++17. The
2017 standard allows for more convenient use of templates, which have been used
in order to shift as much computational effort as possible to the time of compilation.
The use of templates and constexpr requires recompilation more often than would
be necessary without their use, but greatly improves performance during runtime.
This is of course only possible because the code is not supposed to be widely dis-
tributed.
The impurity solvers are implemented using the static polymorphism idiom

template <class derived >
class ImpuritySolver {};

class CTINT: public ImpuritySolver <CTINT > { ... };

class CTHYB: public ImpuritySolver <CTHYB > { ... };

template <class ImpuritySolver >
DMFT_LOOP(ImpuritySolver solver);

This allows for a universal interface of the existing implentations and makes im-
plementation of new solvers easier, since one only needs to implement the interface
without touching the DMFT loop itself. At the same time the usual downsides, such
as overhead from function pointers and virtual functions, can be omitted.
In many numerical applications and especially for DMFT, the immediate evaluation
of mathematical operations is worse than evaluation of a reshaped expression. For
example the expression ΣImp(𝑖𝜔𝑛) = 𝒢 −1

0 𝜎 (𝑖𝜔𝑛) − 𝐺−1(𝑖𝜔𝑛) should not be evaluated
to a final value if it is then immediatly added to the inverse local Green’s function
𝐺−1

loc(𝑖𝜔𝑛) + ΣImp(𝑖𝜔𝑛), to avoid cancelation of floating point precision. I have discon-
tinued the use of expression templates throughout the whole program during the
development of the code due to time constraints. However, Eigen3 does use this
concept internally and therefore most of the performance relevant operation incor-
porate lazy evaluation. The Green’s function class could be updated in the future
to support this again.
Most of the code has been documented in a style that can be read by doxygen for
autmated generation of a readable pdf documentation. A doxygen config file is in-
cluded in the project.
Parallelization has been carried out using the message passing interface (MPI), with
boost as an intermediate layer for convenience11. The MPI threads are subdivided

11 MPI is traditionally used in Fortran and C which do not support many of the high level features of
C++. Boost provides a wrapper introducing more of these advanced features.
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into generators and accumulators. For all test simulations in this thesis one accu-
mulator (rank 0) has been sufficient. The generator processes each start their own
Monte Carlo run including burn-in period. Special care has been taken to ensure
that the pseudo random number generator produces uncorrelated pseudo random
numbers for all processes. This has been done using the leapfrog scheme during
startup of the program. The Monte Carlo data from all ranks is accumulated in the
MCAccumulator class on rank 0. Rank 0 is also responsible for statistical evaluation
and IO.
Evaluation of the data and plotting has been done with Python scripts and gnuplot.
We expect to obtain very large amount of data sets for all Monte Carlo simulation,
which we want to calculated without excessive loss of accuracy. One example is the
naive calculation of the Monet Carlo average by summing over all samples of an
observable and dividing by the average sign. Even if the total sum does not trigger
an overflow (because we only divide by a huge number in the end of the summa-
tion), the samples towards the end of the simulation are not taken into account ac-
curately. This is due to the nature of floating point storage on PCs which are stored
as 𝑥 = sign 𝑚∗2𝑏 with a total of 16, 32 or 64 bits for the total combined length of sign,
mantissa and exponent. The total sum is stored as a normal floating point number
with a large exponent and small mantissa, that means large error relative to the to-
tal average and expected value of the sample. This effect occurs relatively quickly
for fast sampling algorithms like CT-INT and often leads to “false convergence”, i.e.
the average converges because the total sum does not change anymore when new
samples are below the significant bits of the mantissa. Products of very small or
large quantities ∏𝑖 𝑥𝑖 are even more unstable, the most prominent of which is is the
computation of a likelihood function which is required by the Maximum entropy
method. In some cases there is an easy remedy available. One uses the so called
log-sum-exp trick:

log ∑
𝑖

𝑒𝑥𝑖 = max({𝑥𝑖}) + log ∑
𝑖

𝑒𝑥𝑖−max({𝑥𝑖}) (5.7.1)

The subtraction of the maximum does not only ensure that no overflow can occur,
but also that for any underflow, the leading digits are correctly computed. This trick
is also occasionally applied to sums by applying the logarithm on both sides.
Another option are one-pass online algorithms for the caluclation of such quantities.
We have already seen one such example in fig. 2.12 with a logarithmic binning tree.
Popular examples for the improved calculation of mean and variance were developt
by P. B. Welford and more recently P. Pébay [131, 102]. Pébay’s method allows for
the computation of arbitrary moments and covariance. For this thesis I tested Kahan
summation and Pébay’s rolling mean and variance. The difference in accuracy to
the boost Accumulator implementation was not noticable for reasonably long runs.
I therefore chose the boost implementation due to a higher level of optimization.
For the segment representation of the hybridization expansion I used a naive imple-
mentation of the overlap calculations. This already proved to be a substantial bot-
tleneck. Going beyond the single orbital model increases this problem even more.
There is a standard algorithm for this problem available. The segments are stored
in a so called interval tree: Interval trees are binary trees with each node containing
start and endpoint of the interval [𝑎, 𝑏]. The ordering can be done using the start
point of the intervall, i.e. right child node has [𝑎𝑟, 𝑏𝑟] with 𝑎𝑟 > 𝑎 stored. We need to
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define four operations on this data structure: insertion, removal, search of segments
and rebalance. Rebalancing is a standard operation. Insertion and removal should
return the change in total overlap or fail if the segment falls inside of another one.
Both insertion and removal can be done inO(𝑓 log 𝑛) for 𝑓 flavors and 𝑛 segments by
traversing the tree. A concrete implementation for the ALPS library [46] has been
proposed by E. Gull (chapter 7 [57]).
There are several computationally expensive functions that need be computed re-
peatedly. The most prominent example being the complex exponential. A usual
method for performance improvement is to store values for the function on a fine
grid. For the purposes of testing the speedup of such an optimization, I imple-
mented a function memoizer. This class uses the template capabilities of C++14 and
newer to build a hash map for function calls, which are not executed on a subse-
quent calls with the same parameters. Instead, the previously stored return value is
returned in O(1) operations, using hash table lookups. The class takes a callable 12

and stores a hash map with the arguments of the function as lookup keys. There is
little to no computational overhead from the function storage13 itself since no func-
tion pointers are used in favor of template matching at compile time. Even though
this is slightly less efficient than an explicit storage, this template can be used with
almost no additional programming effort, because the Memoizer must only be ini-
tialized once with auto g = Memoizer(f); and the function can then be used as
before.
For the evaluation of the local Green’s function an integration routine was imple-
mented14. For my tests one the hypercubic lattice I implemented Riemann sum-
mation, Gauss-Legendre integration and alg. 9. These provided reasonable perfor-
mance. For more realistic calculations one can resort to specialized method such as
linear tetrahedron [73] or discrete Hilbert transforms. There is a method for discrete
Hilbert transformation using fast Fourier transformations available[117]. Using the

input : 𝑓(𝑥), FFT and IFFT function
output : Hilbert transform of 𝑓

1 ̃𝑓 (𝜔) = FFT[𝑓 ]
2 ̃𝑟(𝜔) = FFT[𝑟]
3 foreach 𝜔 on the griddo
4 𝐻̃(𝜔) = ̃𝑓 (𝜔) ⋅ ̃𝑟(𝜔)
5 return iFFT[𝐻̃]

Algorithm 9: Saito’s method for discrete Hilbert transforms

definition of the hilbert transform 4.2.12, we let 𝑓 be the input for the hilbert trans-
formation, then the algorithm for 𝐻(𝑓)(𝑠) is given in alg. 9. We need an auxiliary
function over the same support as Ω and discretized on an equal grid as 𝑓 with
spacing Δ𝑥:

𝑟(𝑥) =
1 − cos(

𝜋𝑥
Δ𝑥 )

𝜋𝑥

12 due to 14 standard compliance, conecepts could no be used. Therefore a pattern matching template
has been used

13 The memory requirements of course depend on the memoized function
14 This module is not needed for computations on the Bethe lattice because of the algebraic equation that

conencts impurity and Weiss Green’s function.
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This results in alg. 9 which has been tested to give results comaprable to the Gauss-
Legendre integration.

5.8 libraries and software packages

The solver implemented during this thesis uses a number of libraries and sub pro-
grams. following is a list of all major components. Software required to run the

Table 5.1: Software dependencies
Name Purpose

FFTW [41] Fast Fourier Transformation
easyloggingpp [83] Logging
Faddeeva Package [72] Evaluation of error function

Eigen3 [55] Vector, Matrix operations and storage,
SVD Fitting

GNU scientific library [47] various mathematical operations
gnuplot [136] plotting
Gnuplot io [120] gnuplot interaction
trng [13] pseudo random number generation
openMPI [45] parallelization

boost Filesystem interaction, Statistics,
Data accumulation, MPI

ALPSCore [46] Maxent requirement
Maxent [17] analytic continuation

doxygen automated generation of documentation
from comments

solver: C++17, the 2017 standard is required due to use of templates, constexpr,
type deduction and nested namespaces. Python2.7+ including following packages:
NumPy, matplotlib, seaborn, scipy, uncertainties. The Python scripts are required
for data evaluation and as glue language to auxilliary software.





6
R E S U LT S

6.1 iterated perturbation theory

There are several analytic approximation for the impurity problem at different en-
ergy scales available. Examples are the slave boson method with mean field or non
crossing approximation and iterated perturbation theory (IPT) (chapter VI B [51]).
I will use IPT due to its simplicity to get a rough overview of the phase diagram for
the Hubbard model on the Bethe lattice, before finding more precise results using
Monte Carlo methods. Because the solver consists of only a few algebraic equations,
this will also demonstrate the correct behavior of the DMFT loop.
IPT is obtained from the weak coupling approximation in powers of 𝑈, of the self
energy from the Anderson impurity model up to second order. If not otherwise
noted 𝑈 is given in units of the half bandwidth 𝐷.
Using eq. 3.6.20 for the self consistency equations on the Bethe lattice with the Weiss
function as propagator, we find:

Σ𝜎(𝑖𝜔𝑛) ≈ Σ(2)
𝜎 (𝑖𝜔𝑛) = 𝑈𝑛 + 𝑈 2

∫
𝛽

0
𝑒𝑖𝜔𝑛𝜏(𝒢0 𝜎(𝜏))𝒢0 𝜎̄(−𝜏)𝒢0 𝜎̄(𝜏) d𝜏 +O(𝑈 3) (6.1.1)

𝜇= 𝑈
2⟶ 𝑈

2
+ 𝑈 2

∫
𝛽

0
𝑒𝑖𝜔𝑛𝜏(𝒢0 𝜎(𝜏)) d𝜏 +O(𝑈 3) (6.1.2)

The second line holds for particle hole symmetry in the half-filling case. The IPT
scheme above is exact in the atomic limit for which 𝒢 −1

0 𝜎 (𝑖𝜔𝑛) ≈ 𝑖𝜔𝑛 (compare eq. 1.3.11,
replacing the free Green’s function with the Weiss function). There is a more in-
volved scheme which is valid away from half filling and exact in both atomic and
non interacting limit [9]:

Σ(𝑖𝜔𝑛) = 𝑈𝑛
2

+
𝐴Σ(2)(𝑖𝜔𝑛)

1 − 𝐵Σ(2)(𝑖𝜔𝑛)
(6.1.3)

𝐴 = 𝑛(2 − 𝑛)
𝑛0(2 − 𝑛0)

𝐵 =
(1 − 𝑛/2)𝑈 + 𝜇0 − 𝜇

𝑛0
2 (1 − 𝑛2/2)𝑈 2

(6.1.4)

𝑛0 = 2𝒢0 𝜎(𝜏 → 0−) 𝑛 = 2𝐺 𝜎(𝜏 → 0−) (6.1.5)

The remaining parameter 𝜇0 has to be obtained for example by fixing 𝑛0 = 𝑛 or
𝜇 = 𝜇0. One can also use the easily obtainable (from CTQMC) double occupancy
𝐷 = ⟨𝑛↑𝑛↓⟩ and the relation (see [9] and eq. 4.5.30):

𝐷 = 1
𝛽𝑈 ∑

𝑛
𝑒𝑖𝜔𝑛0+

Σ(𝑖𝜔𝑛)𝐺(𝑖𝜔𝑛) (6.1.6)

The extended IPT scheme was not implemented for this thesis since the normal per-
turbation scheme is sufficient in order to validate the DMFT loop.
DMFT provides us with the impurity self energy and Green’s function as observ-
ables, in our case in imaginary frequency and time. In order to find the metal to
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insulator phase transition the immediate observable would be the gap Δ𝑔 around
the Fermi level in the spectral function.

𝐴(𝑥) = 0, 𝑥 ∈ [−Δ𝑔, Δ𝑔] (6.1.7)

However, observables obtained from the analytic continuation are less reliable be-
cause the algorithm does not only dependent on the data but also the default model,
data error and quality of the tail. Additionally, the scaling of the spectral gap with
increasing interaction strength is not immediately obvious while other observables
are known to scale (inversely) linear to |𝑈 − 𝑈𝑐| in the context of DMFT (see Section
D.6 [65]). These are the mass renormalization factor 𝑍, the inverse effective mass,
(𝑚⋆)

−1 and the inverse specific heat coefficient 𝛾−1.
For this reason I found it more reliable to use observables such as double occupancy
which can be directly measured during the Monte Carlo runs and the quasi particle
weight 𝑍 = [1 − 𝜕ℜΣ(𝜔)

𝜕𝜔 |𝜔=0]
−1

. Lastly, one can also use the singularity of the imagi-
nary part of the self energy at 𝜔 = 0: 𝜌2 as associated order parameter for the phase
transition [51]

1
𝜌2

= ∫
∞

−∞

𝜌(𝜖)
𝜖2 d𝜖 (6.1.8)

The qualitative behavior of the phase transition from low to high 𝑈 values starts
from a single coherent peak in the spectral function, over a triple peak with two
incoherent and one coherent band, to the Mott insulating solution with only the
incoherent bands remaining. This transition is shown in fig. 6.1 for 𝛽 = 40.

Figure 6.1: Spectral function for 𝛽 = 40 with U in units of 𝐷. Analytic continuation
with Padé approximation.
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𝐴(𝜔 = 0) = 𝜌(0) (6.1.9)

While the width of the coherent band shrinks and the Mott gap pre-forms, the height
remains the same at low temperatures. This behavior is characteristic for systems
that fulfill the Luttinger theorem. In general Luttinger’s theorem is only applicable
at 𝑇 = 0 and correct values for the effective chemical potential (see [9]). At finite

−2 −1 0 1 2
𝜔

0.0

0.1

0.2

0.3

0.4

0.5

𝐴
(𝜔

)

U = 2.25
U = 2.5
U = 2.7

Figure 6.2: Spectral functions for 𝛽 = 50, quasi particle peak disappearing before
insulating phase is reached.

temperature the Luttinger theorem is not fulfilled and the quasi particle peak does
not vanish discontinuously. This means the preformed gab does have some spectral
weight left, see fig. 6.2. Especially for Monte Carlo simulations the convergence has
to be ensured when obtaining such a result because it is also characteristic for not
fully converged solutions. We can also see the preformed gap starting at 𝑈 = 2,
the 𝑈 = 3 solution exhibits unphysical weight around the fermi surface originat-
ing from the Padé approximation. The Mott transition is known to be of first order
with a coexistence region 𝑈𝑐1 < 𝑈 < 𝑈𝑐2 at finite temperature [51, 96]. In the co-
existence region there are two allowed solutions, one of which can be continuously
connected to the metallic, the other one to the insulating solution at 𝑇 = 0. The
coexistence region disappears at temperatures above 𝛽𝑐 ≈ 10 [114]. In fig. 6.2 we
can observe the breakdown of the Fermi liquid behavior for 𝑈 > 𝑈𝑐2 for solutions
with initial guesses in the metallic phase. Insulating solutions become metallic for
𝑈 < 𝑈𝑐1. This hysteresis is characteristic for first order phase transitions. To find
the valid regions for the Fermi liquid behavior, we use eq. 3.7.8. The lowest 6 Mat-
subara frequencies of the self energy are fitted to a polynomial of degree 4. With
it, we can approximate Σ(0) and 𝜕Σ(𝜔)/𝜕𝜔|𝜔=0. In the Fermi liquid region both val-
ues should be close to 0. The relative noise at low Matsubara frequencies prevented
very accurate predictions. In my experience the resulting data was limited to four
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Figure 6.3: Plot of Fermi liquid assumption validity as function of 𝛽 and 𝑈 for initial
guess in metallic (𝑈 = 0) and Mott insulating (𝑈 = 4) phase. Note that
the initial guess should not guarantee to stabilize the corresponding so-
lution in the coexistence region. This means there is an additional error
in this region of the phase diagram. However, IPT solutions do depend
on the initial guess. The values are clipped at 2 for better visualization.
𝑈 is given in units of half bandwidth 𝐷.
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Figure 6.4: White region marks valid Fermi liquid region according to eq. 3.7.8
and fig. 6.3 for each of the two possible solutions.

decimal places by noise when using double precision floating point numbers. How-
ever, the resolution is good enough to estimate the valid regions, especially since 𝑍
is expected to approach 0 at the phase boundary. The imaginary part of the self en-
ergy as well as its derivative are plotted as function of temperature and interactions
strength in fig. 6.3. Both are zero for small values of 𝑈. There is a sudden jump
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Figure 6.5: 𝑍 as function of temperature and interaction strength obtained from iter-
ated perturbation theory, with 80 convergence steps and 200 additional
steps to obtain statistics. Initial guesses in the different phases stabilize
corresponding solutions in the coexistence region.
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Figure 6.6: Difference between the solutions obtained with initial guesses 𝑈 = 0 and
𝑈/𝐷 = 4: 𝑍 = 𝑍𝑈0 − 𝑍𝑈4.

to finite values for 𝑈 > 𝑈𝑐 at the Mott transition. Even though 𝑍 is not an order
parameter, we can now use it to distinguish the phases and plot the phase diagram
of the Hubbard model at half filling using the IPT solver. This is shown in fig. 6.5
for initial guesses in both phases. One can also see the crossover region in the high
temperature regime at 𝛽 = 1/5.
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A clearer view of the coexistence region is obtained by subtracting both solutions,
see fig. 6.6. As previously noted, 𝑍 ∼ |𝑈 − 𝑈𝑐|, which we can use to extrapolate the
hysteresis to zero temperature. This is shown in fig. 6.7.
The solutions in the coexistence region stabilize slowly in comparison to the rest of
the phase diagram. Especially near the critical point, here at 𝑇 ≈ 0.05, 𝑈/𝐷 ≈ 2.5 the
results have a large error attached. Additionally one can run into a two-cycle (the
measurement alternates between the two possible solutions). This is a well known
phenomenon near quantum phase transitions, called critical slowing down [122].
Stabilization methods are discussed in sec. 5. Both the critical point as well as zero
temperature estimates, agree with previous results [51]. From fig. 6.7 we can esti-
mate the critical interactions strengths 𝑈𝑐1 = 2.6 ± 0.05 and 𝑈𝑐2 ≈ 3.3 ± 0.05. The
shape of the coexistence region for finite temperatures fig. 6.6 shows also that 𝑈𝑐1(𝑇 )
has a lower temperature dependence than 𝑈𝑐2(𝑇 ).
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Figure 6.7: Hysteresis of 𝑍(𝑈). Noise was filtered by clipping values of 𝑍 smaller
than 105.
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6.2 monte carlo results
For Monte Carlo solvers, the quasi particle weight is less useful due to the noise in
the element wise inversion needed to obtain the self energy. Instead one can use
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(a) Double occupancy for 𝑇 = 1/30 to 𝑇 = 0.1 (supercritical), onset of crossover at
𝑈/𝐷 = 2.4 ± 0.1
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Figure 6.8: local moment and double occupancy for 𝑇 = 0.03 to 𝑇 = 0.1

the expansion order to directly compute the double occupancy and therefore has a
high accuracy (see eq. 4.5.29).

⟨𝑛↑𝑛↓⟩ = ⟨𝑛↑⟩ + ⟨𝑛↓⟩
2

− ⟨𝑛MC⟩
𝛽𝑈

− 1
4

+ 𝜖2 (6.2.1)
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At half filling the first term is equal to 1/2 and 𝜖 = 0.5 + 0+.
We have seen in chapter 1 (see discussion around fig. 1.3) that the occurrence of the
local moment is a good characterization for the Mott insulating phase.
The parameters for the Monte Carlo simulation need to be adapted depending on
the temperature and interaction strength. In fig. 6.8 the double occupancy for differ-
ent supercritical temperatures is shown. In order to decrease autocorrelation times,
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U = 2.4
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Figure 6.9: Phase transition using CT-INT at 𝛽/𝐷 = 30, initial guess 𝑈 = 0. 4 ×
107 MC steps, 4096 Matsubara frequencies, no skipping of data points
(Measurement after each MC step), Broyden mixing (good), 30 DMFT
loops

the impurity Green’s function measurement is only done every 30 to 150 Monte
Carlo steps, depending on the temperature and proximity to the coexistence region.
The number of steps was found to be sufficient at 107 to 108 samples near the coexis-
tence region. The number of DMFT loop iterations heavily depends on the interac-
tion strength and mixing type. I found anything between 10 and 80 iterations to be
sufficient. As expected from the literature the IPT solver overestimates the transition
temperature. From fig. 6.9 we already see, that 𝑈𝑐 is lies around 𝑈𝑐2/𝐷 ≈ 2.4 ± 0.1
instead of 𝑈𝑐2/𝐷 ≈ 3.0 ± 0.1. However, the temperature of the critical point is also
overestimated by IPT. There is no visible hysteresis at 𝑇 = 1/30 but an onset of the
transition can be seen at around 𝑈/𝐷 ≈ 2.3, see fig. 6.8. In fig. 6.12 the hysteresis
of the double occupancy at 𝑇 = 0.02 is shown. This was the highest temperature
for which I obtained consistent results. In fig. 6.13 a rough estimation of the phase
diagram is shown. All data points were obtained without mixing, 30 ⋅ 107 to 50 ⋅ 107

Monte Carlo samples and 35 to 60 DMFT iterations. They were obtained on a 4
core PC and took about one to eight hours to converge each. The results are not all
converged desirably well due to limited computational recources. Therefore the es-
timated phase transition lines have an error of ±0.03 𝑈/𝐷 attached. Only the mean is
plotted here. The phase diagram is nonetheless consistent with previous results [74].
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Figure 6.10: Self Energy and Impurity Green’s function at 𝛽/𝐷 = 30
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Figure 6.11: 3.5 ⋅ 107 samples, skipping of 150 MC steps between measurements, no
mixing
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7
CO NC LU S I O N A N D O U T LO O K

In this thesis I systematically introduced and implemented all integral parts for the
dynamical mean field approximation algorithm and applied the program to the sin-
gle orbital Hubbard model on the Bethe lattice at half filling. The impurity solver
was identified as the central component of the DMFT loop and three commonly used
algorithms implemented and tested against known results about the Mott transition
on the Bethe lattice.
The first chapter introduced the basic concept of the Hubbard Hamiltonian and used
simple approximations to characterize the Mott insulating phase. Furthermore the
concept of mean field theories was introduced.
In the second and third chapter the theoretical background for Monte Carlo simu-
lations and Green’s function formalism was introduced.
In chapter 4 the core concepts of the dynamical mean field approximation were dis-
cussed and the Monte Carlo impurity solvers explained. This included the deriva-
tion of the DMFT equations. Having laid the ground work for the full method, we
discussed concrete numerical algorithms that are essential for DMFT and Monte
Carlo solutions for the impurity problem. Lastly the program was applied to the
Hubbard model at half filling, reproducing well known results and demonstrating
the usability of the previously discussed algorithms. This was first done using per-
turbation theory as an impurity solver to test the DMFT loop itself. The properties
of the phase diagram were then verified using the more sophisticated continuous
time quantum Monte Carlo solver.
Immediate extensions to this solver are the verification away from half filling, differ-
ent lattice types (investigation of frustrated systems), different model types such as
the Hubbard-Holstein or Bose-Hubbard model, multi orbital systems, general inter-
actions and cluster extensions. Multi orbital systems and general interactions can
be simulated using the CT-HYB solver, while cluster extensions are better suited for
the CT-INT solver [54]. In order to simulate realistic materials, the incorporation of
a DFT loop can introduce ab initio results to the Hubbard model. Here the model
parameter 𝜖𝑘 that was obtained from the lattice in the context of this thesis is sub-
stituted for the Kohn-Sham eigenvalues. There are some significant obstacles in the
application of this methods because the choice of DFT basis functions influences
the DMFT input and more importantly some amount of electronic correlations are
treated by both methods. Even though there is continued research interest in finding
good approximations and progress has been made for the local density approxima-
tion of the exchange correlation potential [60], there is no general solution to this
problem known (especially not for more modern approximations such as hybrid
functionals).
In order to tackle less localized problems apart from the cluster extensions, it is
also possible to use the non-perturbative structure of DMFT (all local diagrams are
taken into account) as a basis for more sophisticated re-summations Most promi-
nently the dynamical vertex approximation offers such an option by extending the
class of diagrams to non-local ones [48].
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A
CO N V E RG E NC E TO NO R M A L D I ST R I B U T I O N

This calculation proofs that the CLT is indeed applicable and the expected value
and variance have the form of eq. 4.1.2. We first note according to [95], that

𝜌𝐷(𝜖𝑘) = ∑
𝑘

𝛿(ℏ𝜔 − 𝜖𝑘)

can be understood as the probability density function of finding a certain energy
𝜖𝑘 = ℏ𝜔.
We then assume a uniform distribution of 𝑘 vectors:

𝜌[𝐷]
𝑘𝑑

(𝑥) =
{

𝑎/2𝜋 if 𝑥 ∈ [− 𝜋
𝑎 , 𝜋

𝑎 ]
0 else 𝑥

We chose the transformation 𝑦 = 2𝑡 cos(𝑘𝑑𝑎) which leads to

𝑦 =
arccos(

𝑦
2𝑡 )

𝑎
𝑑𝑥
𝑑𝑦

= − 1
2𝑡

𝑎
sin(arccos(𝑦))

= − 𝑎

2𝑡√1 − 𝑦2

4𝑡2

⇒ 𝜌2𝑡 cos(𝑘𝑑)(𝑦) = ∑
𝑦=2𝑡 cos(𝑘𝑑)

𝜌𝑘𝑑 (
1
𝑎

arccos (
𝑦
2𝑡)) |𝑑𝑥

𝑑𝑦
|

=
⎧⎪
⎨
⎪⎩

2 𝑎
2𝜋

1

2𝑡√1− 𝑦2
4𝑡2

if 1
𝑎 arccos(

𝑦
2𝑡 ) ∈ [0, 𝜋

𝑎 ]

0 else

=
⎧⎪
⎨
⎪⎩

𝑎
𝜋

1

2𝑡√1− 𝑦2
4𝑡2

if 𝑦 ∈ [−2𝑡, 2𝑡]

0 else

𝔼 [𝑦] = 1
2𝑡 ∫

2𝑡

−2𝑡

𝑎
𝜋

𝑦[1 −
𝑦2

4𝑡2 ]

−1/2
𝑑𝑦

= 𝑎
𝜋 [−2𝑡

2𝑡
⋅ (0 − 0)]

= 0

𝔼 [𝑦2] = 1
2𝑡 ∫

2𝑡

−2𝑡

𝑎
𝜋

𝑦2
[1 −

𝑦2

4𝑡2 ]

−1/2
𝑑𝑦

= 𝑡2

2𝑡
𝑎
𝜋

⎡
⎢
⎢
⎣
4𝑡 arcsin(

𝑦
2𝑡) − 𝑦√1 −

𝑦2

4𝑡2

⎤
⎥
⎥
⎦

|

2𝑡

−2𝑡

= 𝑡2𝑎
4𝑡𝜋 [4𝑡(𝜋

2
+ 𝜋

2
)]

= 2𝑡2𝑎



148 convergence to normal distribution

⇒ Var[𝑦] = 2𝑡2𝑎

⇒ 𝜖[𝐷]
𝑘 = 1

𝐷

𝐷

∑
𝑑=1

𝐷2𝑡 cos(𝑘𝑑)

⟶ N (0, 2𝑎𝐷𝑡2)

Choosing the renormalized hopping strength and setting 𝑎 = 1 we obtain the Gaus-
sian DOS:

𝜌[𝐷](𝜔) ⟶ 1
2√𝜋𝑡⋆

𝑒
− 𝑥2

4𝑡⋆2
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