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1
I N TRODUCT ION

Cross-holding of financial assets among companies is a common practice in manymarkets provid-
ing a number of benefits such as protection from takeover or lower default risk for the participating
firms [Suzuki 2002]. In the light of the financial crisis, which gained traction with the bankruptcy
of Lehman Brothers in 2008, the question about contagious effects of such cross-ownership net-
works imposes itself.
Furthermore, effects like double counting of assets in market valuations can arise from cross-
holdings of equity, which lead to over estimated market equity and undervalued financial lever-
age [Bøhren and Michalsen 1994; Fischer 2014]. Especially the first effect ties into the reasons
behind the aforementioned financial crisis in 2008.
The full non-linear effects introduced by circular dependencies from cross-holdings of equity and
bonds (debt), have been considered before by Suzuki [2002] and extended to more general liabili-
ties by Fischer [2014]. Our goal is to quantify the risk of contagion, inherent in a cross-ownership
network. To this end, the model derived by T. Suzuki, which is based on the famous Merton
model [Black and Scholes 1973; Merton 1974], will be adapted.This Black-Scholes type model,
provides a formula for a consistent valuation of firms in networks of cross equity and debt hold-
ings. The risk for a crisis associated with a certain network is not obvious, especially for setups in
which most firms are initially solvent. A well known concept to represent sensitivities of deriva-
tives (in our case the firm equity and debt — i.e. financial stability) to changes in the underlyings,
are the so called “Greeks”. Since the derivatives are dependent on the network through the for-
mulas obtained by T. Suzuki, the computation of the Greeks becomes more complicated. We will
derive a, formally exact, scheme for their estimation and provide numerical examples for certain
network types. Some of the mathematical approaches have been previously considered by Fischer.
They are extended here, specifically by the calculation of the Greeks [2014].
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2
MATHEMAT ICAL FOUNDAT IONS

The evolution and prediction of stock prices requires somewhat advanced mathematical analysis.
Looking at histories of stock prices, one quickly notices the rough trajectories. A reasonable model
for these paths is the Brownian motion, originally used to describe the motion of a small particle
in a suspension. Wewill look at some of the mathematical foundations required for the derivation
of the network Greeks. First, we will look at the basics of probability theory and then introduce
stochastic processes and special formulas needed for option pricing.

2.1 p robab i l i t y theory and stochast i c proce s s e s

We begin by defining basic concepts from stochstatics that are essential for this thesis. Some of the
definitions and derivations in this chapter are based on [Protter 2005] and on previous work [Sto-
bbe 2018a].

Definition 1 (𝜎-algebra) Let Ω be a set, called universal set. Then Σ ⊆ 𝒫(Ω) is called 𝜎-algebra
if:
(i) Ω ∈ Σ

(ii) 𝐴 ∈ Σ ⟹ 𝑋 � 𝐴 ∈ Σ

(iii) ∀𝑛 ∈ ℕ ∪ {∞} ∶ 𝐴1, 𝐴2, ⋯ 𝐴𝑛 ∈ Σ ⟹
𝑛
⋃
𝑖=1

𝐴𝑖 ∈ 𝐴

We will use 𝜎-algebras as sets of possible events which will have associated probabilities. These
probabilities are given as a measure1 induced by the 𝜎-algebra:

Definition 2 (Filtered Complete Probability Space) A probability space (Ω, ℱ, 𝑃) is a measur-
able space (Ω, ℱ) with probability measure 𝑃 over an open set Ω (called sample space) with a
𝜎-algebra ℱ (called events) and probability measure 𝑃∶ ℱ → [0, 1], 𝑃(Ω) = 1 [Dudley 2018].
Let 𝐸 ∈ ℱ . A probability space is called complete if every set contained in a measurable null set
is also measurable, i.e.: ∀ 𝑃(𝐸) = 0 ∶ ∀𝐸′ ⊂ 𝐸 ∶ 𝐸′ ∈ ℱ
Afiltered complete probability space or stochastic basis (Ω, ℱ, 𝔽, 𝑃) is a probability space equipped
with a filtration 𝔽 = {ℱ𝑡}𝑡∈𝕋. ℱ𝑡 is a sequence of 𝜎-algebras with the condition:

∀𝑡1, 𝑡2 ∈ 𝕋 ∶ 𝑡1 ≤ 𝑡2 ⟹ ℱ𝑡1
⊆ ℱ𝑡2

Wewill assume the usual hypotheses (i) and (ii). These allowus to handle some of themathematical
obstacles that arise from continuous time (the complete chain of arguments can be found in chapter
1 of [Protter 2005]):
(i) ℱ0 contains all the P-null sets of ℱ

(ii) Right continuous: ∀ 𝑠, 𝑡 ∈ 𝐼 ∶ ℱ𝑡 = ⋂
𝑡<𝑠

ℱ𝑠

Definition 3 (Random Variable) We call 𝑋 ∶ Ω → 𝑆 a S-valued random variable if it is a ℱ -
measurable function2 from a probability space (Ω, ℱ, 𝑃) to some measurable space (𝑆, 𝒮), which
is called state space.

1 Ameasure is a function𝜇 over ameasurable space (𝐴, Σ)with the properties: non-negativity∀𝐸 ∈ Σ ∶ 𝜇(𝐸) ≥ 0, contable
additivity 𝜇 (⋃∞

𝑖=1 𝐸𝑖) = ∑∞
𝑖=1 𝜇(𝐸𝑖) and empty set measure 𝜇(∅) = 0

2 A function 𝑋 ∶ (Ω, ℱ) → (𝑆, 𝒮) is called measurable if ∀𝑇 ∈ 𝒮 ∶ {𝜔 ∈ Ω | 𝑋(𝜔) ∈ 𝑇} ∈ ℱ

3



4 mathemat i cal foundat ions

Random variables assign certain events (which “live” in the state space) to configurations of the
underlying model. For example an event may be a stock value and the underlying model could be
made up of stock holdings of all investors.
For a filtered probability space (Ω, ℱ, 𝔽, 𝑃), let 𝐸 ∈ ℱ . We call 𝑃(𝐸) probability of the event 𝐸.

Definition 4 (Probability Distribution) We call 𝜇𝑋 distribution or law of 𝑋

𝜇𝑋(𝐵) = 𝑃(𝑋 ∈ 𝐵) = 𝑃(𝑋−1(𝐵)), 𝐵 ∈ 𝒮 (1)

In case𝑋 is continuously distributed and real valued, we can also uniquely define the (cumulative)
distribution function (CDF) as:

𝐹𝑋(𝑥) = 𝑃(𝑋 ≤ 𝑥) = 𝜇𝑋((−∞, 𝑥]) = ∫
𝑥

−∞
𝜌𝑋(𝑠)d𝑠 (2)

A probability density function (PDF) 𝜌𝑋 for a random variable 𝑋 and 𝐵 ∈ 𝒮 connects both mea-
sures 𝜇𝑋 and 𝑃 and provides a transition to Lebesgue integration [Spreij 2010; Yeh and Vestrup
2003].

𝑃(𝑋 ∈ 𝐵) = ∫
𝐵

𝜌𝑋(𝑥)d𝜇𝑋(𝑥) ⟹ ∫
Ω

𝜌𝑋(𝜔)d𝑃(𝜔) = 𝟙 (3)

The notation in (4) will be used whenever we want to indicate that a random variable was drawn
according to some PDF 𝜌𝑋.

𝑋 ∼ 𝜌𝑋 (4)

For a monotonic transformation function 𝑔(𝑋) = 𝑌 and 𝜌𝑔(𝑋) = 𝜌𝑌 we can write the transformed
probability density in terms of the old one and the inverse of 𝑔. Using |𝜌𝑌(𝑦)d𝑦| = |𝜌𝑋(𝑥)d𝑥|, we
can write the new density in terms of the original one:

𝜌𝑌(𝑦) = ∣d𝑔−1(𝑦)
d𝑦 ∣ 𝜌𝑋(𝑔−1(𝑦)) (5)

Before continuing with stochastic processes we need to introduce the conditional expected value
with respect to a sub-𝜎-algebra.

Definition 5 (Conditional Expectation) For a probability space (Ω, ℱ, 𝑃), some associated ran-
dom variable 𝑋 and a sub-𝜎-algebra ℱ ′ ⊆ ℱ , we define the conditional expectation 𝐸[𝑋|ℱ ′] of 𝑋
given ℱ ′ as any ℱ ′-measurable function satisfying for all 𝑓 ∈ ℱ ′:

∫
𝑓

𝐸[𝑋|ℱ ′]d𝑃 = ∫
𝑓

𝑋 d𝑃 (6)

Figure 1 shows an example of such a conditional expectation value (see [Wikipedia and Contribu-
tors 2019a]). ℬ is the 𝜎-algebra generated by the intervals with endpoints 𝑛

4 with 𝑛 = 0, 1, … 4 and
𝒞 is the 𝜎-algebra generated by the intervals with end points 0, 1

2 , 1. The definitions until now only
allow us to define random variables with a common density but not different densities depending
on some parameter (e.g. time). In the next section we will amend this by introducing stochastic
processes.

2.2 w i ener proce s s and brown ian mot ion

We want to model the time development of some random quantity, namely the stock prices. This
notion is formalized by stochastic processes over random variables. Adapted stochastic processes
are additionally restricted by not being able to “see into the future”, since the value at any time
point 𝑡 is restricted to the 𝜎-algebra ℱ𝑡 fully contained within any future ℱ𝑠 (with 𝑠 > 𝑡).
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0 ¼ ½
¾ 1

Figure 1: Example for conditional expectation, taken from [Wikipedia and Contributors 2019a]

Definition 6 (Adapted Stochastic Process) A stochastic process 𝑋𝑡 on (Ω, ℱ, 𝑃) is a collection of
random variables (𝑋𝑡)𝑡∈𝕋 over some time interval 𝕋3 A process is called adapted to 𝔽 if ∀𝑡 ∈ 𝕋 ∶
𝑋𝑡 ∈ ℱ𝑡.

The stochastic process extends the random variables by the (continuous) time parameter. Going
with our previous example, 𝑋𝑡 could be the stock value giving a certain configuration at a specific
time 𝑡. The introduction of filtrations allows to treat continuous time finite probability spaces
within the context of countable sets. We can motivate some of the definitions by considering their
concrete application in financial models. The 𝜎-algebras ℱ𝑡 contain events available to investors at
time 𝑡. While the information is the same for all investors, the probability assigned to events may
differ [Elliott and Kopp 1999]. When modeling a market in such a system the natural question of
optimal decisions, given all available information, can be formalized using stopping times.

Definition 7 (Stopping Times) Let (𝑋)𝑡∈𝕋 be a random process with 𝕋 = [0, ∞), then a random
variable 𝜏 ∈ 𝕋 ∪ {∞} is called ℱ𝑡-stopping time, if:

∀𝑡 ∈ 𝕋 ∶ {𝜏 ≤ 𝑡} ∈ ℱ𝑡

Examples for stopping times are fix times 𝜏 = 𝑡0 or profit thresholds 𝜏 = inf{𝑡 ≥ 0|𝑊𝑡 > 𝑣}. The
second stopping time is the time at which a Brownian motion (see def 9) exceeds a threshold 𝑣.
We continue with special classes of stochastic processes.

Definition 8 (Martingale) A martingale is an adapted stochastic process 𝑋𝑡 over (Ω, ℱ, 𝔽, 𝑃)
with respect to a filtration 𝔽 such that:

𝔼[𝑋𝑡] < ∞ ⇒ 𝑋𝑠 = 𝔼𝑃 [𝑋𝑡|ℱ𝑠] (7)

Replacing the equal sign by ≤ or ≥, we obtain the definition for super- and submartignales. Note
that the expected value 𝔼[𝑋𝑡] is constant, monotonic increasing, monotonic decreasing for mar-
tingales, submartingales, supermartingales, accordingly.

The usual discussion about equivalence of two stochastic processes and derivation of stochastic
integrals is left to the literature, e.g. chapter 6 [Elliott and Kopp 1999]. Martingales model random
processes that are fair in the sense, that the expected value over time does not change. Super-
and submartingales result in a loss or win over time. The standard method for the quantitative
description of stock prices is the Wiener process.

Definition 9 (Wiener Process) A stochastic process 𝑊𝑡 is calledWiener process or Brownianmo-
tion on ℝ if it is a martingale and:

3 If not stated otherwise, we will use 𝕋 = [0, ∞).



6 mathemat i cal foundat ions

(i) 𝑊0 = 0

(ii) ∀𝑠, 𝑡 ∈ 𝐼, 𝑡 ≤ 𝑠 ∶ 𝑊𝑠 − 𝑊𝑡 ∼ 𝒩(0, 𝑠 − 𝑡)

(iii) 𝑊𝑡+𝑠 is independent of ℱ𝑊
𝑡 = 𝜎{𝑊𝑢 ∶ 𝑢 ≤ 𝑡} with 𝜎(𝑀) = ⋂𝐴∈ℱ 𝐴. This implies, using

the usual rules for conditional expectation: 𝔼[𝑊𝑡+𝑠|ℱ𝑊
𝑡 ] = 𝔼[𝑊𝑡+𝑠]

(iv) 𝑊𝑡 is continuous in 𝑡 almost surely

𝜎 = 0.1

𝜎 = 0.25

𝜎 = 0.4
Figure 2: Wiener Process with different variances

The standardBrownianmotion (𝑊𝑡)with respect toℱ𝑊
𝑡 is aℱ𝑊

𝑡 -martingale, because𝔼[𝑊𝑡+𝑠|ℱ𝑊
𝑡 ] =

𝑊𝑠 almost surely, since:

𝔼[𝑊𝑡+𝑠|ℱ𝑊
𝑡 ] = 𝔼[𝑊𝑡+𝑠 − 𝑊𝑡 + 𝑊𝑡|ℱ𝑊

𝑡 ]
= 𝔼[𝑊𝑡+𝑠 − 𝑊𝑡|ℱ𝑊

𝑡 ] + 𝔼[𝑊𝑡|ℱ𝑊
𝑡 ]

property 3= 0 + 𝔼[𝑊𝑡] (8)

It is also easy to show that for 𝕋 = [0, ∞) and 𝜎 ∈ ℝ+:

(𝑊2
𝑡 − 𝑡)𝑡∈𝕋 (9)

(𝑒𝜎𝑊𝑡− 𝜎2
2 𝑡)

𝑡∈𝕋
(10)

are 𝑊𝑡-martingales [Elliott and Kopp 1999]. We wil later discover 10 to be a fitting description for
changes in stock prices.

2.3 i tô calculus

There are many processes in which the assumption of a fixed expected value over time does not
hold. There we will need stochastic processes with a drift. The associated process is known as the
Itô (or diffusion) process. The derivation of an appropriate integral type (called Itô or general-
ized Riemann–Stieltjes integral) is left to the literature4, e.g. chapter 6 [Elliott and Kopp 1999] or
chapter 25, 26 [Klenke 2013]. The most important definitions will be repeated here, as they are in-
tegral for the understanding of the financial model. Contrary to standard differential calculus, the
integral is the fundamental part of the definition and the differential follows as inverse operation.

4 The subtleties arise from the conditions for the decomposition sequence𝒫𝑛
𝑇 in ∫𝑇

0 𝑋𝑠 d𝑀𝑠 = lim𝑛→∞ ∑𝑡∈𝒫𝑛
𝑇

𝑋𝑡(𝑀𝑡′ −𝑀𝑡)
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Definition 10 (Itô Process) Let (Ω, ℱ, 𝔽, 𝑃) be a filtered complete probability space and (𝑊𝑡)𝑡∈𝕋
a 𝔽-Brownian motion, (𝐾𝑠)𝑠∈𝕋 and (𝐻𝑠)𝑠∈𝕋 are 𝔽-adapted stochastic processes with ∀𝑇 ∈ 𝕋 ∶
∫𝑇

0 |𝐴𝑠|2 d𝑠 < ∞ almost surely (𝐴𝑠 = 𝐾𝑠 or 𝐻𝑠). A real valued Itô-process (𝑋𝑡)𝑡∈𝕋 with 𝑋0 ℱ0-
measurable has the form

𝑋𝑡 = 𝑋0 + ∫
𝑡

0
𝐾𝑠(𝑋𝑡)d𝑠 + ∫

𝑡

0
𝐻𝑠(𝑋𝑡)d𝑊𝑠

This process is the solution of the following stochastic differential equation:

d𝑋𝑡 = 𝐾𝑡(𝑋𝑡)d𝑡 + 𝐻𝑠(𝑋𝑡)d𝑊𝑠 (11)

Let 𝐹 ∶ [0, ∞) → ℝ, 𝐹 ∈ 𝐶2(ℝ) and (𝑋𝑡)𝑡∈𝕋 an Itô process, then (these conditions also guar-
antee existence of the Itô integral) we can state the Itô formula for the Brownian motion (proof
chapter 25 [Klenke 2013]):

𝐹(𝑡, 𝑋𝑡) = 𝐹(0, 𝑋0) + ∫
𝑡

0

𝜕𝐹
𝜕𝑠 (𝑠, 𝑋𝑠)d𝑠 + ∫

𝑡

0

𝜕𝐹
𝜕𝑥 (𝑠, 𝑋𝑠)d𝑋𝑠 + 1

2 ∫
𝑡

0

𝜕2𝐹
𝜕2𝑥 (𝑠, 𝑋𝑠)d⟨𝑋⟩𝑠 (12)

with ⟨𝑋⟩𝑡 = ∫𝑡
0 𝐻2

𝑠 d𝑠. In differential form:

d𝐹(𝑡, 𝑋𝑡) = 𝐹(0, 𝑋0) + 𝜕𝐹
𝜕𝑡 (𝑡, 𝑋𝑠)d𝑡 + 𝜕𝐹

𝜕𝑋𝑡
(𝑡, 𝑋𝑠)d𝑋𝑡 + 𝜕2𝐹

𝜕2𝑋𝑡
(𝑡, 𝑋𝑠)d𝑋2

𝑡 (13)

with d𝑋2
𝑡 = d𝑡 for d𝑊2

𝑡 , 0 otherwise. Therefore:

d𝑋2
𝑡 = 𝐾2 d𝑡2 + 𝐾𝐻 d𝑡d𝑊𝑡 + 𝐻2 d𝑊2

𝑡 = 𝐻2 d𝑊2
𝑡

As an example we apply this formula to the following function 𝐹(𝑡, 𝑥):

𝐹(𝑡, 𝑥) = 𝑒(𝜇− 𝜎2
2 )𝑡+𝜎𝑥 (14)

With 𝑆𝑡 = 𝐹(𝑡, 𝑊𝑡)

𝐹(𝑡, 𝑊𝑡) = 𝑊0 + ∫
𝑡

0
(𝜇 − 𝜎2

2 ) 𝑒(𝜇− 𝜎2
2 )𝑠+𝜎𝑊𝑠 d𝑠 + ∫

𝑡

0
𝜎𝑒(𝜇− 𝜎2

2 )𝑠+𝜎𝑊𝑠 d𝑊𝑠

+ ∫
𝑡

0

𝜎2

2 𝑒(𝜇− 𝜎2
2 )𝑠+𝜎𝑊𝑠 d⟨𝑋⟩𝑠

Using d⟨𝑋⟩𝑠 = d𝑠:

= 𝑊0𝑒 + ∫
𝑡

0
𝜇𝑒(𝜇− 𝜎2

2 )𝑡+𝜎𝑥 d𝑠 + ∫
𝑡

0
𝜎𝑒(𝜇− 𝜎2

2 )𝑠+𝜎𝑊𝑠 d𝑊𝑠

= 𝑊0 + ∫
𝑡

0
𝜇𝑆𝑡 d𝑠 + ∫

𝑡

0
𝜎𝑆𝑡 d𝑊𝑠 (15)

⇒ d𝑆𝑡 = 𝜇𝑆𝑡 d𝑡 + 𝜎𝑆𝑡 d𝑊𝑡 (16)

This is an Itô process, usually called goemetric Brownian motion, with 𝐾𝑠 = 𝑟𝑆𝑠 and 𝐻𝑠 = 𝜎𝑆𝑠.
Its solution is given in eq. 14. The fact, that eq. 14 is a solution to eq. 16 (which we just proofed)
will be used when we identify eq. 16 as the stochastic process for asset prices in the Black-Scholes
model.
The statement above can be extended to systems of stochastic differential equations with 𝑋𝑡 =
(𝑋1

𝑡 , ⋯ , 𝑋𝑛
𝑡 ) and a 𝑚-dimensional Brownian motions 𝑊1

𝑡 , ⋯ , 𝑊𝑚
𝑡 :

d𝑋𝑖
𝑡 = 𝜇𝑡(𝑋𝑡)d𝑡 +

𝑚
∑
𝑗=1

𝜎𝑖𝑗(𝑋𝑡)d𝑊𝑗
𝑡 (17)
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𝜇𝑖 are the drift variables, 𝜎𝑖𝑗 the diffusion coefficients. The diffusion matrix forms a covariance
matrix (i.e. positive definite and symmetric). The very useful generalization of Itô’s lemma (eq. 13)
for any function 𝐹 ∶ ℝ+ × ℝ𝑛 → ℝ then becomes:

d𝐹(𝑡, 𝑋𝑡) = ⎛⎜⎜
⎝

𝜕
𝜕𝑡 +

𝑛
∑
𝑖=1

𝜇𝑖(𝑋𝑡)
𝜕

𝜕𝑥𝑖
+ 1

2
𝑛

∑
𝑖,𝑗=1

𝜎𝑖𝑗(𝑋𝑡)
𝜕2

𝜕𝑥𝑖𝜕𝑥𝑗

⎞⎟⎟
⎠

𝐹(𝑡, 𝑋𝑡)d𝑡

+
𝑛

∑
𝑖=1

𝑚
∑
𝑗=1

𝜎𝑖𝑗(𝑋𝑡)
𝜕

𝜕𝑥𝑖
𝐹(𝑡, 𝑋𝑡)d𝑊𝑗

𝑡 (18)

2.4 equ ivalent mart ingale measure

We come to the important concept of the equivalent martingale measure (EMM), later also called
risk neutral measure. The importance will become clear when we discuss the fundamental theo-
rem of asset pricing in the next chapter. The mathematical foundation for this measure is given
by the Girsanov theorem, for a proof see for example chapter 7 [Elliott and Kopp 1999].

Theorem 1 (Girsanov) For an adapted (𝑋𝑡)𝑡∈𝕋 stochastic process on (Ω, ℱ, 𝔽𝑊 , 𝑃) with the natural
filtration for the Wiener process, 𝕋 = [0, 𝑇], ∫𝑇

0 𝑋2
𝑠 d𝑠 < ∞ almost surely and the Dolean-Dade exponent

Λ𝑡 = 𝑒− ∫𝑡
0 𝑋𝑠 d𝐵𝑠− 1

2 ∫𝑡
0 𝑋2

𝑠 d𝑠 a martingale.
One can define a new measure 𝑄𝑋 on ℱ𝑇 :

d𝑄𝑋
d𝑃 ∣

ℱ𝑡
= Λ𝑡 ∀𝑡 ≤ 𝑇

It follows that
𝑊𝑡 = 𝐵𝑡 + ∫

𝑡

0
𝑋𝑠 d𝑠

is a standard Brownian motion on (Ω, ℱ, 𝔽𝑊 , 𝑄𝑋).

Note that we require 𝑇 < ∞. We can apply this change of measure to eq. 16. Let 𝑟 ≥ 0 (this will
later become the risk free interest rate), then we can define:

Λ𝑡 = 𝑒− 𝑡
2 ( 𝑟−𝜇

𝜎 )
2
+ 𝑟−𝜇

𝜎 𝑊𝑡 (19)

Where 𝑊𝑄
𝑡 = 𝜇−𝑟

𝜎 𝑡 + 𝑊𝑡 (i.e. 𝑋𝑡 = 𝜇−𝑟
𝜎 is a Brownian motion with measure 𝑄 and 𝑆𝑡𝑒−𝑟𝑡 is a

𝑄-martingale

d𝑆𝑡 = 𝑟𝑆𝑡 d𝑡 + 𝜎𝑆𝑡 d𝑊𝑄
𝑡 (20)

⟹ 𝑆𝑡 = 𝑆0𝑒(𝑟− 𝜎2
2 )𝑡+𝜎𝑊𝑄

𝑡 (21)

It also follows that we can define ̃𝑆𝑡 = 𝑒−𝑟𝑡𝑆𝑡:

d ̃𝑆𝑡 = −𝑟𝑒−𝑟𝑡𝑆𝑡 + 𝑒−𝑟𝑡 d𝑆𝑡

= ̃𝑆𝑡 (𝜇d𝑡 − 𝑟 d𝑡 + 𝜎 d𝑊𝑡)
⇒ d ̃𝑆𝑡 = ̃𝑆𝑡𝜎 d𝑊𝑄

𝑡

⇒ ̃𝑆𝑡 = 𝑆0𝑒𝜎𝑊𝑄
𝑡 − 𝜎2

2 𝑡

𝑃 and𝑄 are equivalentmeasures, i.e. they have the same null-space (an eventwith zero probability
in 𝑃 also has zero probability in 𝑄 and the other vice versa). This implies 𝑃 ≤ 𝑄 and 𝑄 ≤ 𝑃. This
does however not mean, that every assigned probability greater zero is equivalent. We will later
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use the equivalent martingale measure to simplify calculations. But since both measures do differ
in probability weights it is important to keep the distingtion between the real world and artificial
measure in mind. For example: the discounted stock price 𝑒−𝑟𝑡𝑆𝑡 and the discounted European
option 𝑒−𝑟𝑡𝑉𝑡 (with 𝑉𝑡 = 𝑓 (𝑆𝑡0

, 𝑆𝑡1
, ⋯), 𝑡𝑖 ∈ [0, 𝑡], see chapter 3) are martingales with respect to

the filtration ℱ𝑆
𝑡 with the risk neutral measure (EMM) with respect to 𝑄, but not (necessarily)

under the real world measure 𝑃.

2.5 f e ynman-kac formula

The Feynman-Kac formula provides an expression for solutions of certain stochastic differential
equations. It is especially useful for European derivative pricing discussed in the next chapter.
We consider the (multidimensional5) Itô process 𝑋𝑡 = (𝑋1

𝑡 , ⋯ 𝑋𝑛
𝑡 ), 𝑊𝑡 = (𝑊1

𝑡 , ⋯ 𝑊𝑚
𝑡 ) is a uncor-

related Wiener process as usual with 𝜇(𝑋𝑡, 𝑡) ∈ ℝ𝑛 and 𝜎(𝑋𝑡, 𝑡) ∈ ℝ𝑛+𝑚. Following [Gubner
2010, chapter 8] we start with the system of stochastic differential equations with correlations, i.e.
d𝑊𝑖

𝑡 d𝑊𝑗
𝑡 = 𝜌𝑖𝑗 d𝑡, 𝑡 ∈ 𝕋 = [0, 𝑇] under measure 𝑄:

d𝑋𝑡 = 𝜇(𝑡, 𝑋𝑡)d𝑡 + 𝜎(𝑡, 𝑋𝑡)d𝑊𝑄
𝑡 (22)

The corresponding infinitesimal generator 𝐴 with 𝑓 ∈ 𝐶2
0(𝕋 × ℝ𝑛) is defined as [Gubner 2010,

theorem 7.3.3.]:

𝐴𝑓 (𝑡, 𝑥) =
𝑛

∑
𝑖=1

𝜇𝑖(𝑡, 𝑥) 𝜕𝑓
𝜕𝑥𝑖

+ 1
2 ∑

𝑖𝑗
[𝜎𝜎𝑇]𝑖𝑗

𝜕2𝑓
𝜕𝑥𝑖𝜕𝑥𝑗

(23)

Theorem 2 (Feynman-Kac) For the following partial differential equationwith a bounded function 𝑓 (𝑥, 𝑡),
𝜓 ∈ 𝐶2

0(ℝ) and 𝜇, 𝜎 as usual, a solution

𝜕𝑢
𝜕𝑡 (𝑡, 𝑥) + (𝜎2(𝑡, 𝑥)

2
𝜕2

𝜕𝑥2 + 𝜇(𝑡, 𝑥) 𝜕
𝜕𝑥) 𝑢(𝑡, 𝑥) + 𝑟(𝑡, 𝑥)𝑢(𝑡, 𝑥) + 𝑓 (𝑡, 𝑥) = 0

⇔ 𝜕𝑢
𝜕𝑡 (𝑡, 𝑥) + 𝐴𝑢(𝑡, 𝑥) − 𝑟(𝑡, 𝑥)𝑢(𝑡, 𝑥) + 𝑓 (𝑡, 𝑥) = 0 (24)

with the terminal condition
𝑢(𝑇, 𝑥, ) = 𝜓(𝑥)

The unknown function 𝑢 can be expressed as follows:

𝑢(𝑡, 𝑥) = 𝔼𝑄 [∫
𝑇

𝑡
𝑓 (𝑠, 𝑋𝑠)𝑒− ∫𝑠

𝑡 𝑟(𝜏,𝑋𝜏)d𝜏 d𝑟 + ∫
𝑇

𝑡
𝜓(𝑋𝑇)𝑒− ∫𝑠

𝑡 𝑟(𝜏,𝑋𝜏)d𝜏 d𝑟∣𝑋𝑡 = 𝑥] (25)

A proof for the multidimensional form can be found for example in [Pham 2009, chapter 9].
This formula provides us with a formal solution for the stochastic differential equation 22, which
can in fact be evaluated analytically for european options in the Black Scholes model.

2.6 impl i c i t funct ion theorem

We will later make use of the implicit function theorem (IFT) in order to rewrite the derivative
of a fixed point function. Given a function 𝑓 (𝑥, 𝑦), the IFT guarantees the existence of a function
𝑔(𝑦) = 𝑏 around a point 𝑓 (𝑎, 𝑏) = 0 under some mild conditions (see below). Additionally the

5 We do not discuss the multidimensional Itô process as a system of stochastic differential equations, details can be found
for example in [Gubner 2010, chapter 4]
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theorem gives an explicit expression for the derivative of 𝑔. One can motivate this by considering
the surface of a sphere in ℝ3. In Cartesian coordinates this is explicitly written as 𝑥2 +𝑦2 +𝑧2 = 𝐶.
The implicit function defining this surface is 𝑓 (𝑥, 𝑦, 𝑧) = 𝑥2 + 𝑦2 + 𝑧2 − 𝐶 = 0. It is obviously not
possible to define a global function 𝑧 = 𝑓 (𝑥, 𝑦) which uniquely defines the surface over the whole
surface. However, the solution can be uniquely defined for 0 < 𝑥2 + 𝑦2 < 𝐶 as 𝑧 = √𝐶 − 𝑥2 − 𝑦2,
see fig. 3. Recall the definition for the Jacobian 𝐽𝑓 ,𝑎 of a function 𝑓 at point 𝑎. 𝐽𝑓 ,𝑎 is the matrix of all

𝑥

𝑦

𝑧

Figure 3: One of four possible regions in which a unique solution can be found. The region is limited by the
lines with either 𝑥 = 0 or 𝑦 = 0

partial derivatives of all components for a function 𝑓 ∶ ℝ𝑚 → ℝ𝑛:

[𝐽𝑓 ,𝑥]
𝑖𝑗

= 𝜕𝑓𝑖(𝑥)
𝜕𝑥𝑗

𝐽𝑓 ,𝑥 =
⎛⎜⎜⎜⎜⎜
⎝

𝜕𝑓1(𝑥)
𝜕𝑥1

⋯ 𝜕𝑓1(𝑥)
𝜕𝑥𝑚

⋮ ⋱ ⋮
𝜕𝑓𝑛(𝑥)

𝜕𝑥1
⋯ 𝜕𝑓𝑛(𝑥)

𝜕𝑥𝑚

⎞⎟⎟⎟⎟⎟
⎠

∈ ℝ𝑛×𝑚

Theorem 3 (Implicit Function Theorem) Let 𝑈 × 𝑉 ⊂ ℝ𝑛 × ℝ𝑚, 𝑓 ∶ 𝑈 × 𝑉 → ℝ𝑛 and 𝑓 ∈ 𝐶1.
For a fixed point 𝑎 = (𝑥0, 𝑦0), 𝑥0 ∈ 𝑈, 𝑦0 ∈ 𝑉 with 𝐽𝑓 ,𝑦(𝑎) invertible. There exists a unique mapping
𝑔 ∶ 𝑈 → 𝑉 with 𝑔(𝑥0) = 𝑦0 and ∀𝑥 ∈ 𝑈 ∶ 𝑓 (𝑔(𝑦), 𝑦).
Additionally, for 𝑥 ∈ 𝑈 and 𝑦 ∈ 𝑉:

𝐽𝑔,𝑦 = − [𝐽𝑓 ,𝑥(𝑎)]
−1

𝐽𝑓 ,𝑦(𝑎) (26)

= −
⎛⎜⎜⎜⎜⎜
⎝

𝜕𝑓1(𝑎)
𝜕𝑥1

⋯ 𝜕𝑓1(𝑎)
𝜕𝑥𝑛

⋮ ⋱ ⋮
𝜕𝑓𝑛(𝑎)

𝜕𝑥1
⋯ 𝜕𝑓𝑛(𝑎)

𝜕𝑥𝑛

⎞⎟⎟⎟⎟⎟
⎠

−1
⎛⎜⎜⎜⎜⎜
⎝

𝜕𝑓1(𝑎)
𝜕𝑦1

⋯ 𝜕𝑓1(𝑎)
𝜕𝑦𝑚

⋮ ⋱ ⋮
𝜕𝑓𝑛(𝑎)

𝜕𝑦1
⋯ 𝜕𝑓𝑛(𝑎)

𝜕𝑦𝑚

⎞⎟⎟⎟⎟⎟
⎠

(27)

A proof can be found in [theorem 2-12 Spivak 1965, chapter 2].



3
BLACK- SCHOLE S MODEL

3.1 in troduct ion

We will now introduce the Black-Scholes model for financial markets, famously developed by Fis-
cher Black, Myron Scholes and Robert Merton during the 1970s and rewarded with the Nobel
price in 1997 [Black and Scholes 1973; Merton 1974]. The model allows the analytic treatment of
European-style options (see sec. 3.2) and also provides a good basis for numerical simulations
of more exotic option types. The central idea of Merton was the time continued hedging of the
underlying asset. In other words, finding a ratio for the amount of bought and sold units of the
underlying asset and the options in such a way, that the yield is exactly that of the risk free interest
rate. More generally, we will see that this risk neutral pricing, justified by theorem 1, is provided
by the mathematical formulation of the model [Elliott and Kopp 1999]. Mertons approach also
provides a view of valuations for firm as options.
There are seven assumptions needed for the derivation of the central differential equation [Fallis
and Hull 2006]:
(i) Geometric BrownianMotion—The stock prices follow a geometric Brownianmotion. Since

this stochastic process does not have any memory, this implies that consistent prediction of
the next step is assumed to be impossible.

(ii) NoArbitrage—No opportunity for riskless profit. This means for example, that there exists
no opportunity to buy an asset in one market and immediately sell it in another at a higher
value.

(iii) Frictionless Market — No fees, costs or taxes for transactions

(iv) No Dividends — Stocks do not pay any dividend until maturity of the derivatives

(v) Constant 𝜎 and 𝑟 —The riskless interest rate 𝑟 for lending and borrowing and the volatility
𝜎 are assumed to be constant. The risk-free interest rate is also assumed to be equal for all
maturities. For many of the derivations here, this condition will be relaxed.

(vi) Short Sales — Short sale is the selling of a security not owned by the seller, i.e. the seller can
borrow the security, possible fully using the earnings.

(vii) Perfect Liquidity — Buying and selling of stock can be done with any fractional amount,
including short selling. Even very large transactions are assumed to have no implicit impact
on the market, so there is no limit on the amount traded.

Some of these restrictions have been relaxed under extended models [Fallis and Hull 2006]. How-
ever, the original version of this model is a sufficient basis for our network extension.

3.2 cont ingent cla ims

A contingent claim is a derivative with a future payoff. Their value – which can be zero when
no payoff occurs, hence the name – depends on the underlying asset. Derivatives which are not
contingent claims are called forward commitment. The most prominent examples are options and
futures. While futures are fixed contracts which both parties must abide by, the option is only
exercised if it is to the advantage of the options owner.
Before discussing forward pricing, it is useful to define bonds. The price of any risky asset will

11
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then be given relative to them, taking the interest rate into account. We will later see, that this
choice is not fixed. A bond 𝐴(𝑡) is sold at a fixed price as a promise of repay at a certain time
(maturity of the bond). Until maturity, the bond issuer pays interest 𝑟(𝑡) to the bond holder. We
could also define it as a contingent claim with payoff 1 at maturity 𝑇. The pricing formula is:

𝑆0(𝑡) = 𝑒∫𝑡
0 𝑟𝑠 d𝑠 (28)

A zero-coupon bond does not pay interest. We simplify calculations, by setting the face value
(value at maturity) equal to 1. The bond holder makes a profit from the difference between the
purchase price and the face value.

𝐵(𝑡, 𝑇) = 𝑆0(𝑡)𝔼 [ 1
𝑆0(𝑇) ∣ℱ𝑡] (29)

With the bond (for a motivation see sec 3.4) we can also write the payoff function as:

𝐵(𝑡, 𝑇) = 𝔼 [𝑒− ∫𝑇
𝑡 𝑟𝑠 d𝑠∣ℱ𝑡] (30)

These types of bonds differ in when they are worth the most. While a normal bond decreases in
value over time, the value of the zero-coupon bond approaches that of its face value.

3.2.1 Options

Wewill now discuss options, specifically European style options, in detail. They can then be used
to formulate a valuation model for firms.
An option is a contract allowing the buyer to either buy or sell the underlying asset for a specific
amount of cash, called strike price 𝐾 at or until a specified time. This time point is called maturity
and denoted with 𝑇 (in contrast to the time parameter 𝑡). Wewill consider European style options
whenever not stated otherwise. These options can only be exercised at the date of maturity. Amer-
ican options can be exercised at any point before maturity. Besides these vanilla options, there are
also so-called exotic options which depend on the stock price more indirectly. Examples are the
Asian option (payoff is the average of the underlying price) or Barrier option (the underlying price
must cross a threshold value before being exercised).
If the option allows selling of the asset, it is called put, otherwise it is called call option. The seller
of an option is said to be in the short position, the buyer has the long position. The buyer of the
option pays an additional premium, which is the profit for the trader writing the option. On one
hand, this fee cannot be too small in order for the writer of the option to make a profit. On the
other hand, a very large fee would only be bought by a trader expecting a very large increase of
the stock price, which makes it unlikely that the option would actually be sold.
We will assume a discount rate 𝑟 of zero for now. This results in four possible types of options for
a trader:

Long Put: To the right, the payoff and profit of a put option
in the long position as function of the asset price
at maturity 𝑇 with strike price 𝐾 are shown. The
trader expecting the stock price to decrease, will
buy a put option. If the spot price falls below the
strike price minus the premium the trader can ex-
ercise his option, limiting his losses. Otherwise
the optionwill expirewithout being used and the
seller of the option makes a profit from the pre-
mium. The profitable region for the owner of the
options are marked with green. The maximum
loss is bounded by the premium and the poten-
tial profit achieved, when the asset price reaches
zero.

0 𝐾

0

payoff

profit

Premium

Asset Price at 𝑇

Pr
ofi

t
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Short Put: To the right, the payoff and profit of a put option
in the short position as function of the asset price
at maturity 𝑇 with strike price 𝐾. The trader sell-
ing (or writing) a put option, expects the stock
price to increase, just as for the long call option.
He will make a profit from the premium of the
option, in case the spot price has risen by more
than the premium when the option is exercised.
The potential loss is bounded by an asset price
of zero while the profit is at most that of the pre-
mium.

0 𝐾

0
payoff

profit

Premium

Asset Price at 𝑇

Pr
ofi

t

Long Call: To the right, the payoff and profit of a call option
in the long position as function of the asset price
at maturity 𝑇 with strike price 𝐾 is shown. The
trader buying this option expects the stock price
to increase. He makes a profit in case the spot
price rises above the premium he paid for the op-
tion. An American option may be exercised at
any point when the spot price has risen above the
premium, a European option will be exercised at
maturity under the same condition.
The maximum loss is again bounded by the pre-
mium, while the potential profit is not bounded.

0 𝐾

0
payoff

pro
fit

Premium

Asset Price at 𝑇

Pr
ofi

t

Short Call: To the right, the payoff and profit of a call option
in the short position as function of the asset price
at maturity 𝑇 with strike price 𝐾 are shown. The
trader selling (writing) a call option, expects the
stock price to decrease, as for the long put option.
He has the obligation to sell the shares at a fixed
price. Again, the profit is bounded, but the poten-
tial loss is not. The buyer of a call option makes
a profit of 𝑆𝑇 − 𝐾 − Permium if 𝑆𝑇 > 𝐾 and po-
tentially loses the premium if 𝑆𝑇 < 𝐾.

0 𝐾

0
payoff

profit

Premium

Asset Price at 𝑇

Pr
ofi

t

European style call options have a payoff of:

𝐶𝑇 = max{𝑆𝑇 − 𝐾, 0} (31)

European put options have a similar payoff function

𝑃𝑇 = max{𝐾 − 𝑆𝑇 , 0} (32)

One can combine these options with put and calls in order to achieve certain risk boundaries. for
example “selling a straddle” — selling both put and call option at the same time — exposes the
trader to a possible loss at large decrease or increase of the asset price, but increases the profit
margin for the expected asset price at maturity. A trader using such a strategy is called speculator,
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valuing profit over security. Contrary to this, a hedger aims tomaximize profit under the constraint
of minimal risk. This is achieved by using hedging strategies which put minimal risk over larger
profit margins. For example, one can limit the potential loss by using strategies such as butterfly
spread or iron condor. Even more conservatively, there are arbitrageurs, only taking advantage
of riskless profit. These opportunities are assumed to be temporary and short lived on the time
scales we are interested in and are therefore neglected. In order to prevent arbitrage possibilities,
the optionsmust be priced correctly. Consider an example for amiss-priced option from [Bingham
and Kiesel 2004, chapter 1]: An artificial financial market has one state at 𝑡 = 0 and two possible
states atmaturity 𝑡 = 𝑇 and interest rate 𝑟 = 0.25/𝑇. There are bonds 𝐵(𝑡), stock 𝑆(𝑡) and European
call options 𝐶(𝑡) with values given in table 1. Let the probability for both events be 1

2 . Now we

𝐵(0) = $1 𝑆(0) = $1 𝐶(0) = $0.2
𝐵1(𝑇) = $1.25 𝑆1(𝑇) = $1.75 𝐶1(𝑇) = $0.75
𝐵2(𝑇) = $1.25 𝑆2(𝑇) = $0.75 𝐶2(𝑇) = $0

Table 1: Market at 𝑡 = 0 and two different possibilities at 𝑡 = 𝑇.

consider two different possible portfolios for an investor: #𝐵 = 10, #𝑆 = 10 and #𝐶 = 25 and
one with #𝐵 = 11.8, #𝑆 = 7 and #𝐶 = 29. The first portfolio costs $10 + $10 + $5 = $25 and
the second one $24.6. The possible returns are $48.75 in case 1 and $20 in case 2. This means for
equal probability of both events, there is a possibility for arbitrage from portfolio 1 to portfolio
2, by going short in (selling) 1.8 bonds and 4 call options, while at the same time going long in
(buying) 3 stocks at 𝑡 = 0. the difference between both portfolios at 𝑡 = 0 is the arbitrage profit.
For later reference we also write this in vector form, with the matrix 𝑍(𝑡) containing all possible
market states as columns:

𝑆(0) =
⎛⎜⎜⎜
⎝

$1
$1

$0.2

⎞⎟⎟⎟
⎠

𝑍(𝑇) =
⎛⎜⎜⎜
⎝

$1.25 $1.25
$1.75 $0.75
$0.75 $0

⎞⎟⎟⎟
⎠

𝐻1 = (10 10 25)
𝐻2 = (11.8 7 29)

With initial cost for trading strategy 1 𝐻1𝑆(0) = $25, trading strategy 2 𝐻2𝑆(0) = $24.6 and value
at maturity 𝐻1𝑍(𝑇) = ($48.75 $20), 𝐻2𝑍(𝑇) = ($48.75 $20) This illustrates the equivalence of
correct option pricing and our assumption of no arbitrage possibilities.
A real market does not only have probabilities attached to every event, these probabilities are also
subjective risk evaluations for every trader. However, we do not need to know them in order to
classify whether or not arbitrage possibilities exist within the market. This notion will be made
more precise when introducing the fundamental theorems of asset pricing in the next section.
Before continuing, we should formally define the riskless interest rate, allowing pricing of an asset
at future times. The increase in value over time of an asset is given by the value times a riskless
interest rate 𝑟 > 0.

d𝑆(𝑡)
d𝑡 = 𝑟𝑆(𝑡) (33)
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We denote the price at maturity 𝑡 = 𝑇 by 𝑆𝑇 . The solution to this differential equation can be easily
obtained by separation of variables(using 𝜏 = 𝑇 − 𝑡):

∫ 1
𝑆 d𝑆 = ∫

𝑇

𝑡
𝑟 d𝑡′

⇒ ln𝑆(𝑡) = 𝑟𝜏 + 𝐶
⇒ 𝑆(𝑡) = ̃𝐶𝑒𝑟𝜏 , 𝑆(𝑇) = ̃𝐶𝑒0 = 𝑆𝑇

⇒ 𝑆(𝑡) = 𝑆𝑇𝑒−𝑟𝜏 (34)

3.2.2 Call-Put Parity

We will now discuss how the no-arbitrage assumption leads to the fact, that we only need to con-
sider European call or put options. More details are discussed in [Elliott and Kopp 1999; Bingham
and Kiesel 2004]. Consider the difference between the payoff of a call and a put option at the same
maturity:

𝐶𝑇 − 𝑃𝑇 = max{𝑆𝑇 − 𝐾, 0} − max{𝐾 − 𝑆𝑇 , 0}

=
⎧{{
⎨{{⎩

𝑆𝑇 − 𝐾 − 0 𝑆𝑇 > 𝐾
0 − (𝐾 − 𝑆𝑇) 𝑆𝑇 < 𝐾
0 𝑆𝑇 = 𝐾

= 𝑆𝑇 − 𝐾 (35)

This implies for a portfolio consisting of call and put options as well as the underlying, that there
is always have a payoff 𝐾 at maturity. Using eq. 34, we can value this portfolio at any time for
maturity 𝑇:

𝑉(𝑡) = 𝑆0 + 𝑃(𝑡) − 𝐶(𝑡) = 𝐾𝑒−𝑟(𝑇−𝑡) (36)
This equation is known as call-put parity, fixing the bounds for the payoff of European call op-
tions [Elliott and Kopp 1999]. Obviously an option should never cost less than zero since it pro-
vides only benefits to the buyer. Additionally, the option cannot be more expensive than the un-
derlying, because directly owning the underlying is more valuable than only owning an option to
buy it. Rearranging eq. 36 and using that 𝑃𝑇 ≥ 0 as discussed above, we get:

max{𝑆𝑇 − 𝐾𝑒−𝑟(𝑇−𝑡), 0} = 𝐶(𝑡) − 𝑃(𝑡) ≤ 𝐶(𝑡) ≤ 𝑆(𝑡) (37)

This bound can be used for the estimation of options, for example in variance reduction meth-
ods 5.2.

3.3 fundamental theorems of a s s e t pr i c ing

Abovewe have assumed no arbitrage for the Black Scholesmodel. This is a reasonable assumption,
since any situation for which such opportunities arise would immediately be used by arbitrageurs.
This opportunity has to be exhausted at some point, otherwise an infinite amount of profit would
be generated by using it ad infinitum.
As mentioned before, we are interested in time scales at which such arbitrage opportunities are
negligible. We have seen in table 1, that arbitrage possibilities are independent of the pricing prob-
abilities. In fact, the risk neutral interest rate (in the context of mathematical derivations this was
called equivalent martingalemeasure) will be constructed in such away from the pricing of assets,
that it prohibits possibility for arbitrage.
We will motivate this notion for discrete markets using an extension of our previous example1.

1 The continuous time versions of these theorems will be used later, but not derived. Details and proofs were given by De
Souza, Serrano Castañeda, and Ramos Morales [2014].
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It is easy to verify that the correct pricing for the option at 𝑡 = 0 should have been $0.3. In that
case the arbitrage opportunity would vanish, since 𝐻1𝑆(0) = 𝐻2𝑆(0) = $27.5, while the profits
at maturity remain unchanged. In our discrete, finite market with a single time step the existence
and uniqueness of this no arbitrage pricing comes down to the existence and uniqueness of the
solution for the system of equation:

𝐴 = (𝑆(0), 𝑍(𝑇))

𝑏 = ($investment, $profit1, $profit2)𝑇

𝐴𝑥 = 𝑏

with 𝑥, 𝑏 ∈ ℝ3 in our example. If the set of equation admits multiple solutions for the investment
with the same profit2, there exists an opportunity for arbitrage.
There is however another way of revaluing the call option, by changing the probability measure 𝑃.
Solving for the weights of the new measure 𝑄 under the constraint that 𝑆1, 𝑆2 is a martingale, one
obtains the weights for the new measure:

𝑆(0)
𝐵(𝑇) = 𝔼𝑄 [ 𝑆(𝑇)

𝐵(𝑇)]

𝑆(0)
𝐵(0) = 𝑞

𝐵(𝑇)𝑆1(𝑇) + 1 − 𝑞
𝐵(𝑇) 𝑆2(𝑇)

⇔ 1 = 𝑞1.4 + (1 − 𝑞)0.6

⇔ 𝑞 = 1
2

This is purely coincidentally the same measure, as before. In general, the weights will of course
not be the same. We have obtained a martingale 𝑆 under the measure 𝑄 with 𝑄(𝑍1) = 1

2 and
𝑄(𝑍2) = 1

2 . The correct pricing of the option can be found as

𝐶0 = 𝐵(0)𝔼𝑄 [𝐶(𝑇)
𝐵(𝑇) ] = 1 ⋅ 0.5 ⋅ 0.75

1.25 + 0 = 0.3

This is the same result, thatwe have already verified as being the correct price at 𝑡 = 0. Surprisingly,
this results also holds for infinite and continuous markets. The pricing of an options at maturity
can be obtained from the trading strategy, modelled by a predictable (see previous definition of
self-financing portfolio and [Klenke 2013, chapter 25]) stochastic process (𝐻𝑡)0≤𝑡≤𝑇 .

𝐶(0) = 𝔼𝑄[𝐶(𝑇)] (38)

𝐶(𝑇) = 𝐶(0) + ∫
𝑇

0
𝐻𝑡 d𝑆𝑡 (39)

The second line holds under restrictions, see [Freddy Delbaen and Walter Schachermayer 2006,
chapter 1] for a full reference and proofs for the following theorems.

Theorem 4 (First Fundamental Theorem Of Asset Pricing) A market which is modeled by a semi-
martingale3 (𝑆𝑡)0≤𝑡≤𝑇 on a filtered probability space (Ω, ℱ, 𝔽, 𝑃) does not permit free lunch with vanishing
risk (NFLVR), if and only if there exists (at least one) an equivalent martingale measure 𝑄 under which 𝑆
is a 𝜎-martingale.

For finitemarkets, theworking above can be changed in order to yield a simpler definition. “NFLVR”
can be replaced with “no-arbitrage” and the generalized martingale with normal martingales. For
our purposes the special version of this theorem will be sufficient (i.e. we model markets using
non-generalized martingales). The risk neutral measure 𝑄 for market under our restriction, with

2 Note, that this argument is simplified by assuming equal probability for both final states.
3 Definitions for both generalized martingales can be found in [F. Delbaen and W. Schachermayer 1998].
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assets 𝑆1, 𝑆2, ⋯ must satisfy the following equation for all 𝑆𝑖 [F. Delbaen and W. Schachermayer
1998]:

𝑆𝑖(𝑡) = 𝔼𝑄 [𝑒−𝑟(𝑇−𝑡)𝑆𝑖(𝑇)|ℱ𝑆
𝑡 ] (40)

Definition 11 (Complete Market) Amarket is called complete, if it is frictionless (see (iii) above)
and every possible future portfolio can be hedged.

The second condition means, that a trader can bet on any future state of the market, since all
possible payoff vectors can be constructed. In our example, this correspeonds to the existence of
a portfolio 𝐻 for every possible payoff vector (𝑥, 𝑦) ∈ ℝ2

≥0. The completeness is easily verified by
confirming that the span of the columns of 𝑍(𝑇) is ℝ2.
Using this definition it is possible to tighten the previous result:

Theorem 5 (Second Fundamental Theorem Of Asset Pricing) Amarket on a filtered probability space
(Ω, ℱ, 𝔽, 𝑃) is arbitrage free and unique, if and only if there exists exactly one equivalent martingale mea-
sure.

Our example above is a complete market and therefore has a unique martingale measure. Proofs
for both theorems for frictionless markets were originally given by Harrison and Pliska [1981]
and many additional proofs for generalized conditions such as for continuous markets with small
transaction costs [De Souza, Serrano Castañeda, and Ramos Morales 2014] have been found4.
The second fundamental theorem of asset pricing allows us to compute expected values over
derivatives regardless of individual risk averseness of traders. As a result one can compute the
correct spot price of a derivative as the expected value at maturity, as we have done in our simple
example in section 3.2.1.

3.3.1 Change of Numéraire

In the previous section we have used the bond price as a benchmark price process. However, any
strictly positive process can be used for this purpose. Such a process is called numéraire. Note that
a deterministic numéraire would not require any additional consideration, since it only appears
as a constant facor in the random process. However, we want to price assets according to real
market values with their associated risks. Using this technique we can (depending on the context)
simplify calculations, for example by getting rid of the drift term. Wewill now give an abbreviated
discussion of the impact, when changing the numéraire. This can then be used to write down the
pricing of European options.
If for example the value of a dollar is given as 𝑆0(𝑡) = 𝑒∫𝑡

0 𝑟𝑢 d𝑢, then the discounted asset price is
the following martingale with EMM 𝑃∗:

d(𝑆1(𝑡)
𝑆0(𝑡)) = 𝑆1(𝑡)

𝑆0(𝑡)𝜎(𝑡)d𝑊𝑡 (41)

= 𝑒− ∫𝑡
0 𝑟𝑢 d𝑢𝑆1(𝑡)𝜎(𝑡)d𝑊𝑡 (42)

We call 𝐺(𝑡) = 𝑒− ∫𝑡
0 𝑟𝑢 d𝑢𝐹(𝑡) the discounted numéraire with a forward measure 𝑃̂:

d𝑃̂
d𝑃∗ = 𝐺(𝑇)

𝐺(0) = 𝑒− ∫𝑡
0 𝑟𝑢 d𝑢 𝐹(𝑇)

𝐹(0) (43)

So we can indeed formulate our initial goal of evaluating ℱ𝑡 measurable random variables under
different reference pricings (or measures) as:

𝔼𝑃̂ [𝑋 ∣ℱ𝑡] = 𝔼𝑃∗ [𝑒− ∫𝑡
0 𝑟𝑢 d𝑢 𝐹(𝑇)

𝐹(0) 𝑋 ∣ℱ𝑡] (44)

4 For example [W. Schachermayer 1992]. A complete review up to 2005 can be found in “The Mathematics of Arbitrage” by
Freddy Delbaen and Walter Schachermayer [2006].
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Contingent claims 𝐶 can be priced in the following way, providing a link to path integrals [propo-
sition 12.3 Privault 2016] and [Dash 2004]

𝔼𝑃∗ [𝑒− ∫𝑡
0 𝑟𝑠 d𝑢𝐶 ∣ℱ𝑡] = 𝐹(𝑡)𝔼𝑃̂ [ 𝐶

𝐹(𝑇) ∣ℱ𝑡] (45)

Choosing a suitable numériare can allow for easy evaluation of the right hand side. For exam-
ple, using a bond with maturity 𝑇 as before, we find (see also chapter 12 [Privault 2016] for a
derivation)

d𝑃̂
d𝑃∗ = 𝑒∫𝑇

0 𝑟𝑢 d𝑢𝑆0(𝑇, 𝑇)
𝑆0(0, 𝑇) = 𝑒∫𝑇

0 𝑟𝑢 d𝑢

𝑆0(0, 𝑇)

⇒ 𝔼𝑃∗ [𝑒− ∫𝑡
0 𝑟𝑠 d𝑢𝐶 ∣ℱ𝑡] = 𝑆0(𝑡)𝔼𝑃̂ [𝐶 ∣ℱ𝑡]

3.4 b lack- schole s d i f f e r ent ia l equat ion

In a self financing portfolio no additional cash is withdrawn or invested, but investment between
different assets may be redistributed over time. They are used to model hedging against traid-
ing risks (see discussions after options) and realistic investment strategies. In fact, any contin-
gent claim can be generated by an admissable self-financing strategy in a complete market, see
def. 11 [Elliott and Kopp 1999, chapter 4].

Definition 12 (Self-Financing portfolio) Let 𝜙𝑡 = (𝐻𝑖
𝑡)1≤𝑖≤𝑁 be a measurable adapted process

and 𝐻𝑖
𝑡 represent the number of unit asset 𝑖 held at time 𝑡 [Elliott and Kopp 1999, chapter 7]. The

value at time 𝑡 is given by

𝑉𝑡(𝜙𝑡) =
𝑁
∑
𝑖=0

𝐻𝑖(𝑡)𝑆𝑖(𝑡) (46)

where 𝑆0 is the bond price (or risk free bank account) with interest rate 𝑟𝑡 and 𝑆𝑖 are shares in
risky assets. and 𝜙𝑡 is called self-financing if

d𝑉𝑡(𝜙𝑡) =
𝑁
∑
𝑖=0

𝐻𝑖(𝑡)d𝑆𝑖(𝑡) (47)

In this definition we assume that 𝑆0
𝑡 is a bond according to eq. 28 and 𝑆1

𝑡 is a risky asset. Further-
more only one additional asset is used in the following. 𝑆1

𝑡 is defined as in eq. 15 and eq. 16, such
that:

𝑆1
𝑡 = 𝑆1

0 + ∫
𝑡

0
𝜇(𝑢)𝑆1

𝑢 d𝑢 + ∫
𝑡

0
𝜎(𝑢)𝑆1

𝑢 d𝐵𝑢

d𝑋𝑡 = 𝑟(𝑋𝑡 − 𝐻1
𝑡 𝑆1

𝑡 )d𝑡 + 𝐻1
𝑡 d𝑆1

𝑡

⇒ d𝑊𝜃
𝑡 = 𝜃𝑡 d𝑡 + d𝐵𝑡

with 𝜃 = 𝜇(𝑡)−𝑟𝑡
𝜎(𝑡) , this is a Wiener process and the discounted value process is given by:

d(𝑋𝑡
𝑆0

𝑡
) = 𝐻1

𝑡 𝜎(𝑡)𝑆1
𝑡

𝑆0
𝑡
d𝑊𝜃

𝑡 (48)

As mentioned before, the usefulness of self-financing portfolios for our purposes comes from the
fact, that we can easily formulate hedging strategies for contingent claims in terms of these portfo-
lios. For example, a contingent claim with maturity 𝑇 is called attainable, if it can be hedged from
a self financing portfolio:

𝐶(𝑇) =
𝑖

∑
𝑖=0

𝐻𝑖
𝑇𝑆𝑖

𝑇 (49)
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Starting from assumption 1, i.e. the generalized Brownian motion, sec. 2.2 for the 𝑁 underlying
assets 𝑆𝑖(𝑡) ∈ Ω, 𝑖 ∈ [1, 𝑁] is assumed, we can summarize the above in terms of two differential
equations:

d𝑆0(𝑡) = 𝑟𝑆0(𝑡)d𝑡 (50)
d𝑆1(𝑡) = 𝑆1(𝑡)𝜇d𝑡 + 𝑆1(𝑡)𝜎 d𝑊𝑡 (51)

(52)

Let (𝐻𝑡
𝑖 )0≤𝑖≤𝑁 be a self financing strategy, defining the value according to eq. 46. Then for any

function 𝑓 ∶ 𝑇 × Ω → ℝ and 𝑓 ∈ 𝐶1,2 satifying the Black-Scholes equation, the following holds:

𝑟𝑓 (𝑡, 𝑥) = 𝜕𝑓
𝜕𝑡 (𝑡, 𝑥) + 𝑟𝑥 𝜕𝑓

𝜕𝑥(𝑡, 𝑥) + 𝜎2𝑥2

2
𝜕2𝑓
𝜕𝑥2 (𝑡, 𝑥) (53)

with

𝐻0
𝑡 = 𝜕𝑓

𝜕𝑥(𝑡, 𝑆1(𝑡)) (54)

This can be shown using Itô’s lemma (eq. 13) and assumption (v). An example of such a function
is the payoff function for an option. Consider for example a European style call option 𝐶(𝑥) =
max{𝑥 − 𝐾, 0}, then the payoff function is given by the solution to the following boundary value
problem:

𝑟𝑔𝐶(𝑡, 𝑥) = 𝜕𝑔𝐶
𝜕𝑡 (𝑡, 𝑥) + 𝑟𝑥𝜕𝑔𝐶

𝜕𝑥 (𝑡, 𝑥) + 𝜎2𝑥2

2
𝜕2𝑔𝐶
𝜕𝑥2 (𝑡, 𝑥) (55)

𝑔𝐶(𝑇, 𝑥) = 𝐶(𝑥) (56)

This can indeed be solved analytically in this case [Privault 2016, section 5.5 and 5.6]

𝑔𝐶(𝑡, 𝑥) = 𝑥Φ (𝑑+(𝑇 − 𝑡)) − 𝐾𝑒−(𝑇−𝑡)𝑟Φ (𝑑−(𝑇 − 𝑡)) (57)

with

𝑑+(𝑠) =
ln(𝑥/𝐾) + (𝑟 + 𝜎2

2 𝑠)
𝜎√𝑠 (58)

𝑑−(𝑠) =
ln(𝑥/𝐾) + (𝑟 − 𝜎2

2 𝑠)
𝜎√𝑠 (59)

Φ(𝑥) = 1
√2𝜋

∫
𝑥

−∞
𝑒− 𝑠2

2 d𝑠 (60)

Inserting 𝑥 = 𝑆𝑡, we can interpret the first term of eq. 57 as the risky and the second one as risk-free
investment.
Even without the full proof, we can easily verify that the solution in eq. 57 recovers the correct
payoff at maturity:

lim
𝑠→0

𝑑+(𝑠) = lim
𝑠→0

𝑑−(𝑠) =
⎧{{
⎨{{⎩

+∞ 𝑥 > 𝐾
0 𝑥 = 𝐾
−∞ 𝑥 < 𝐾

(61)

⇒ lim
𝑡→𝑇

𝑔𝐶(𝑡, 𝑆𝑡) =
⎧{{
⎨{{⎩

𝑆𝑡 lim𝑡→∞ Φ(𝑡) − 𝐾 lim𝑡→∞ Φ(𝑡) = 𝑆𝑡 − 𝐾 𝑆𝑡 > 𝐾
𝑆𝑡 − 𝐾 = 0 𝑆𝑡 = 𝐾
𝑆𝑡 lim𝑡→−∞ Φ(𝑡) − 𝐾 lim𝑡→−∞ Φ(𝑡) = 0 𝑆𝑡 < 𝐾

(62)

= max{𝑆𝑡 − 𝐾, 0} = 𝐶𝑇 (63)

using lim𝑡→∞ Φ(𝑡) = 1 and lim𝑡→−∞ Φ(𝑡) = 0.
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Call Put
𝑉 𝑆𝑡Φ(𝑑+) − 𝐾𝑒−𝑟𝜏Φ(𝑑−) 𝐾𝑒−𝑟𝜏Φ(−𝑑−) − 𝑆𝑡Φ(−𝑑−)−
Δ Φ(𝑑+) −Φ(−𝑑+)
𝜈 𝑆𝑡√𝜏Φ′(𝑑+) 𝑆𝑡√𝜏Φ′(𝑑+)
Θ − 𝑆𝑡𝜎Φ′(𝑑+)

2√𝜏 − 𝑟𝐾𝑒𝑟𝜏Φ(𝑑−) − 𝑆𝑡𝜎Φ′(𝑑+)
2√𝜏 + 𝑟𝐾𝑒𝑟𝜏Φ(−𝑑−)

𝜌 𝐾𝜏𝑒−𝑟𝜏Φ(𝑑−) −𝐾𝜏𝑒−𝑟𝜏Φ(−𝑑−)

Table 2: Black-Scholes Greeks, [Wikipedia and Contributors 2019b]

3.5 the gre ek s

Besides the price of derivatives (as before, we are interested in European options), one can also
quantify the sensitivity to underlying parameters. These quantifiers are called Greeks and are use-
ful in order to estimate the sensitivity of the asset price stemming from this parameter. The name
is used because the resulting functions are usually denoted with Greek letters, or at least Greek
sounding ones like “Vega”.
They are regularly used as hedge parameter of portfolios in order to lower the total risk.
The Greeks are computed using the partial derivative of the asset price with respect to the under-
lying quantity, The most commonly used first order Greeks are:

Δ = 𝜕𝑉
𝜕𝑆0

Change in option price with respect to the change in the price of the underlying asset 𝑆0.
This is the most commonly used Greek, since fixing this value to 0 for a portfolio provides
some protection against changes in the underlying asset values (Delta hedging).

Θ = 𝜕𝑉
𝜕𝑇 Time decay of an option. This quantifies the decay in risk premium a seller might charge

over time.

𝜌 = 𝜕𝑉
𝜕𝑟 Dependency on the risk neutral interest rate.

(Vega) 𝜈 = 𝜕𝑉
𝜕𝜎 Change in option price due to the change in volatility 𝜎 of the asset 𝑆0. If, for example, Θ is

much larger than 0, we expect the asset price to increase strongly if the volatility increases.

𝜆 = Δ 𝑆
𝑉 While this is not a new variable in itself, its usefulness comes from the interpretation as

leverage (the impact of debt capital can make on return of equity).
For European style options the Black-Scholes model permits analytic calculation of the Greeks. In
table 2 an overview of the analytic formulas is given. In order to shorten the notation we also use
𝜏 ≔ 𝑇 − 𝑡 and 𝑑+/− ≔ 𝑑+/−(𝑇 − 𝑡).



4
NETWORK MODEL

We will now introduce a model for networks of cross-ownerships between firms. Determining
valuations of these firms atmaturity has already been studied by Suzuki [2002] and Fischer [2014].
The novel contribution is an extension of the well known Greeks as risk measures for these types
of netwok models.

4.1 in troduct ion

We need to introduce a new index to identify each firm, changing the definition of the diffusion
slightly. Note especially thatwe nowuse 𝑎𝑖(𝑡) instead of 𝑆(𝑡) for the asset prices, to avoid confusion
with the equity part. All important variables are summarized in table 3.

d𝑎𝑖(𝑡)
𝑎𝑖(𝑡) = 𝑟 d𝑡 + 𝜎𝑖 d𝑊𝑄

𝑖 (64)

⇒ 𝑎𝑖(𝑡) = 𝑎0,𝑖 𝑒(𝑟− 1
2 𝜎2

𝑖 )𝑡+𝜎𝑖𝑊𝑄
𝑖 (𝑡)

Let 𝑍𝑖 = 𝜎𝑖𝑊𝑄
𝑖 and 𝔼[𝑊𝑄

𝑖 𝑊𝑄
𝑗 ] = 𝜌𝑖𝑗

𝑎𝑖(𝑡) = 𝑎0,𝑖𝑒
(𝑟− 𝜎2

𝑖
2 )𝑡+√𝑡𝑍𝑖 (65)

⇔ 𝑍𝑖 = 1
√𝑡

(ln(𝑎𝑖(𝑡)) − ln(𝑎0,𝑖) − (𝑟 − 𝜎2
𝑖
2 ) 𝑡) (66)

Therefore the random variable 𝑍 is distributed according to a multivariate Gaussian:

𝐙 ∼ 𝒩(0, 𝚺), Σ𝑖𝑗 = 𝜌𝑖𝑗

Wewill use the Cholesky decomposed covariancematrix (eq. 67) since it allows us to sample from
multivariate Gaussian random variables during simulations:

Σ𝑖𝑗 = (𝐿𝑇𝐿)𝑖𝑗 (67)

⇒ 𝑍𝑖 = 𝜇 + 𝐿𝑇𝑍0,𝑖 (68)

where 𝑍0,𝑖 is the 𝑖-th component of a 𝒩(0, 𝟙) and 𝑍𝑖 is the 𝑖-th component of a 𝒩(𝜇, Σ) distributed
random variable.

4.2 valuat ion

As discussed above, we can write equity and debt of firms at time 𝑇 as options on the firms
value [Merton 1974].

𝑉𝑖 = 𝑒−𝑟𝜏𝔼𝑄 [max{0, 𝑎𝑖(𝑇) − 𝐾}] (69)

= 𝔼𝑍 [𝑒−𝑟𝜏 max{0, 𝑎0,𝑖𝑒(𝑟− 𝜎2
𝑖
2 )𝜏+√𝜏𝐿𝑇𝑍𝑖 − 𝐾}] (70)

21
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𝑟 interest rate
𝜎𝑖 volatility

Σ𝑖𝑗 = (𝐿𝑇𝐿)𝑖𝑗 𝜎𝑗 correlation between Brownian motion of firms
𝑠𝑖 equity
𝑟𝑖 debt payout

𝑣𝑖 = 𝑟𝑖 + 𝑠𝑖 total value
𝑥𝑖 combined equity and debt
𝑎𝑖 assets
𝑑𝑖 value of debt

𝑔(𝐚, 𝐱) fixed point function

Table 3: Variables for the network model

Let 𝑁 be the number of firms with cross holdings. Then equity 𝑠𝑖 and debt 𝑟𝑖 part of the value are
defined as call and put options:

𝑠𝑖 = max{0, 𝑎𝑖 + 𝑀𝑠
𝑖𝑗𝑠𝑗 + 𝑀𝑑

𝑖𝑗𝑟𝑗 − 𝑑𝑖}
𝑟𝑖 = min{𝑑𝑖, 𝑎𝑖 + 𝑀𝑠

𝑖𝑗𝑠𝑗 + 𝑀𝑑
𝑖𝑗𝑟𝑗}

𝑣𝑖 = 𝑠𝑖 + 𝑟𝑖

The value under the risk-neural measure ℙ𝑄 is

𝑣𝑄
𝑖 = 𝔼𝑄 [𝑣𝑖(𝑎1, ⋯ 𝑎𝑁)]

This recurrent definition can be solved by finding the fixed point of the value function. Accounting
for the networkstructe of the cross holdings, we need to introduce a matrix connecting equity and
debt part of different firms, following the original work from Suzuki [2002]:

𝑀𝑖𝑗 =
⎧{
⎨{⎩

𝑀𝑠
𝑖𝑗 if 𝑗 ≤ 𝑁

𝑀𝑑
𝑖(𝑗−𝑁) if 𝑗 > 𝑁

𝑥𝑖 =
⎧{
⎨{⎩

𝑠𝑖 = max{0, 𝑎𝑖 + 𝑀𝑖𝑗𝑥𝑗 − 𝑑𝑖} if 𝑖 ≤ 𝑁
𝑟𝑖−𝑁 = min{𝑑𝑖−𝑁 , 𝑎𝑖−𝑁 + 𝑀𝑖−𝑁,𝑗𝑥𝑗} if 𝑖 > 𝑁

𝑣𝑖 = max{0, 𝑎𝑖 + 𝑀𝑖𝑗𝑥𝑗 − 𝑑𝑖} + min{𝑑𝑖, 𝑎𝑖 + 𝑀𝑖𝑗𝑥𝑗}
= 𝑎𝑖 + 𝑀𝑖𝑗𝑥𝑗

Amore concise notation can be obtained by stacking 𝐬 and 𝐫 into a single vector, as well as defining
a 𝑁 × 2𝑁 matrix 𝑀: We then use the common valuation function 𝑔(𝐚, 𝐝, 𝐱):

𝑔𝑖(𝐚, 𝐱) =
⎧{
⎨{⎩

max{0, 𝑎𝑖 + 𝑀𝑖𝑗𝑥𝑗 − 𝑑𝑖} if 𝑖 ≤ 𝑁
min{𝑑𝑖, 𝑎𝑖 + 𝑀𝑖𝑗𝑥𝑗} if 𝑖 > 𝑁

(71)

Since the valuation function eq. 71 only depends on the difference of 𝐚 and 𝐝, we will leave 𝑑 as a
fixed parameter, simplifying the fixed point function:

𝑓 (𝐚, , 𝐱 (𝐚, )) ≡ 𝑔 (𝐚, 𝐱 (𝐚)) − 𝐱 = 0 (72)
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4.3 f i r st order gre ek s

The definition above allows for the application of the implicit function theorem, sec. 2.6:

[𝐽𝑥,𝑎]𝑖𝑗 = 𝜕
𝜕𝑎𝑗

𝑥𝑖(𝐚) = − [𝐽−1
𝑓 ,𝑥 (𝐚, 𝐱 (𝐚))]

𝑖𝑘
[𝐽𝑓 ,𝑎 (𝐚, 𝐱 (𝐚)) ]𝑘𝑗

= [[𝟙2𝑁×2𝑁 − 𝐽𝑔,𝑥 (𝐚, 𝐱 (𝐚))]
−1

]
𝑖𝑘

𝜕𝑔𝑘 (𝐚, 𝐱 (𝐚))
𝜕𝑎𝑗

(73)

𝐵(𝐚, 𝐱(𝐚)) = [𝟙2𝑁×2𝑁 − 𝐽𝑔,𝑥 (𝐚, 𝐱 (𝐚))]
−1

(74)

With the usual Jacobian matrix:

[𝐽𝑓 ,𝑎(𝑥, 𝑦)]
𝑖𝑗

= 𝜕𝑓𝑖
𝜕𝑎𝑗

∣
𝑓 (𝑥,𝑦)

Let 𝜁𝑖 ∈ {0, 1} be an indicator variable which is equal to one if firm 𝑖 is solvent (𝑣𝑖 ≥ 𝑑𝑖) and zero
otherwise. Using this definition the Jacobian matrix has the following form:

𝜕
𝜕𝑥𝑗

𝑔𝑖 =
⎧{
⎨{⎩

𝜁𝑖𝑀𝑖𝑗 if 𝑖 ≤ 𝑁
(1 − 𝜁𝑖)𝑀𝑖𝑗 if 𝑖 > 𝑁

(75)

𝜕
𝜕𝑎𝑗

𝑔𝑖 =
⎧{
⎨{⎩

𝛿𝑖𝑗𝜁𝑖 if 𝑖 ≤ 𝑁
𝛿𝑖𝑗(1 − 𝜁𝑖) if 𝑖 > 𝑁

(76)

We assume that the asset values atmaturity arewritten as a function of a randomvariable𝑍. There
are two different approaches which allow the estimation of the first order Greeks (i.e. sensitivity
to exogenous assets, interest rate, maturity and volatility) for networks of arbitrary size.

4.3.1 Log Derivative Trick

The first approach makes use of the fact that the derivative of the logarithm of a function is some-
times easier to compute than the direct derivative.

∇𝑥 log 𝑝(𝑥) = ∇𝑥𝑝(𝑥)
𝑝(𝑥) (77)

⇔ ∇𝑥𝑝(𝑥) = 𝑝(𝑥)∇𝑥 log 𝑝(𝑥) (78)

This is especially usefulwhen computingderivatives of parameters of expected values. Let 𝑥 ∼ 𝑝(𝑥|𝜃),
and 𝑥 ∈ Ω discrete (otherwise replace the sum by an integral):

∇𝜃𝔼 [𝑓 (𝑥)] = ∇𝜃 ∑
𝑥∈Ω

𝑝(𝑥|𝜃)𝑓 (𝑥)

= ∑
𝑥∈Ω

∇𝜃𝑝(𝑥|𝜃)𝑓 (𝑥)

= ∑
𝑥∈Ω

𝑝(𝑥|𝜃)𝑓 (𝑥)∇𝜃 log 𝑝(𝑥|𝜃)

= 𝔼 [𝑓 (𝑥)∇𝜃 log 𝑝(𝑥|𝜃)]

Let Θ ∈ {𝐒0, 𝝈, 𝑟, 𝜏}. Using eq. 80 we can write:

𝜕
𝜕𝜃𝑗

𝔼𝑄 [𝑒−𝑟𝑇𝑥𝑖(𝐚𝑇)] = 𝔼𝑄 [𝑒−𝑟𝑇 𝜕
𝜕𝜃 ln (𝑝(𝐚𝑇 |𝜃)) 𝑥𝑖(𝐚𝑇)] (79)
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𝑝(𝐚(𝑡)) = 𝑝(𝐙)det (𝐽𝑍,𝑎(𝑡)) = 𝑝(𝐙)det(𝛿𝑖𝑗(√𝑡𝑎𝑡,𝑖)−1)

= − 𝜕
𝜕𝑎𝑘

(1
2𝑍𝑖Σ−1

𝑖𝑗 𝑍𝑗)

= − 1
2𝑇 (𝛿𝑖𝑘

𝑎𝑖
Σ−1

𝑖𝑗 𝑍𝑗 +
𝛿𝑗𝑘

𝑎𝑗
𝑍𝑖Σ−1

𝑖𝑗 )

= − 1
𝑡𝑎𝑘

Σ−1
𝑘𝑗 𝑍𝑗 (80)

𝜕
𝜕𝑎0,𝑘

ln (𝑝(𝐚(𝑡))) = − 1
2𝑇

⎛⎜
⎝

𝜕𝑍𝑖
𝜕𝑎0,𝑘

Σ−1
𝑖𝑗 𝑍𝑗 +

𝜕𝑍𝑗

𝜕𝑎0,𝑘
𝑍𝑖Σ−1

𝑖𝑗
⎞⎟
⎠

= 1
𝑇𝑎0,𝑘

Σ−1
𝑘𝑗 𝑍𝑗 (81)

We used the symmetry of the (inverse) covariance matrix.
For example, Δ can be computed as follows:

Δ𝑖𝑗 = 𝔼𝑍 ⎡⎢
⎣
𝑒−𝑟𝑇 1

𝑇𝑎0,𝑗
Σ−1

𝑗𝑘
⎛⎜
⎝
ln(𝑎𝑘(𝑇)) − ln(𝑎0,𝑘) − ⎛⎜

⎝
𝑟 −

𝜎2
𝑘
2

⎞⎟
⎠

𝑇⎞⎟
⎠

𝑥𝑖(𝐚𝑇)⎤⎥
⎦

However, this simple approach has undesirably slow convergence and has been disregarded in
favor of the approach described in the next section. The variance as function of the number of

Figure 4: Comparison of variance between log-derivative trick and inverse function theorem. The same se-
quence of PRNs have been used for both simulations.

samples is shown in fig. 4. One can observe several orders of magnitude difference in the variance.
A strong correlation between both variances for the same PRNs can be observed as well, leaving
the inverse function theorem method as the better option.
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4.3.2 Implicit Function Theorem

It is also possible to compute the Greeks from our fixed point iteration using the implicit function
theorem eq. 73.

𝜕
𝜕𝜃𝑗

𝔼𝑄 [𝑒−𝑟𝑇𝑥𝑖 (𝐚 (𝑍))] = 𝔼𝑍 ⎡⎢
⎣
𝑒−𝑟𝑇 [𝐵 (𝐚, 𝐱 (𝐚))]𝑖𝑘

𝜕𝑔𝑘 (𝐚, 𝐱 (𝐚))
𝜕𝑎𝑙

𝜕𝑎𝑙 (𝑍)
𝜕𝜃𝑗

⎤⎥
⎦

(82)

The result is a 2𝑁 × 𝑀 matrix for 1 ≤ 𝑙 ≤ 𝑀.
We now compute the first order Greeks using eq. 82.

Δ𝑖𝑗 = 𝜕
𝜕𝑎0,𝑗

𝔼 [𝑒−𝑟𝑇𝑥𝑖(𝐚𝑇)]

= 𝔼𝑍 ⎡⎢
⎣
𝑒−𝑟𝑇 [𝐵 (𝐚, 𝐱 (𝐚))]𝑖𝑘

𝜕𝑔𝑘 (𝐚, 𝐱 (𝐚))
𝜕𝑎𝑙

𝜕𝑎𝑙 (𝑍)
𝜕𝑎0,𝑗

⎤⎥
⎦

= 𝔼𝑍 [𝑒−𝑟𝑇 [𝐵 (𝐚, 𝐱 (𝐚))]𝑖𝑘
𝜕𝑔𝑘
𝜕𝑎𝑙

𝛿𝑗𝑙𝑒(𝑟−𝜎2
𝑙 /2)𝑇+√𝑇𝐿𝑙𝑚𝑍𝑚]

⇒ Δ = 𝔼𝑍 [𝑒−𝑟𝑇 [𝐵 (𝐚, 𝐱 (𝐚))] 𝐽𝑔,𝐚diag(𝑒(𝑟−𝝈2/2)𝑇+√𝑇𝐿𝐙)]

= 𝔼𝑍 [𝑒−𝑟𝑇 (𝟙 − 𝐽𝑔,𝐚𝑀)
−1

𝐽𝑔,𝐚diag(𝑒(𝑟−𝝈2/2)𝑇+√𝑇𝐿𝐙)]

For Vega we get:

𝜈𝑖𝑗 = 𝜕
𝜕𝜎𝑗

𝔼 [𝑒−𝑟𝑇𝑥𝑖(𝐚𝑇)]

= 𝔼 ⎡⎢
⎣
𝑒−𝑟𝑇 [𝐵 (𝐚, 𝐱 (𝐚))]𝑖𝑘

𝜕𝑔𝑘
𝜕𝑎𝑙

𝜕𝑎𝑙(𝑍)
𝜕𝜎𝑗

⎤⎥
⎦

= 𝔼 [𝑒−𝑟𝑇 [𝐵 (𝐚, 𝐱 (𝐚))]𝑖𝑘
𝜕𝑔𝑘
𝜕𝑎𝑙

(−𝑇𝛿𝑙𝑗𝜎𝑙 + √𝑇𝛿𝑙𝑗𝐿𝑙𝑚𝑍𝑚) 𝑎0,𝑙𝑒(𝑟−𝜎2
𝑙 /2)𝑇+√𝑇𝐿𝑙𝑚𝑍𝑚]

⇒ 𝜈 = 𝔼𝑍 [𝑒−𝑟𝑇𝐵 (𝐚, 𝐱 (𝐚)) 𝐽𝑔,𝐚diag(𝑎0,𝑙 (−𝑇𝝈 + √𝑇𝐿𝑍) 𝑒(𝑟−𝝈2/2)𝑇+√𝑇𝐿𝐙)]

For 𝜃:

𝜃𝑖 = 𝜕
𝜕𝑇 [𝑒−𝑟𝑇𝑥𝑖(𝐚𝑇)]

= −𝑟𝔼 [𝑒−𝑟𝑇𝑥𝑖(𝐚𝑇)] + 𝔼 [𝑒−𝑟𝑇 [𝐵 (𝐚, 𝐱 (𝐚))]𝑖𝑘
𝜕𝑔𝑘
𝜕𝑎𝑙

𝜕𝑎𝑙(𝑍)
𝜕𝑇 ]

= −𝑟𝔼 [𝑒−𝑟𝑇𝑥𝑖(𝐚𝑇)] + 𝔼 ⎡⎢
⎣
𝑒−𝑟𝑇 [𝐵 (𝐚, 𝐱 (𝐚))]𝑖𝑘

𝜕𝑔𝑘
𝜕𝑎𝑙

⎡⎢
⎣
⎛⎜
⎝

𝑟 −
𝜎2

𝑙
2

⎞⎟
⎠

+ 𝐿𝑙𝑚𝑍𝑚

2√𝑇
⎤⎥
⎦

𝑎𝑙(𝑍)⎤⎥
⎦

⇒ 𝜃 = 𝔼 ⎡⎢
⎣
𝑒−𝑟𝑇 ⎡⎢

⎣
𝐵 (𝐚, 𝐱 (𝐚)) 𝐽𝑔,𝐚

⎛⎜
⎝

𝑟 − 𝝈2

2 + 𝐿𝐙
2√𝑇

⎞⎟
⎠

𝐚(𝐙) − 𝑟𝑥(𝐚𝑇)⎤⎥
⎦
⎤⎥
⎦

And finally for 𝜌 ∶

𝜌𝑖 = 𝜕
𝜕𝑟 [𝑒−𝑟𝑇𝑥𝑖(𝐚𝑇)]

= −𝑇𝔼 [𝑒−𝑟𝑇𝑥𝑖(𝐚𝑇)] + 𝔼 [𝑒−𝑟𝑇 [𝐵 (𝐚, 𝐱 (𝐚))]𝑖𝑘
𝜕𝑔𝑘
𝜕𝑎𝑙

𝑇𝑎𝑙(𝑍)]

⇒ 𝜌 = 𝔼 [𝑇𝑒−𝑟𝑇 [𝐵 (𝐚, 𝐱 (𝐚)) 𝐽𝑔,𝐚𝐚(𝐙) − 𝑥(𝐚𝑇)]]

These estimators can be used for any network structure with either analytically calculatable Jaco-
bians or numerical ones. Wewill later also compare the results with the well known Black-Scholes
Greeks for a suitable edge case.
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5.1 in troduct ion

While analytic methods are detrimental to the understanding of a subject, they can lead to in-
tractable expressions such as complicated integrals ormay just not be available at all. Often numer-
ous techniques for a numerical or analytical approximation of the original problem are developed.
However, one of the most robust and widely usable options are Monte Carlo methods, only ri-
valed in popularity by finite difference schemes. Both approaches are popular not because of their
efficiency or error robustness, but because they are applicable to almost any problem. This also
lends them the title of “brute force methods”. For this work, we will only need to briefly discuss
the main aspects of Monte Carlo sampling, because we only need a basic expected value estimate
and well know convergence improvements (variance reduction). Let 𝑓 ∶ Ω → ℝ and Ω ⊂ ℝ and
𝑋 ∼ 𝜌𝑋, then the expected value is written as, so the general expected value

𝔼𝜌𝑋
[𝑓 ] = ∫ 𝑓 (𝑥)d𝜇𝑋(𝑥) (83)

becomes the well known Lebesgue integral:

𝔼𝜌[𝑓 ] = ∫ 𝑓 (𝑥)𝜌(𝑥)d𝑥 (84)

We can estimate this integral by drawing samples 𝑥 ∈ 𝑆 with 𝑆 ⊂ Ω from the distribution 𝜌𝑋(𝑥),
so that

⟨𝑓 ⟩ = 1
|𝑆| ∑

𝑥∈𝑆
𝑓 (𝑥) (85)

From the central limit theorem it is clear that this is convergent with a rate of 𝒪 ( 1
√𝑁

):

∣ ⎛⎜
⎝

1
𝑁 ∑

𝑥∈𝑆
𝑓 (𝑥)⎞⎟

⎠
− 𝔼[𝑓 ]∣ = ∣√Var[𝑓 ]

𝑁
∑𝑥∈𝑆 (𝑓 (𝑥) − 𝑁𝔼[𝑓 ])

√𝑁 ⋅ Var[𝑓 ]
∣

= √Var[𝑓 ]
𝑁 |𝜁 |

with 𝜁 ∼ 𝒩(0, 1).
Often the distribution of 𝑋 is unknown and difficult to approximate. The simplest and therefore
often also fastest method for an approximation is rejection sampling1. Let 𝑝(𝑥) be the distribution
we want to approximate. Then we can find a suitable envelop distribution 𝑞(𝑥) over the same
support Ω and a scaling factor 𝑐, such that

𝑝(𝑥) ≤ 𝑐𝑞(𝑥), ∀𝑥 ∈ Ω

We now draw samples 𝑥 ∼ 𝑞 and subsequently from the uniform distribution over [0, 𝑐𝑞(𝑥)]:

𝜁 ∼ 𝒰(0, 𝑐 ⋅ 𝑞(𝑥))

The resulting 2-dimensional random variable (𝑥, 𝜁) has a uniform distribution under the graph of
𝑐 ⋅ 𝑞(𝑥). We now only accept (i.e. don’t throw away) samples, that also lie below the graph of 𝑓 (𝑥),
thereby keeping the uniform distribution. The resulting algorithm is given in alg. 1. Of course the
convergence drastically depends on the similarity between 𝑝 and 𝑞, especially in high dimensions,

27
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Figure 5: Envelop and real distribution for rejection sampling. The red samples falling into the red area are
rejected.

Pseudocode 1 Rejection Sampling
function RejectionSampling(distribution 𝑝, envelope 𝑞, factor 𝑐, sampler for 𝒰[0, 𝑐 ⋅ 𝑞(𝑥)], num-
ber of samples 𝑁)

repeat
Draw 𝑥𝑖 ∼ 𝑞
Draw 𝜁 ∼ 𝑈(0, 𝑐 ⋅ 𝑞(𝑥𝑖))
if 𝜁 < 𝑝(𝑥) then

Add 𝑥𝑖 to 𝑝sample
end if

until size of 𝑝sample > 𝑁
return 𝑝sample
end function

where much of the weight is concentrated near the surface of the sampled manifold. It is possible
to improve this method by making the envelope adaptive, i.e. decreasing 𝑞(𝑥𝑖) whenever 𝑥𝑖 is
rejected. Rejection sampling can be surprisingly efficient for computationally inexpensive function
evaluation, due to the simplicity of the algorithm (e.g. only a single call of 𝑓 ).

5.2 var iance reduct ion

For sufficiently computationally inexpensive functions 𝑓 rejection sampling is surprisingly fast (see
also alg. 3 for an example). However, for cases with undesirably slow convergence, there is a
class of algorithms available, called variance reduction methods. They are not applicable in all
situations and can actually increase the variance when applied badly. We will now discuss the
methods employed during this thesis briefly.

1 Another popular method is the use of Markov chains to approximate an arbitrary distribution.
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5.2.1 Control Variates

Arguably the simplest method for variance reduction are control variates. Here, one introduces a
function 𝑔 which is similar2 to 𝑓 with known integral 𝐼(𝑔).

𝔼[𝑓 (𝑋)] = 𝔼[𝑓 (𝑋)] + 𝛽𝔼[𝑔(𝑋) − 𝑔(𝑋)]
⇒ ⟨𝑓 (𝑋)⟩CV𝑔

= ⟨𝑓 (𝑋)⟩ + 𝛽 (𝔼[𝑔(𝑋)] − ⟨𝑔(𝑋)⟩)

With 𝛽 ∈ ℝ some arbitrary parameter. This reduces the variance of the sampled quantity if the
variance of the CV estimator is lower than that of the original one:

𝜎2
CV 𝑓 = (𝜎2

𝑓 + 𝛽2𝜎2
𝑔 − 2𝛽𝜌𝑓 𝑔𝜎𝑓 𝜎𝑔) < 𝜎2

𝑓 (86)
⇔ 𝜎2

𝑋 < 2𝜌𝑓 𝑔𝜎𝑓 𝜎𝑔 (87)

Where we used the Pearson correlation coefficient as an estimator for the true covariance:

𝜌𝑋𝑌 ≈ Cov[𝑋, 𝑌]
𝜎𝑋𝜎𝑌

(88)

Minimization yields:

𝛽∗ =
𝜌𝑓 𝑔𝜎𝑓

𝜎𝑔
(89)

⇒ 𝜎2
CV 𝑓 = (1 − 𝜌2

𝑓 𝑔) 𝜎2
𝑓 (90)

Eq. 90 shows, that we need a highly correlated control variate in order to minimize the variance.
A well known example, closely related to our application, is the estimation of pricing for basket
options [Du, Liu, and Gu 2014]. Let 𝑊𝑖 with 1 ≤ 𝑖 ≤ 𝑁 be independent Wiener processes:

𝑆𝑖(𝑇) = 𝑥𝑖 exp{ ⎛⎜⎜
⎝

𝑟 −
𝑁
∑
𝑗=1

𝜎2
𝑖𝑗

2
⎞⎟⎟
⎠

𝑇 +
𝑁
∑
𝑗=1

𝜎2
𝑖𝑗𝑊

𝑗
𝑇} (91)

Suppose we want to compute the basket option:

𝔼[max{𝐾 − 𝑋, 0}] (92)

with ∑𝑀
𝑖 𝑎𝑖 = 1, 𝑚 = ∑𝑀

𝑖 𝑎𝑖𝑥𝑖 and

𝑋 =
𝑁
∑

𝑖
𝑎𝑖𝑆𝑖(𝑇) (93)

⇒ 𝑋
𝑚 =

𝑀
∑

𝑖

𝑎𝑖𝑥𝑖
𝑚 exp {𝑟𝑇 +

𝑁
∑
𝑗=1

𝜎𝑖𝑗𝑊
𝑗
𝑇} (94)

The expected value can now be estimated using Monte Carlo sampling. However, there is an
analytically solvable edge case, by replacing the stochastic volatilities 𝜎𝑖𝑗 with square-integrable
functions:

𝔼[max{𝐾 − 𝑌, 0}] = 𝔼 ⎡⎢
⎣
max {𝐾 − 𝑚

𝑀
∏
𝑖=1

exp {𝑎𝑖𝑥𝑖
⎛⎜⎜
⎝

𝑟𝑇 +
𝑁
∑
𝑗=1

𝜎𝑖𝑗𝑊
𝑗
𝑇

⎞⎟⎟
⎠

}
1
𝑚 , 0}⎤⎥

⎦
(95)

This can be evaluated analytically using the log-normal valuation formula and allows for applica-
tion of the control variate method by sampling from:

max {𝐾 − 𝑋, 0} − max {𝐾 − 𝑌, 0} (96)

As an even more basic example, we show the sampling of a European call option with the spot
price 𝑆0 and the payoff of the put option as control variate in fig. 6.

2 Here similar only means that the new estimator has a smaller variance under Monte Carlo sampling than the old one, for
example by following the fluctuations of 𝑓 .
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(a) naive Monte Carlo sampling
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Figure 6: European call and put payoffs, variance comparison with and without control variates. Notice, that
different control variates were used for call and put.

5.2.2 Antithetic variates

Whenever we can transform the sampled random variable without changing its law, these addi-
tional samples can be used to lower the variance. For example, we generate i.i.d. PRNs for our
simulation, and can modify the estimator as follows:

𝑋𝑖 ∼ 𝒩(0, 1), 𝑋′
𝑖 = −𝑋𝑖, 1 ≤ 𝑖 ≤ 𝑁 (97)

⇒ ⟨𝑓 ⟩ = 1
2𝑁

⎡⎢
⎣
∑
𝑋𝑖

𝑓 (𝑋𝑖) + ∑
𝑋′

𝑖

𝑓 (𝑋′
𝑖)

⎤⎥
⎦

(98)

While not always applicable or efficient (both in the number of calls to 𝑓 and the resulting variance
reduction), this method is very easy to implement. Figure 7 shows a comparison of the antithetic
sampling method with the previously discussed control variate method.

5.2.3 Importance Sampling

Instead of changing the sampled quantity, it is also possible to change the underlying law from
which samples are generated. This is done by introducing a new density ̃𝜌(𝑥) with ̃𝜌(𝑥) > 0 for all
𝑥 in the support of 𝜌:

𝔼[𝑓 (𝑋)]𝜌 = ∫ 𝑓 (𝑥)𝜌(𝑥)d𝑥 = ∫ 𝑓 (𝑥)𝜌(𝑥)
̃𝜌(𝑥) ̃𝜌(𝑥)d𝑥 (99)

= ∫ 𝑓 (𝑥)𝑤(𝑥) ̃𝜌(𝑥)d𝑥 (100)

= 𝔼[𝑤(𝑋)𝑓 (𝑋)] ̃𝜌 (101)

One extremely valuable property of this method (making this the almost exclusively used vari-
ance reduction method in statistical physics) is the ability to estimate densities with unknown
normalization constants 𝑍 directly.

1 = 1
𝑍 ∫ 𝜌(𝑥)d𝑥 = 1

𝑍 ∫ 𝑤(𝑥) ̃𝜌(𝑥)d𝑥

= ∫ 𝑝(𝑥) ̃𝜌(𝑥)d𝑥

The overall estimator is then given as:

𝔼[𝑓 (𝑋)] =
∫ 𝑤(𝑥)𝑓 (𝑥)d𝑥

∫ 𝑤(𝑥)d𝑥
= ∫ 𝑝(𝑥)𝑓 (𝑥)d𝑥 (102)
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Figure 7: Comparison of variance reduction for control variate and antithetic sampling

The variance is reduced if Var ̃𝜌[𝑤(𝑋)𝑓 (𝑋)] < Var𝜌[𝑔(𝑋)]

Var ̃𝜌[𝑤(𝑋)𝑓 (𝑋)] = ∫ 𝑤(𝑥)𝑓 2(𝑥)𝜌(𝑥)d𝑥 − 𝔼2[𝑓 (𝑋)] (103)

The advantage of importance sampling comes from the fact, that the weights can amplify the con-
tributions for which 𝑓 (𝑥) is large, but 𝜌(𝑥) is small and vice versa. A usual example is the sampling
of rare events with large impact, for example financial crises. The full algorithm is given in alg. 2.
For the computation of the weight the log-sum-exp trick is used. This reduces the numerical inac-
curacywhichwould be introduced by dividing very small probabilities. In fact, the optimal choice

Pseudocode 2 Importance Sampling
function ImportanceSample(𝑝, 𝑞, 𝑓 , sampler for 𝑋 ∼ 𝑞, 𝑁)

repeat
Draw 𝑋𝑖 ∼ 𝑞
Set 𝑤𝑖 = exp{log(𝑝(𝑋𝑖)) − log(𝑞(𝑋𝑖))}
Set 𝑠𝑖 = 𝑓 (𝑋𝑖)
Set 𝑟𝑒𝑠 += exp { log(𝑝(𝑋𝑖)) − log(𝑞(𝑋𝑖)) + log(𝑓 (𝑋𝑖))}

until size of 𝑖 > 𝑁
return res
end function

for ̃𝜌⋆ (i.e. a density minimizing Var ̃𝜌[𝑓 ]) is proportional to | 𝑓 (𝑥)| 𝜌(𝑥) [Kahn and Marshall 1953].
For example, we can chose

̃𝜌⋆(𝑥) = | 𝑓 (𝑥)| 𝜌(𝑥)
𝔼𝜌[| 𝑓 (𝑋)|] (104)
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Then, we can use the usual variance formula in terms of rawmoments to show that the optimality
of the density:

Var ̃𝜌⋆[𝑓 ] + 𝔼2
̃𝜌⋆[𝑓 ] = 𝔼 ̃𝜌⋆[𝑓 2] = ∫ 𝑓 2(𝑥)𝜌2(𝑥)

̃𝜌⋆(𝑥) d𝑥 (105)

= ∫
𝔼𝜌[|𝑓 (𝑋)|]𝑓 2(𝑥)𝜌2(𝑥)

|𝑓 (𝑥)|𝜌(𝑥) d𝑥

= 𝔼2
𝜌[∣ 𝑓 (𝑋)∣]

= 𝔼2
̃𝜌[∣𝑤(𝑋)𝑓 (𝑋)∣]

≤ 𝔼 ̃𝜌[𝑤2(𝑋)𝑓 2(𝑋)] (106)
= Var ̃𝜌⋆[𝑓 ] + 𝔼2

̃𝜌[𝑓 ] (107)

In eq. 106 we have used Jensen’s inequality. This proofs that 𝜌⋆ is indeed the minimal choice of
̃𝜌. The insight we gain from this proof however, lies not in in the fact that we can give such a

formula for the minimal choice (since the normalizing factor is precisely the quantity we wanted
to compute in the first place), but rather in the influence of ̃𝜌 on the variance. Since ̃𝜌(𝑥) appears in
the denominator of the expected value, small values of the importance density can be problematic.
In general this means that we want heavy tailed importance distributions3, in order to prevent
large variances. We will make use of this observation when choosing the Student’s t-distribution
as an importance density for the normal distribution.
There are a couple of diagnostic measures, quantifying the quality of the importance sampled
estimator. Consider the situation, where very few weights are many orders of magnitude larger,
than the rest. In this case it is safe too assume that importance sampling did more harm than
good, since we are effectively only using these few samples in the computation of the expected
value. One can extend this notion to more general cases by starting with assumption of 𝑁 i.i.d.
samples 𝑋𝑖:

𝑅𝑤 =
∑𝑖 𝑤𝑖𝑋𝑖
∑𝑖 𝑤𝑖

(108)

One can now set the variance to the assumed variance of 𝑋𝑖,i.e. 𝜎2

𝑛𝑒
, and solve for the effective

sample size 𝑛eff:

𝑛eff =
(∑𝑖 𝑤𝑖)

2

∑𝑖 𝑤2
𝑖

(109)

Another often used measure [Gubernatis, Kawashima, and Werner 2016]:

𝑛eff = 𝑁
1 + 𝑐𝑣2(𝑤) (110)

𝑐𝑣(𝑤) = √
1

𝑁 − 1 ∑
𝑖

(𝑤𝑖 − ⟨𝑤⟩)2 (111)

Where 𝑐𝑣 is the coefficient of variation. The easier to compute variance of the estimated mean can
lull into false security, because heavily skewed weights may produce a small but false variance.

5.3 p s eudo random number s

Computers are deterministic Turing machines and can therefore not produce true randomness
without the help of external devices. These devices are available for specialized applications, but

3 A distribution function 𝐹𝑋(𝑥) is said to have heavier tails than a distribution function 𝐹𝑌(𝑥) if the survival function of 𝑋,
𝑆𝑋(𝑥) = 1 − 𝐹𝑋(𝑥), is larger than the survival function of 𝑌 for large 𝑥.
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require a lot of additional consideration to ensure uncorrelated samples. Monte Carlo applications
require a lot of randomnumbers, distributed overmultiple instances of the program. This is due to
the fact, that Monte Carlo programs are naively parallelizable, using the linearity of the expected
value. These randomnumbersmust not only be uncorrelated among themselves, but also between
different processes, without introducing a large overhead due to inter-process communications4.
Uncorrelated samples are needed in order to prevent a systematic bias of the Monte Carlo results.
There are some options to detect correlations between successive samples (see sec. 5.5) but in
general there is no guarantee for that. However, there exists a family of algorithms which can
produce pseudo random numbers (PRN) from deterministic operations. They are called pseudo
random number generators (PRNGs).
We will now discuss how to generate uniformly distributed PRNs and the transforms to other
distributions, needed for this thesis. In order to demonstrate problematic behavior and possible
improvements, it is sufficient to consider one of the simplest PRNGs. The linear congruential
generator is based on the well known primitive roots. 𝑏 is a primitive root modulo 𝑛 iff:

𝑏𝑖 ≡ 𝑗 (mod 𝑛), 1 ≤ 𝑖 ≤ 𝑛 (112)

𝑖 is called discrete logarithm and an example of a candidate for a one-way function5. 𝑗 will take
all values between 1 and 𝑛 in a pseudo-random order. We can now define the Lehmer random
number generator:

𝑋𝑘+1 ≡ 𝑎𝑋𝑘 (mod 𝑛) (113)

with 𝑛 prime, 𝑔 a primitive root of 𝑛 and the seeds 𝑋0 coprime to 𝑛. Because of eq.112, the pseudo
random numbers 𝑋𝑘 have a period 𝑙 (i.e. 𝑋𝑘+𝑙 = 𝑋𝑘), of 𝑛 − 1. This algorithm is a special case of
the well known linear congruential generator (LCG) with offset 0.

𝑋𝑘+1 ≡ 𝑎𝑋𝑘 + 𝑏 (mod 𝑛) (114)

Period and conditions for the parameters can be obtained by virtue of the Hull-Dobell Theorem.
The LCG class of generators already provides some useful properties. One of the most important
ones in the context of large scale Monte Carlo simulations is the ability to jump ahead without
generating all numbers in between. For the Lehmer generator we have:

𝑋𝑘 = 𝑎𝑛𝑋0 (115)
⇒ 𝑋𝑘 ≡ 𝑎𝑛𝑋0 (mod 𝑛) (116)

With an additional offset 𝑏 it is still possible to fast forward and directly generate a PRN multiple
steps ahead, but the formula becomes slightly more complicated. We will use this property in
order to “jump ahead” and generate multiple streams of random numbers for different instances
of the program. This is important, since other methods (e.g. choosing different seeds) could in
general lead to correlated behavior. For example, the compiler could optimize similar code and
force all seeds to be the same or the instantiation time of all processes (which is sometimes used
as seed) could be the same, see also fig. 9. In order to distribute random numbers over different
processes, the main two approached are block splitting and leapfrogging, see fig. 8b. If the num-
ber of needed random numbers is not known in advance the leapfrog scheme is of course more
advantageous, since we can exclude the possibility of collisions from an overlap of streams. Still,
the ability to generate independent streams is valuable and the periodicity is long enough, tomake
block splitting a good choice whenever the random number generator allows inexpensive jump
ahead. For this reason I have chosen to use the block splitting for the internal MPI parallelization.
Behavior like shown in fig. 9 is extremely hard to spot and can lead to systematic bias. For example,

4 For the purpose of Monte Carlo applications, we do not require quite as many properties as for encryption. For example,
the seed of linear congruential generators can be reconstructed using the LLL-algorithm [A. M. Frieze et al. 1988], but
these types of generators are still suitable for Monte Carlo applications.

5 As mentioned before, the discrete logarithm may actually turn out to be not a one-way function and is subject to ongoing
research. This gives a hint, why the LCG class of generators is not considered difficult to predict and therefore unsuitable
for cryptography applications.
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(a) Blocking scheme (b) Leapfrog scheme

Figure 8: Parallelization approaches for streams of PRNGs, from [Hellekalek 1998]

(a) LCG in two dimensions (b) LCG in three dimensions

Figure 9: Problematic behavior with LCG type random numbers in high dimensions [Hellekalek 1998]

if a lot of weight is concentrated in gaps that can never be sampled, due to gaps in the space of
possible PRNs. There are established test suites available that are specifically designed to test new
algorithms for known shortcomings and old ones for newly discovered flaws. The best known
ones are Diehard and TestU01 [Robert G. Brown 2017; L’Ecuyer and Simard 2007]. I have decided
to use TRNG, due to the statistics framework I have developed in a previous project around this li-
brary [Bauke andMertens 2007]. This library has proven work for large scale physics simulations
and explicitly tested against some of them. Since we only need a comparatively small amount of
random numbers for this work, the library can be considered stable enough.

5.4 trans format ion of random var iab l e s

Until now we have only considered generation of uniformly distributed pseudo random num-
bers. In our application we will however need variables, that are distributed according to the
log-normal and student t-distribution. Usually, transformation algorithms come packaged with
PRNG libraries such as TRNG. We do however require more control over the transformation, in
order to apply importance sampling. Additionally, the multivariate versions of these distributions
are rarely available in libraries.
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Figure 10: Ziggurat construction

5.4.1 Transformation to the normal distribution

Of course any transformation can naively be done using rejection sampling. But especially for
high dimensions, this approach can become arbitrarily inefficient. The direct transformation from
uniform to normally distributed random variables can be done more efficiently by using for exam-
ple the Marsaglia polar, Box-Muller or Ziggurat algorithm. The first two algorithms use special
formulas obtained by analytic solution of inversion sampling. For example two independent nor-
mally distributed samples 𝑍0, 𝑍1 ∼ 𝒩(0, 1) can be obtained through the Box-Muller transform
from 𝑈0, 𝑈1 ∼ 𝑈(0, 1) as follows:

𝑍0 = √−2 ln𝑈0 cos(2𝜋𝑈1) (117)

𝑍1 = √−2 ln𝑈0 sin(2𝜋𝑈1) (118)

Interestingly, both direct algorithms are considered slow alternatives to a slightly improved ver-
sion of rejection sampling, the Ziggurat algorithm [Malik and Hemani 2016]. We will briefly dis-
cuss the Ziggurat algorithm as a successful example of the rejection sampling method. Here the
right half of the probability density function6 is segmented into horizontal, rectangular slices.
A slice 𝑖 is randomly selected, then a uniform random number 𝑈0 is generated and a rejection
candidate 𝑥 = 𝑈0𝑥𝑖 is computed. If 𝑥 < 𝑥𝑖+1 then the candidate 𝑥 is rejected. This can be seen in
fig. 10. Any slice 𝑥[𝑥 + 1] must be fully under the curve. The rejection rate is controlled by the
number of slices and is therefore substantially lower than for the naive rejection algorithm. The
comparison is also faster, because the comparison with a computationally expensive function is
replaced by the comparison with a floating point value. In case the sample is larger than the right
edge of 𝑥[𝑖 + 1], there is still the possibility of 𝑥 lying under the curve. In this case, the normal
rejection comparison has to be used. TRNG comes with an implementation of such a transforma-
tion algorithm, the value in discussing the Ziggurat algorithm comes from the fact, that this is an
example for a fast and reliable rejection sampling algorithm.
Having obtained 𝒩(0, 1) distributed PRNGs, the transformation to multivariate normal distribu-

6 Due to the symmetry of the normal distribution, one can randomly flip the sign of the generated sample.
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Pseudocode 3 Ziggurat Algorithm
procedure Ziggurat(uniform PRNG, normal pdf 𝑓 , lists of rectangle borders 𝑥[] and 𝑦[])

Set 𝑟 = None
repeat

Randomly choose slice 𝑖
Generate 𝑈0 ∼ 𝑈(0, 1)
Set 𝑟 = 𝑈0𝑥[𝑖]
if 𝑟 < 𝑥[𝑖 + 1] then

return 𝑟
end if
Generate 𝑈1 ∼ 𝑈(0, 1)
Set 𝑦 = 𝑦[𝑖] + 𝑦[𝑖 + 1]𝑈1 − 𝑦[𝑖]𝑈1
if 𝑦 < 𝑓 (𝑟) then

return 𝑟
end if

until Sample is generated
return 𝑟
end procedure

tions with different means and variances is straight forward by virtue of the change of variables
formula:

𝑓𝑌(𝑦) = ∣det 𝐽𝑔−1,𝑦∣ ⋅ 𝑓𝑋(𝑔−1(𝑦)) (119)

The multivariate density 𝒩(0𝑁 , 𝟙𝑁) is easy to calculate. Let 𝑓𝑍𝑖
be the density for a univariate

normal distribution, then the multivariate version 𝑓𝐙(𝐱) can be constructed as a product:

𝑓𝐙1
(𝐱) =

𝑁
∏
𝑖=1

𝑓𝑍𝑖
(𝑥𝑖) =

𝑁
∏
𝑖=1

1
√2𝜋

𝑒− 𝑥2
𝑖
2

= 1
(2𝜋)𝑁/2 𝑒− 1

2 𝐱⋅𝐱

This can now be transformed to arbitrary mean 𝝁 ∈ ℝ𝑁 and and covariance matrix Σ ∈ ℝ𝑁×𝑁 .
First we decompose Σ using the Cholesky decomposition Σ = 𝐿𝐿𝑇 . This is always possible due
to the properties of the covariance matrix. Now we let 𝑔(𝐙) = 𝐿𝐙 + 𝝁. With the transformation
formula (eq. 119) and the previously obtained transformation for𝒩(0𝑁 , 𝟙𝑁), we obtain the density
for multivariate normal distributions 𝒩(𝝁, Σ):

𝑓𝐙 = 𝑓𝐙1
(𝑔−1(𝐱)) ⋅ ∣det 𝐽𝑔−1,𝑦∣

= 𝑓𝐙1
(𝐿−1 (𝐱 − 𝝁)) 1

√detΣ

= 1
√(2𝜋)𝑁 detΣ

exp{1
2 (𝐿−1(𝐱 − 𝝁)) ⋅ (𝐿−1(𝐱 − 𝝁))}

= 1
√(2𝜋)𝑁 detΣ

exp{1
2 ((𝐱 − 𝝁)𝑇Σ−1(𝐱 − 𝝁))}

5.4.2 Transformation to log-normal distribution

For our simulations we also require the log-normal and student t-distribution. The first one is eas-
ily obtained from normally distributed samples following its definition: We call a random variable
𝑋 log-normally distributed iff

log(𝑋) ∼ 𝒩(𝝁, Σ) (120)
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This is of course easily inverted to yield an expression that transforms a 𝑍 ∼ 𝒩(𝟎, 1) into 𝑋 ∼
Lognormal(𝝁, Σ):

𝑋 = 𝑒𝜇+𝐿𝑍 (121)

With Σ = 𝐿𝐿𝑇 as before.
The log-normal distribution has the following properties:

PDF 𝑝(𝑥) = 1
𝑥𝜎√2𝜋

𝑒− (ln(𝑥)−𝜇)2

2𝜎2

expected value 𝔼[𝑋] = 𝑒𝜇+ 𝜎2
2 ⇒ 𝔼[𝑆𝑡] = 𝑆0𝑒𝜇𝜏

variance Var[𝑋] = (𝑒𝜎2 − 1) 𝑒2𝜇+𝜎2 ⇒ Var[𝑆𝑡] = (𝑒𝜎2𝜏 − 1) 𝑆2
0𝑒2𝜇𝜏

In order to fix the mean asset price at ⟨𝑆𝑡⟩ ≈ 1, we also fix 𝑆0 = 1
𝜇 = 𝑒−𝑟𝑡+𝑡 𝜎2

2 according to the
definition of the expected value above.

5.4.3 Transformation to student-t distribution

The transformation from normal to t-distribution is a bit more involved but still feasible with only
a few operations. In addition to the normally distributed random variable 𝑍 we also need 𝑊 ∼ 𝜒2

𝜈 .
The 𝜒2 distribution with 𝜈 degrees of freedom has the following probability density function:

𝑓𝑊(𝑤) = 1
2𝜈/2Γ(𝜈/2)𝑤𝜈/2−1𝑒−𝑤/2 (122)

For a proof of the transformation, we also need the 𝜒𝜈 distribution with 𝜈 degrees of freedom. Its
PDF is:

𝑓𝑉(𝑣) = 1
2𝜈/2−1Γ(𝜈/2)𝑣𝜈−1𝑒−𝑣2/2 (123)

Theorem 6 (Transformation to student-t distribution) A random variable 𝑇, distributed according
to the student t-distribution with 𝜈 degrees of freedom and PDF

𝑓𝑇(𝑡) =
Γ( 𝜈+1

2 )
√𝜇𝜋Γ( 𝜈

2 )
(1 + 𝑡2

𝜈 )
− 𝜈+1

2

can be obtained from 𝑍 ∼ 𝒩(0, 1) and 𝑊 ∼ 𝜒2
𝜈 using:

𝑇 = (𝑊
𝜈 )

− 1
2

𝑍 (124)

Proof Of course √𝑊 is 𝜒𝜈 distributed and we can immediately apply the transformation for-
mula 119 with 1

√𝜈 into eq. 123. Let 𝑉 ∼ 𝜒𝜈, then:

(𝑊
𝜈 )

− 1
2

= 𝑅 = 𝑉
√𝜈 ⇒ det 𝜕𝑉

𝜕𝑊 = √𝜈

⇒ 𝑓𝑅(𝑟) = 𝑓𝑉(√𝜈𝑟)∣det 𝜕𝑉
𝜕𝑊 ∣

= 1
2𝜈/2−1Γ(𝜈/2)(√𝜈𝑟)𝜈−1𝑒−(√𝜈𝑟)2/2√𝜈Θ(𝑟)

= 1
2𝜈/2−1Γ(𝜈/2)

√𝜈
𝜈
2 𝑟𝜈−1𝑒−𝜈𝑟2/2Θ(𝑟)
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We can now use the transformation of densities for a ratio of two random variables[Curtiss 1941]:

𝑓𝑇(𝑡) = ∫
∞

∞
|𝑟|𝑓𝑍(𝑟𝑡)𝑓𝑅(𝑟)d𝑟 (125)

Inserting the previously obtained density and using the integral representation of the gamma
function: Γ(𝑧) = ∫∞

0 𝑥𝑧−1𝑒−𝑥 d𝑥.

𝑓𝑇(𝑡) = ∫
∞

∞
|𝑟|𝑓𝑍(𝑟𝑡)𝑓𝑅(𝑟)d𝑟

= ∫
∞

∞
|𝑟| 1

√2𝜋
𝑒− (𝑟𝑡)2

2
1

2𝜈/2−1Γ(𝜈/2)
√𝜈

𝜈
2 𝑟𝜈−1𝑒−𝜈𝑟2/2Θ(𝑟)

= 𝜈
𝜈
2

√2𝜈−1𝜋Γ( 𝜈
2 )

∫
∞

0
𝑟𝜈𝑒− 𝑟2(𝜈+𝑡2)

2 d𝑥

At this point we substitute 𝑥 = 1
2 (𝑛 + 𝑡2)𝑟2 so that d𝑟 = 2 ( 2

𝑛+𝑡2 )
1
2 ( 2

𝑛+𝑡2 )
−1

= 𝜈
𝜈
2

√2𝜈−1𝜋Γ( 𝜈
2 )

∫
∞

0
( 2

𝜈 + 𝑡2 )
𝑛−1

2

𝑦
𝜈
2 𝑒−𝑥 d𝑥

= 𝜈
𝜈
2

√2𝜈−1𝜋Γ( 𝜈
2 )

2
𝑛−1

2 𝜈− 𝑛−1
2 (1 + 𝑡2

𝜈 )
− 𝑛−1

2

Γ (𝜈 + 1
2 )

=
Γ ( 𝜈+1

2 )
√𝜈𝜋Γ( 𝜈

2 )
(1 + 𝑡2

𝜈 )
− 𝑛−1

2

which is indeed the probability density function of the student-t distribution.

5.5 data analys i s and re sampl ing methods

While Monte Carlo methods are exact in the limit of infinitely many samples, we do only have
a finite amount of runtime available. This begs the question, how many samples are sufficient.
Sadly, there is no easy answer such as a residual term for analytically controlled methods. In fact,
we may be stuck in a local pocket of the sampled probability density (this applies even more di-
rectly to the, here mostly omitted, Markov chain Monte Carlo methods) and falsely assume our
simulation to be converged according to a usual estimator such as the sample variance. There is
a family of algorithms available for the estimation of the precision of statistics such as mean and
variance, called resampling methods. For this thesis I used a previously implemented version of
such a method, called blocking or binning analysis [Stobbe 2018a]. These methods do not only
allow for the estimation of confidence intervals of parameters, but also autocorrelation times in
Markov Chain Monte Carlo simulations with low impact on computation times. One could also
resort to Baysian statistics. However, bootstrap methods, such as the binning analysis discussed
in the following, can be implemented with almost no overhead and are in fact a numerical im-
plementation of non parametric or parametric maximum likelihood methods, without the use of
analytic formulas [Sapatinas 2004, p. 8.2.3].

5.6 b lock ing analys i s

We start by binning our series of samples into blocks, giving us a histogram of the data, i.e. es-
timated distribution. Our intention is to sample from this approximated distribution and com-
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pare results between different configurations of blocks. Let 𝑋𝑘 with 1 ≤ 𝑘 ≤ 𝑁 be a sample and
𝑝𝑖(𝑖) ∈ 𝑆𝑛 some permutation. We define the 𝑖-th bin of size 𝑙 as 𝑆(𝑙)

𝑖 and initial block size (number
of child blocks) 𝑏 as [Ambegaokar and Troyer 2009]:

𝑆(𝑙)
𝑖 =

(𝑙+1)𝑖
∑

𝑘=𝑙⋅𝑖
𝑋𝜋(𝑘), 0 ≤ 𝑙 ≤ log𝑏 (𝑁) − log𝑏 (𝑁blocks) (126)

Expected value and variance can be estimated from this block construction as follows (note that
we do not gain any benefit from this construction for now):

𝔼[𝑋̄𝑖] = 1
𝑁 ∑

𝜋(𝑗)∈blocks𝑖

𝑋𝜋(𝑗) (127)

Var[𝑋̄] = Var⎡⎢
⎣

1
𝑁

𝑁
∑

𝑖
𝑋𝑖

⎤⎥
⎦

= Var⎡⎢
⎣

1
𝑁blocks

𝑁blocks

∑
𝑖

𝑁blocks
𝑁

𝑁
∑

𝜋(𝑗)∈blocks𝑖

𝑋𝜋(𝑗)
⎤⎥
⎦

(128)

≈ Var⎡⎢
⎣

1
𝑁blocks

𝑁blocks

∑
𝑖=1

𝑋̄𝑖
⎤⎥
⎦

(129)

≈ 1
𝑁2

blocks

𝑁blocks

∑
𝑖=1

(𝑋̄𝑖 − 𝑋̄)2 (130)

We can now treat each bin as a new random variable and calculate the desired quantity over this
new sets of samples.

𝑍𝑖 =
𝑆(𝑙)

𝑖
2𝑙 (131)

Note, that we can accumulate samples into a tree hierarchy of bins, as shown in fig. 11. For
𝜋(𝑖) ≡ id(𝑖) the space requirements are only logarithmic in the number of samples. Especially

𝑆(2)
1

𝑆(1)
3

𝑋𝜋(9)𝑋𝜋(8)𝑋𝜋(7)

𝑆(1)
2

𝑋𝜋(6)𝑋𝜋(5)𝑋𝜋(4)

𝑆(1)
1

𝑋𝜋(3)𝑋𝜋(2)𝑋𝜋(1)

Figure 11: Tree binning structure for blocking analysis

autocorrelation times (number of samples until Markov chain samples become uncorrelated) are
easily calculated from the ratio between the variance over all samples and the blocking estimate.
However, since we will not be using Markov chain methods, we omit the discussion here and di-
rectly discuss the precision estimation of parameters.
We write sampled estimates with a hat, so that an estimated parameter of the distribution 𝑃

̂𝜃 = 𝑠(𝑃) (132)

becomes in the bootstrap approximation

̂𝜃⋆ = 𝑠(𝑋) (133)

The Bootstrap estimate of the probability 𝑃 is denoted by 𝑃̂.
This means, that the naive way to obtain a feature, whereby one samples from an unknown dis-
tribution and applies a function 𝑠 to obtain this feature from the samples, is modified by first
generating an empirical distribution from which samples are drawn. One then then generates the
feature by repeatedly drawing new samples, obtaining a posterior distribution for 𝜃, due to the
knowledge of an estimated prior distribution 𝑃̂.
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Our special case uses blocks of a given size 𝑙 with 𝑖 bootstrap replications. The blocks 𝑆(𝑙)
𝑖 are

defined as above and 𝑆(𝑙) = ⋃𝑖 𝑆(𝑙)
𝑖 to estimate a distribution 𝑃̂ in the following form:

̂𝜃(𝑙)⋆
𝑖 = 𝑠 (𝑆(𝑙)

𝑖 ) (134)

̂𝜃(𝑙)⋆
[⋅] =

𝑁blocks

∑
𝑖=1

̂𝜃(𝑙)⋆
𝑖 (135)

𝑃̂( ̂𝜃 ∈ 𝑆(𝑙)) = 1
𝑁blocks

𝑁blocks

∑
𝑖=1

𝟙𝑆(𝑙) ( ̂𝜃(𝑙)⋆
𝑖 ) (136)

We can now estimate the standard bootstrap error 𝜎̂ and from that the standard confidence inter-
vals of the parameter, [Demirözer, Karaca, and Karsavuran 2011, chapter 6, 7].

𝜎̂boot ( ̂𝜃) = ⎡⎢
⎣

1
𝑁blocks − 1

𝑁blocks

∑
𝑖=1

( ̂𝜃⋆
𝑖 − ̂𝜃⋆

[⋅])
2⎤⎥
⎦

1
2

(137)

90% confidence interval: [ ̂𝜃 − 𝑧𝛼/2𝜎̂boot ( ̂𝜃) , ̂𝜃 + 𝑧𝛼/2𝜎̂boot ( ̂𝜃)] (138)

Bootstrap estimators for the t intervals are derived for example in [Demirözer, Karaca, andKarsavu-
ran 2011, chapter 8].
We now have a setup to quantify data sufficiency and posterior distributions of parameters based
on our Monte Carlo samples. These are both critical in order to validate results quantify errors in
the simulation. For Markov Chain Monte Carlo, the blocking analysis above also provides conve-
nient estimation of the correlation between samples.
For random variables with finite expected value and variance (i.e. the central limit theorem is ap-
plicable), the data sufficiency can be checked by comparing skewness and kurtosis (the third and
fourth central moments) to that of the normal distribution. Similarity to the normal distribution is
not a rigorous condition for data sufficiency, but in light of the fact that there are no good general
estimations available, a good heuristic.

skewness: 𝔼[(𝑋 − 𝔼[𝑋])3] (139)

≈
∑𝑁

𝑖 (𝑋𝑖 − 𝔼[𝑋])3

(𝑁 − 1)Var
3
2 [𝑋]

(140)

kurtosis: 𝔼[(𝑋 − 𝔼[𝑋])4] (141)

≈
∑𝑁

𝑖 (𝑋𝑖 − 𝔼[𝑋])4

(𝑁 − 1)Var2[𝑋]
(142)

The same heuristic can recursively be applied to the block construction above (i.e. 𝑋 → 𝑋̄ and
𝑁 → 𝑁blocks), in order to check whether coarser accumulation still yields desirable statistics.

5.7 random networks

In order to generalize specific network configurations, we will use random networks with certain
parameters. A fitting abstraction for the network of firms is the Erdős–Rényi model, where the
nodes represent firms and the edges cross holdings Erd\H os and Rényi 1959.

Definition 13 (Graph) We call 𝐺 = (𝑉, 𝐸) a graph with edges 𝐸 and vertices 𝑉. 𝑉 is a finite set
of vertices, 𝐸 ⊂ 𝑉 × 𝑉 is a set of tuples called edges for a directed graph. 𝐸 ⊂ {𝑢, 𝑣 | 𝑢, 𝑣 ∈ 𝑉, 𝑢 ≠ 𝑣}
for undirected graphs.
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We call 𝑢, 𝑣 ∈ 𝑉 adjacent if 𝑢, 𝑣 ∈ 𝐸. The degree of a vertex in an undirected graph is the number
adjacent vertices, i.e.

deg(𝑣) = |{𝑢 ∈ 𝑉|𝑢, 𝑣 ∈ 𝐸}| (143)
For a directed graph we distinguish in and out degree, with

degin(𝑣) = |{𝑢 ∈ 𝑉|(𝑢, 𝑣) ∈ 𝐸}| (144)
degout(𝑣) = |{𝑢 ∈ 𝑉|(𝑣, 𝑢) ∈ 𝐸}| (145)

Two vertices 𝑢, 𝑣 are called connected if there exists a number 𝑛 of vertices 𝑤𝑖, such that {𝑢, 𝑤1},
{𝑢, 𝑤2}, ⋯ {𝑤𝑛, 𝑣} ∈ 𝐸. A (sub-) graph 𝐺(𝑉, 𝐸) is called connected if ∀𝑢, 𝑣 ∈ 𝑉 𝑢 and 𝑣 are con-
nected. A directed graph is called connected if such a path exists for either 𝑢 → 𝑣 or 𝑣 → 𝑢 and
strongly connected if both hold. One can define functions on graphs. The most common one is
the addition of an edge weight. Let 𝐺(𝑉, 𝐸) be an undirected graph, then die edge weights are
defined as a function of the edges 𝑤 ∶ 𝐸 → ℝ+. The restriction to positive weights is not necessary,
but sufficiently general for our proposes. Before arriving at the full model, it is useful to state
some basic properties of easier special cases. We start by considering properties of an undirected
random graph.
The Erdős–Rényi model 𝐺(𝑛, 𝑝) is constructed from 𝑛 vertices by inserting every possible edge
with probability 𝑝. A fully connected graph has (𝑛

2) edges. Inserting each edge independently
with probability 𝑝 leads to a binomial distribution of the degree for each vertex in the graph:

𝑃(deg(𝑣) = 𝑘) = (𝑛 − 1
𝑘 )𝑝𝑘 (1 − 𝑝)𝑛−1−𝑘 (146)

⟶ (⟨𝑘⟩)𝑘𝑒−⟨𝑘⟩

𝑘! (147)

For large networks (in the limit 𝑛 → ∞, 𝑝 → 0, 𝑛𝑝 = ⟨𝑘⟩) with constant connectivity ⟨𝑘⟩, the degree
approaches the usual Poisson distribution. There are two boundary values of the connectivity, at
which a qualitative transition in the graph occurs [Joho et al. 1990]:
⟨𝑘⟩ ∼ 1: For ⟨𝑘⟩ < 1 to ⟨𝑘⟩ > 1 a transition from a mostly disconnected to an almost fully

connected graph happens.

⟨𝑘⟩ ∼ ln𝑛: There will almost surely7 be at least one disconnected vertex until ⟨𝑘⟩ > (1 + 𝜖) ln𝑛.
This behavior as well as three typical networks in the different regions are illustrated in fig. 12
Surprisingly enough both transition thresholds are the same for directed graphs, see theorem 12.2
and 12.9 [A. Frieze and Karonski 2016].
The directed graph model with the additional restriction that ∄𝑣 ∈ 𝑉 ∶ (𝑣, 𝑣) ∈ 𝐸 can now be
used to represent our network of firms. We split the graph 𝐺(𝑛, 𝑝) into cross holdings of debt and
assets, i.e. 𝑛 = 2𝑁, with cross holding probability of 𝑝. The graph is then encoded as an adjacency
matrix 𝑀s ∈ {0, 1}𝑁×𝑁 , 𝑀d ∈ {0, 1}𝑁×𝑁 with 𝑀𝑖𝑖 = 0. In and out degree can then be computed as
the sum over columns and rows. We model the percentage values of cross holding between firms
as edge weights. This requires us to transform the adjacency matrix to a bistochastic one (i.e. the
sum over all rows and columns is equal to 1). The last additional requirement is an adjustable
percentage for the out-degree percentage to some value, because at most 100 percent of shares of
a firm can be distributed across the network. Matrices of this type are also known as generalized
left (sub-) stochastic matrices. In order to be able, to apply Sinkhorns algorithm 4, we generally
fix rows and columns simultaniously (i.e. force a double (sub-) stochastic matrix).
Our simple model is assumed to be a good representation of networks of cross holdings. However,
one may want to impose a more realistic model of actual dependency structures. For these cases
more sophisticated graph models such as Price’s model could easily be used instead.
For the initial test with the Erdős–Rényi model a grid with refinement at the interesting transition
points will be used. A uniform spacing over ⟨𝑘⟩ ∈ [𝑎, 𝑏] with 𝑁 points is extended by additional
𝑁 points in a region of length (𝑏−𝑎)

10 around ⟨𝑘⟩ ≈ 1 and ⟨𝑘⟩ ≈ ln(𝑛)
𝑛 .

7 In the limit of 𝑛 → ∞, the probability of a randomly sampled graph having this property approaches 1
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Figure 12: Transition to giant connected component at connectivity ∼ 1. The figure shows the size of the
largest conencted sub-graph as a function of the connectivity ⟨𝑘⟩ = 𝑛𝑝

5.8 conf igurat ion model

As an additional model we discuss the configuration model, which receives an input containing
the degree of every node and produces multi graphs (i.e. a graph containing multi-edges and self
loops). The input is usually encoded using a list of the node labels 𝑣𝑖, each repeated 𝑘𝑖 times, with
𝑘𝑖 being the degree of 𝑣𝑖. For our directed graph with 𝑛 nodes of degree 𝑘, we generate two lists 𝑙, 𝑟
containing each of the 𝑛 nodes 𝑘 times. We can then generate a random permutation of one of the
lists (for example 𝑙) and view each pair (𝑙𝑖, 𝑟𝑖) as a non zero entry in the adjacency matrix at 𝐴𝑖𝑗.
In order to obtain simple graphs from the configuration model, one can either reject a proposed

𝑣1 in 𝑣2 in 𝑣3 in 𝑣4 in

𝑣1 out 𝑣2 out 𝑣3 out 𝑣4 out

Figure 13: Configuration Model Stub Construction

network or delete all loops and multi edges. Since both methods did not result in an observable
change of the degree distribution, the latter was used for improved performance. In the limit of
𝑁 → ∞, loops and multi edges become increasingly irrelevant, confirming the validity of this
step Angel, Hofstad, and Holmgren 2016. In fig. 13 the initial generation of the model is shown.
The resulting graph (including one loop, multi edges are omitted) after scaling is shown in fig. 14.
Details about the scaling will be discussed in the next section.
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Figure 14: Resulting Graph after applying the Sinkhorn algorithm to the input from fig. 13

5.9 random scaled matr i c e s

The network of 𝑁 firms will be represented by a 𝑁 × 2𝑁 matrix as discussed in chapter 4 and the
previous section. While the ER-model is well understood and the adjacency matrix can be gen-
erated quite easily, the transformation to a generalized doubly stochastic (g.d.s.) matrix leads to
unsuspected difficulties.
The Birkhoff-von Neumann theorem states, that any 𝑛 × 𝑛 bistochastic matrix 𝐴𝑛 can be decom-
posed into a linear combination of 𝑛 × 𝑛 permutation matrices [Dufossé et al. 2018]. The set of all
𝐴𝑛, called Birkhoff polytope 𝐵𝑛, is therefore the convex hull of all permutation matrices.

𝐴𝑛 =
𝑚

∑
𝑖=1

𝑐𝑖𝑃𝑖 (148)

However, the proof is not constructive and the research regarding the structure of the Birkhoff
polytope is still ongoing [Dufossé et al. 2018]. This also means, that there is no algorithm known
which allows sampling of matrices from a specified distribution. Permutation matrices also form
a basis of g.d.s. matrices [Lai 1986]. The lack of knowledge about the precise structure of the
Birkhoff polytope forces us to carefully observe the distribution of the sampled matrices. Initial
tests using rejection sampling8 revealed a skewed distribution and high rejection rates at some
connectivities.
We start with a random ER type graph with edge weights all equal to one. There exist so called
matrix scaling algorithms, that are able to transform the adjacency matrix of such a graph (con-
taining only zero and ones) to an adjacency matrix containing the edge weights. We also require
this matrix to have fixed row sums and zero diagonal elements. These algorithms are primarily
used in image processing, specifically the problem of discrete optimal transport [Ferradans et al.
2013]. They were originally motivated by Sinkhorn’s theorem [Toro et al. 2016].

Theorem 1 Sinkhorn Given a strictly positive square matrix 𝐴, there exist two strictly positive diagonal
matrices 𝐷1, 𝐷2 with 𝐵 = 𝐷1𝐴𝐷2 bistochastic. 𝐷1 and 𝐷2 a unique up to a scalar factor.

This theorem gives rise to algorithm 4 for the generation of bistochastic matrices. Algorithm 4
is not fully applicable to our case for two reasons: We require arbitrary row and column sums
and our matrix contains zeros. The first constraint can be easily met by multiplying the resulting
matrix by our scalar sum value. The second condition does not hold, since at least the diagonal
is zero (no self holdings). However, it is known, that the matrix can still be rescaled to be (sub)
stochastic, if and only if 𝐴 is fully irreducible. A matrix 𝐴 is said to be (fully) indecomposable

8 ER networks are generated, rescaled to the row sum 𝛼 and rejected if any column sum is not a probability
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Pseudocode 4 Sinkhorn’s Aglorithm
procedure Generate 𝐵(strictly positive matrix 𝐴)

𝐵 ←𝐴
repeat

𝑐𝑖 ←∑𝑖 𝐵𝑖𝑗
𝐵′

𝑖𝑗 ←𝐵𝑖𝑗/𝑐𝑖
𝑟𝑖 ←∑𝑗 𝐵′

𝑖𝑗
𝐵′

𝑖𝑗 ←𝐵′
𝑖𝑗/𝑟𝑖

until 𝐵 ≈ 𝐵′

return 𝐵
end procedure

if there exist no matrices 𝑃 and 𝑄 (for not fully indecomposable, also called irreducible, we set
𝑄 = 𝑃𝑇) such that

𝑃𝐴𝑄 = (𝐴11 𝐴12
0 𝐴22

) (149)

Irreducibility is equivalent to the condition, that the digraph constructed from 𝐴 as an adjacency
matrix, is fully connected [Fenner and Loizou 1971]. Fully indecomposable matrices can also be
associated with connected Graphs. The set of edges 𝐾𝜎(𝐴) for a Graph with adjacency matrix
𝐴[𝑛×𝑛] and with permutation 𝜎 ∈ 𝑆𝑛, is constructed from nodes 𝑣𝑖, 1 ≤ 𝑖 ≤ 𝑛, and edges 𝐸 =
{(𝑥𝑖, 𝑥𝜎(𝑖))|𝑎𝑖𝑗 > 0}. 𝐴 is fully indecomposable if and only if all 𝑛! possible 𝐾𝜎(𝐴) are strongly
connected. This can also be expressed more informally as follows: The total support property of
a matrix is necessary and sufficient for the existence of the Sinkhorn fixed point (i.e. convergence
of the algorithm) with the same zero pattern as the starting point [Sinkhorn and Knopp 1967]. A
matrix is said to have a total support if all non-zero elements can be brought onto a strictly positive
(no zero elements) main diagonal by permutation of columns. For example 𝐴1 below, cannot
have a strictly positive main diagonal. 𝐴2 does also not have a total support, because the 𝑎11 entry
(marked in blue) is either on a non strictly positive main diagonal or not on the main diagonal
at all, under both possible column permutations. One can also distinguish between support and
total support. A matrix with support has a strictly positive diagonal under column permutations.
This is the case for 𝐴2 but not for 𝐴1.
The second condition above, is of course significantly harder to check than the first one, for 𝜎(𝑖) ≡ 𝑖.
It is therefore more useful to test algorithm 4 for one of two possible failure states: the solution
can start to oscillate, or the support can change, i.e. one or more elements converge to a weight of
zero.
Toro et al. provided two examples for both cases in his original paper [2016]:

𝐴1 =
⎛⎜⎜⎜
⎝

0 0 1
0 0 1
1 1 0

⎞⎟⎟⎟
⎠

𝐴2 = (0 1
1 1)

Note that we only need to consider matrices with all zero rows and columns removed, since they
do not contribute or interfere with the scaling algorithm. In the example above, 𝐴1 results in oscil-
lations with no convergence to a bistochastic matrix. 𝐴2 does converge, but the diagonal matrices
do not exist. In other words: the in/out degree of some nodes change by applying the algorithm.
For the example 𝐴2, the 𝑎11 entry approaches zero.
While the second case can be tolerated as a model limitation (the cross asset or debt holding is
of negligible amount), the first one poses a substantial problem and the initial guess has to be re-
jected. However, a problematic initial guess is easily detectable. One only needs to check whether
a non zero element has a value smaller than row sum divided by 𝑁 − 1.
Another necessary condition for (𝑟, 𝑐) scalability is that ‖𝑟‖1 = ‖𝑐‖1 [Rothblum and Schneider 1989;
Allen-Zhu et al. 2017]. We therefore only allow for this kind of constraint. During tests the limit of
1000 rejection steps proofed sufficient for all parameters with floating point equivalency precision
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set to 10−8.
In fact, after testing the results, there appeared no visible differences in the resulting Greeks by
omitting the re-normalizing of row sums. This results in the algorithm terminating after the first
step. However, the results have been periodically compared with the Sinkhorn algorithm to con-
firm consistency with results from controlled row and column sums.

5.9.1 Sampling Procedure

Each valuation sample for a given adjacency matrix is generated by drawing 𝑍 ∼ 𝒩(0, 𝟙𝑁×𝑁) and
subsequently generating the assets according to 119. If the importance sampler is active, theweight
is also computed at this point according to sec. 5.2.3. The asset value, as well as 𝑍 (required for
the computation of the Greeks) is handed off to the fixpoint iterator.
Additionally a random network is generated as well and used for a given number of Monte Carlo
samples, until a new network is generated9. Since neither the ER-model nor the scaling algorithms
guarantee fixed connectivity, but our results directly depend on it, the results are binned according
to their actual average degree. The coarseness of the binning is another implicit parameter, that is
adjusted according to the number of samples and size of the connectivity interval. This histogram
is then returned as result for the run and has to be treated accordingly when simulating multiple
parameter combinations.

9 This is done for performance reasons, since generating a new network requires considerable resources compared to a single
valuation sample. Linearity of the expected value guarantees convergence towards the same value as long as enough
networks are generated.
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Some of the results in this chapter are taken from [Bertschinger and Stobbe 2018].
All figures have been computed using scripts provided in the scripts sub directory, available here
[Stobbe 2018b], partly also using a C++ back-end library (included in the src directory). A cleaner
re-implementation written in Julia is also available [Bertschinger and Stobbe 2019].
Our goal is to first obtain the valuations of all firms by fixed point iteration of the valuation func-
tion. The simplest method is direct iteration i.e. starting from a random starting vector 𝑥(0) = (𝑠, 𝑟),
inserting 𝑥0 into 𝑥(1) = 𝑔(𝑎, 𝑥(0)) (see eq. 71) and so on. Since 𝑔 is known to have a unique fixed
point, this method will converge [Fischer 2014; Suzuki 2002]. Even though there are more sophis-
ticated methods available, such as Anderson acceleration, the simpler naive iteration is sufficient,
as the bulk of the computational power is spent on other parts (e.g. matrix inversion for computa-
tion if the Greeks) of the simulation.
Having obtained the valuation, we can then find the solvent firms and in turn the derivatives of
𝑔 according to eq. 75 and eq. 76, using 𝑣 = 𝑠 + 𝑟 and the condition for solvency of firm 𝑖: 𝑣𝑖 > 𝑑𝑖.
This gives access to the Greeks, specifically Δ, as a measure of risk.
It is straight forward to see that the network amplifies the value of firms beyond the sum of their
exogenous assets. Note that 𝑥, 𝑠, 𝑟, 𝑎, 𝑑 ∈ ℝ𝑁 for 𝑁 firms, whenever these variables appear without
index.

𝑣𝑖 = max{0, 𝑎𝑖 + (𝑀𝑥)𝑖 − 𝑑𝑖}min{𝑑𝑖, 𝑎𝑖 + (𝑀𝑥)𝑖}
𝑎𝑖 + (𝑀𝑥)𝑖 ≥ 𝑎𝑖

This hold, since only strictly positive matrices 𝑀 are meaningful in our context (i.e. no “negative”
cross holdings) and 𝑥 is strictly positive by definition. The complement of the internally held assets
for firm 𝑖 is given by

𝑚out
𝑖 = 1 − ∑

𝑗
𝑀𝑗𝑖 (150)

𝑥out
𝑖 = 𝑚out

𝑖 𝑥𝑖 (151)

The total value held by outside investors must be equal to the sum of the exogenous assets 𝑎𝑖,
since the cross holdings only redistribute value across the network, but can not change the total
amount. In other words: 𝑚out ⋅𝑥 = ∑𝑖 𝑎𝑖. This can also be confirmed by direct evaluation of the dot
product [Bertschinger and Stobbe 2018]. However, the total internal value of the firms increases,
as shown in eq.150. This means, that the network itself gives rise to an increase in value over the
sum of the external investments (since ∑𝑖 𝑣𝑖 ≥ ∑𝑖 𝑣out𝑖 ).

6.1 e f f ec t i v e one d imens ional cas e

Before considering the general case with arbitrary network types, some insights can be gained by
considering the completely homogeneous case:

𝑀𝑖𝑗 = 𝛼 (1 − 𝛿𝑖𝑗) (152)
𝑟𝑖 = min 𝑑𝑖, 𝑎𝑖 + 𝑀𝑑𝑟 (153)

Due to the symmetry of 𝑀, we can ignore the index 𝑖 and solve the effective one firm case.

𝑠 = max{0, 𝑎 + 𝛼𝑥 − 𝑑} (154)
𝑟 = min{𝑑, 𝑎 + 𝛼𝑥} (155)

47
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This effective single firm model can in fact be solved analytically and yields the fixed points:

𝜁 =
⎧{
⎨{⎩

1 if (1 − 𝑤𝑑)𝑑 < 𝑎
0 otherwise

(156)

𝑠⋆ =
⎧{
⎨{⎩

𝑎−(1−𝑤𝑑)𝑑
1−𝑤𝑠 if 𝜁 = 1

0 otherwise
(157)

𝑟⋆ =
⎧{
⎨{⎩

d if 𝜁 = 1
𝑎

1−𝑤𝑑 otherwise
(158)

⇒ 𝑣⋆ =
⎧{
⎨{⎩

𝑎+(𝑤𝑠−𝑤𝑑)𝑑
1−𝑤𝑠 if 𝜁 = 1

𝑎
1−𝑤𝑑 otherwise

(159)

This result can be obtained by separately considering all four cases of 𝑠 > 0, 𝑠 = 0 and 𝜁 = 1, 𝜁 = 0
for both cases of 𝑠 [Bertschinger and Stobbe 2018]. A visualization for fixed asset and debt as a
function of percentage equity and debt cross-holdings is show in fig. 15. It can be seen from eq. 156,
that increased debt cross-holding shifts the default boundary to lower values of the external assets.
We can also observe this shift in eq. 157 to eq. 159, where 𝑤𝑑 results in higher equity and higher
recovery value of debt. However, it reduces the value of the firms in the solvent case. In this

Figure 15: Value of firm in the homogeneous case as function of 𝑤𝑠 and 𝑤𝑑. assets are set to 0.7, debt to 0.9.

simple model, the equity cross-holdings only have an effect on the value of the firm when it is
solvent, without any effect on the default boundary.
Note that we can assume 𝑑 ≡ 1 w.l.o.g., which will be done in the following. We can also relax
the constraint of a fixed asset value. This will turn out to introduce an impact of the equity cross-
holding term on the default threshold. 𝑎 is assumed to follow a geometric Brownian motion, such
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that 𝑎 → 𝑎𝑡 and 𝑠 → 𝑠𝑡, etc. One can still obtain closed form solutions in that case (see appendix
C.1 [Bertschinger and Stobbe 2018]):

𝑠𝑡 = 𝑎𝑡Φ(𝑑+) − (1 − 𝑤𝑑)𝑑𝑒−𝑟−(𝑇−𝑡)Φ(𝑑−)
1 − 𝑤𝑠 (160)

= 1
1 − 𝑤𝑠 𝐶𝑇 (161)

𝑟𝑡 = 𝑎𝑡Φ(−𝑑+) − (1 − 𝑤𝑑)𝑑𝑒−𝑟−(𝑇−𝑡)Φ(𝑑−)
1 − 𝑤𝑑 (162)

= 1
1 − 𝑤𝑑 (𝑒−𝑟(𝑇−𝑡)(1 − 𝑤𝑑)𝑑 − 𝑃𝑇) (163)

with the usual

𝑑± =
ln 𝑎𝑡

𝑑(1−𝑤𝑑) + (𝑟 ± 𝜎2

2 )(𝑇 − 𝑡)

√𝑇 − 𝑡𝜎
(164)

And𝐶𝑇 , 𝑃𝑇 being the usual Black-Scholes call and put payoffs atmaturity𝑇, with strike price equal
to (1 − 𝑤𝑑)𝑑 and spot price 𝑎𝑡. Here we can observe the amplification of 𝑟 and 𝑠 by cross-holdings

Figure 16: Equity and debt value over external asset price for different values of debt and equity cross hold-
ings. 𝜎 = 0.1, 𝑟 = 0, 𝜏 = 1

of equity and debt. Furthermore, the default boundary is also lowered by debt cross-holdings
(i.e. 𝑑 → (1 − 𝑤𝑑)𝑑). The corresponding values for 𝑟 , 𝑠 and 𝑣 are shown in fig. 16 for 𝑟 = 0 and
𝜎 = 0.1. in fig. 17a and fig. 17b we can also observe, that a change in the volatility 𝜎 smoothes out
the curves, while increase of the interest rate introduces a shift. Note, that an increase of the debt
cross-holdings reduces the difference between equity and debt of varying 𝑟, while an increase in
equity cross-holdings increases the shift. This has already been observed in the derivation of the
simple effective model, but also holds true here.
Since we have reduced the model to the Black-Scholes model with modified asset and strike price,
it is now also possible to use the standard derivations for the Greeks and write down their closed
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(a) Equity and debt value over external asset price for dif-
ferent values of debt and equity cross holdings for vary-
ing 𝑟. 𝜎 = 0.01, 𝜏 = 1

(b) Equity and debt value over external asset price for dif-
ferent values of debt and equity cross holdings for vary-
ing 𝜎 . 𝑟 = 0, 𝜏 = 1

form representations using eq. 163 and eq. 161. For the equity part we get, using the chain rule and
the derivative of the cumulative distribution function (i.e. the density function) Φ′(𝑥) = 𝜑(𝑥):

Δ𝑠 = 𝜕𝑠𝑡
𝜕𝑎𝑡

= 1
1 − 𝑤𝑠 Φ(𝑑+) (165)

𝜈𝑠 = 𝜕𝑠𝑡
𝜕𝜎 = 𝑎𝑡√𝜏

1 − 𝑤𝑠 𝜑(𝑑+) (166)

−Θ𝑠 = 𝜕𝑠𝑡
𝜕𝜏 = − 𝑎𝑡𝜎

2(1 − 𝑤𝑠)√𝜏
𝜑(𝑑+) − 𝑟𝑑(1 − 𝑤𝑑)

1 − 𝑤𝑠 Φ(𝑑−)𝑒−𝑟𝜏 (167)

𝜌𝑠 = 𝜕𝑠𝑡
𝜕𝑟 = 𝜏𝑑(1 − 𝑤𝑑)

1 − 𝑤𝑠 𝑒−𝑟𝜏 (168)

For the debt part, we obtain similar results:

Δ𝑟 = 𝜕𝑠𝑡
𝜕𝑎𝑡

= 1
1 − 𝑤𝑑 Φ(−𝑑−) (169)

𝜈𝑟 = 𝜕𝑠𝑡
𝜕𝜎 = − 𝑎𝑡√𝜏

1 − 𝑤𝑑 𝜑(𝑑+) (170)

−Θ𝑟 = 𝜕𝑠𝑡
𝜕𝜏 = 𝑟𝑑𝑒−𝑟𝜏Φ(𝑑−) + 𝑎𝑡𝜎

2√𝜏(1 − 𝑤𝑑)
𝜑(𝑑+) (171)

𝜌𝑟 = 𝜕𝑠𝑡
𝜕𝑟 = 𝑑𝜏Φ(𝑑−)𝑒−𝑡𝜏 (172)

(173)

In figure 18 and 19 we can see the behavior of the Greeks for differing values of cross-holdings in
the effective one firm model. We observe that an increase in the interest rate results in a shift of
the transition to higher spot prices. An increase in the volatility results in broader features and
smoother transitions. Having seen that both parameters do not change the qualitative behavior of
the Greeks, we will keep them fixed to 𝑟 = 0 and 𝜎 = 0.3 throughout most of the remaining thesis.
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Figure 18: Greeks for fixed 𝜎 = 0.02, 𝜏 = 1, 𝑑 = 1 and varying interest rate.

Figure 19: Greeks for fixed 𝑟 = 0, 𝜏 = 1, 𝑑 = 1 and varying volatility.
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6.2 two d imens ional cas e and f i x ed po int b ehav ior

Before introducing random networks, we consider the case of fixed two-dimensional networks.
This will not only serve as a verifiable test case (since the solution for the solvency regions is
known [Suzuki 2002]) but also give some insight into skewed networks. We will assume log-
normally distributed spot prices 𝑆0. These are mapped onto different values 𝑆𝑇 at maturity 𝑇.
The transformation behavior of the fixed point is directly dependent on the form of the adjacency
matrix for equity and debt. Figures 20 shows the distortion of the spot price and solvency be-
fore and after the transformation. One can observe a heavily skewed distribution that cannot be
described by the— otherwise usual for asset prices— log-normal distribution. The default bound-
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Figure 20: Distortion of the Log-Normally distributed exogenous assets by application of the fixed point iter-
ation. Parameters: 𝜎2 = 0.4, 𝑀𝑠 ≡ 0, 𝑀𝑑

01 = 0.8, 𝑀𝑑
10 = 0.6, 𝑑 = 4, 𝑟 = 0, 𝑇 = 1. Reproduced

from [Fischer 2014]

aries (borders between different regions of solvency) and distortions under cross holdings have
been obtained analytically for two firms by Suzuki [Suzuki 2002]. For comparison, the mapping
from a uniform grid of spot prices is also shown in fig. 21, using only cross-debt holdings (this
leaves the solvent region unchanged). Since we will later use equal spot prices for all firms, the
diagonal line is drawn in as well. We observe that the correlation between defaults is heavily in-
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Figure 21: Distortion of squares according to the Suzuki regions. Parameters: 𝜎2 = 0.8, 𝑀𝑠 ≡ 0, 𝑀𝑑
01 = 0.8,

𝑀𝑑
10 = 0.6, 𝑑 = 10, 𝑟 = 0, 𝑇 = 1

creased by cross-debt holdings. The same can be seen for correlations of solvency and cross-equity
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holdings. Since the model exhibits all relevant features for 𝑀𝑠 ≡ 0, we will mostly use this case for
performance reasons. In the next chapter, the Erdős Rényi model will be used for the generation
of networks of size larger than two. This will result in homogeneous observables, as the Monte
Carlo average over all firms is taken. It is therefore valuable to consider how asymmetries affect
the observables (i.e. Greeks), before considering the N-dimensional case. To this end we again
generate log-normally distributed assets and run the previously describedMonte Carlo algorithm
for differing adjacency matrices of debt and equity, focusing on cases with large differences be-
tween the values of cross holdings.
In fig. 27, all Greeks are shown for 𝑀𝑠 ≡ 0 and varying off-diagonals and volatilities. The obvi-
ous difference compared to the effective one dimensional model before is the bimodal structure
in equity and debt part of the Greeks. Note, that this is not necessarily reflected in the total value,
especially for larnge volatility. The reason for this behavior becomes obvious when looking at the
Suzuki areas again. For 𝑀𝑑

01 ≫ 𝑀𝑑
10, the point at which all four areas meet, see fig. 22a, is shifted
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Figure 22: Transition of ∆ from double solvent over only one firm solvent to both default, visible as step in
equity and debt (but not value) part of ∆.

away from the diagonal. This means, that the intermediate region of only one firm being solvent
becomes increasingly visible, see fig. 22b We define:

Δ𝑠 = 1
𝑛

𝑁
∑

𝑗

𝑁
∑
𝑖=1

𝐺𝑖,𝑗 (174)

Δ𝑟 = 1
𝑛

𝑁
∑

𝑗

2𝑁
∑

𝑖=𝑁+1
𝐺𝑖,𝑗 (175)

Δ = Δ𝑟 + Δ𝑠 (176)

The distribution of 𝑆𝑇 is shown as well in fig. 22a for the same parameters as used for the compu-
tation of (with the sum either over the equity, debt or both parts) in fig. 22b and fig. 27 in order to
show the transition regions and the effect of volatility. Note, that we distinguish between the parts
of Δ belonging to equity and debt part of the fixed point. The sum of both will be called value Δ.
Having established the overall behavior of the Greeks as function of the spot price for different
connectivities, we can now focus on more general networks. In this work I will solely focus on
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simple network models and computation of first order Greeks. More general network structures
such as scale-free networks, different risk measures, etc are left for future research.



7
ERDŐS RÉNY I RE SULT S

7.1 general cons id erat ions

Wewill use the previously discussedErdős–Rényi (ER)model to create networks of cross-holdings.
The ER model results will approach the simple effective one firm model in the infinite firm limit,
since firms are indistinguishable in this model. However, the two transition connectivities lead
to qualitative changes of the network structure. Additionally, the change in the number of cross-
holdings is expected to result in a different redistribution of exogenous assets. It will therefore
be more interesting to consider the Greeks as functions of the connectivity rather than of the spot
price. Using the convergence property, the results for the inhomogeneous case can be used to
indicate insufficient sample size: For example, we do not expect vega to be bimodal in the ER net-
work for a large number of firms. The simulations will require a couple of parameters which are
summarized here again: As before, we will assume Log-normal distribution for 𝑆0.

𝑀𝑑/𝑠 full network Structure as adjacency matrix with weights
𝑁 size of Network i.e. number of firms
𝑝 probability of cross holding between any two firms

𝑤𝑠 = ∑𝑖 𝑀𝑠
𝑖𝑗 equity cross holdings

𝑤𝑑 = ∑𝑖 𝑀𝑑
𝑖𝑗 debt cross holdings

𝑆0 or 𝑎0 spot price
𝑁net samples number of different network configurations

𝑁samples Monte Carlo samples per network configuration
⟨𝑘⟩ = 𝑁 ⋅ 𝑝 connectivity of the ER model graph. Fixed in/out degree for configuration model.

𝜎𝑖 Volatility of firm 𝑖
𝛽 default probability scale
𝑇 maturity
𝑟 risk free interest rate
𝐿 𝐿𝑇𝐿 = Σ Cholesky decomposed volatility covariance of the underlying Wiener process

From the previous chapter we know that the columns of the cross holding matrix correspond to
the proportion of (equity or debt) value that is distributed over the network. It is therefore nesces-
sary to fix the column sums to a probability (i.e. 0 ≤ 𝑤𝑑 ≤ 1). While not strictly needed, it can
also be desirable to fix the value of the row sums. According to Sinkhorn und subsequent results
(theorem 1) the row and column sums cannot be rescaled independently in general. If a rescaling
of rows is intended the value will therefore also be set to 𝑤𝑑.
Drawing uniformly from the set of random scalable matrices (without the relaxation of 𝑤𝑑 ≤ 1
and the constraint 𝑀𝑑

𝑖𝑖 = 0) is debate of ongoing research [Dyer, A. Frieze, and Kannan 1991; Di-
aconis, Lebeau, and Michel 2012]. Different algorithms that sample from the set of possible 𝑀
with different constraints were implemented for this thesis. Each of them generates an adjacency
matrix without weights which is then rescaled as needed. For example, the ER model sets each
entry 𝑀𝑑

𝑖𝑗 is set to 1 with probability 𝑝𝑑. For the rescaling of the adjacency matrix, we have the
following options:

r e j e c t ion sampl ing After the columns are normalized to 𝑤𝑑, the matrix is rejected if any row
sum is greater than the given constraint. There are some behaviours that one
may want to reject. One is the suppression of one element (see sec 5.9) of one
connection, because one may want to fix the in and out degree. This suppres-
sion also introduces the possibility of asymmetric edge weights. One can also

55
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fix the sum over the second index of 𝑀.
Specific to the configuration model, one can also disallow self loops.
Not controlling for these situations allows for a higher sampling rate but pos-
sibly leads to biased results. The observables have therefore been carefully
checked with small batch sizes before disregarding some of the constraints for
larger simulations.

s imp l i f i ed normal i zat ion The columns are normalized to 𝑤𝑑 without regard for the distri-
bution of the row sums.

s inkhorn -knopp ( sk) algor i thm Based on the Sinkhorn-Knopp theorem, this provides an
iterative algorithm with some known results about convergence behavior and
row sum distribution.

Since few analytic results are available for our sampling algorithms, one has to check carefully
for the actual distribution of random matrices generated by the algorithms. The most important
requirement is, that no systematic bias is introduced by sampling certain types of networks more
often than others. For example, non-trivial correlations betweenmatrix elements, i.e. non-uniform
sampling over the set of all possible random matrices under our constraints, could be one such
biased sample set.
As seen in fig. 22b it is often useful to fix the default probability at about 1

2 in order to see the
general behavior of the Greeks for different spot prices. We therefore fix the face value of debt to:

⟨𝑑⟩ = 𝛽
1 − 𝛼 (⟨𝑆0⟩ − 𝜎2

2 𝑇) (177)

7.2 program ver i f i cat ion re sult s

While the properties of the ERmodel are valid for graphs of all sizes, it is not clear from the outset
how different networks sizes effect the observables. Furthermore, the convergence behavior of the
Monte Carlo algorithm depends on the parameters of the model, specifically ⟨𝑘⟩ and 𝑤𝑑 (or 𝑤𝑠)
may cause problematic behaviour in different regions. This can be seen in fig. 29 and 29, where the
smallest and largest networks are the most unstable ones at equal sample parameters. While the
𝑁 = 5 network exhibits obvious finit size effects, the larger networks tend to have a higher variance
(especially for increasing connectivity) due to the larger sample space. It is therefore desirable to
find a network size with sufficiently many firms to observe the transition effect, but few enough
to make sampling feasible. Both effects are more visible for 𝜈 and Θ, due to the smaller absolute
value. However, since we are mostly interested in Δ as a risk measure, network sizes of 𝑁 = 40 to
𝑁 = 80 were chosen in the following, demanding sample sizes of 105 to 107.
Note, that the results for connectivities are only approximated. Due to the rescaling algorithm, it
is disadventageous to only take exact connectivities into account. Instead, networks are generated
and then binned according to their connectivity. This results in some contribution of ⟨𝑘⟩ > 0 for
𝑁 ≫ 1, as can be observed in fig. 29. The overall effect of this approximation is assumed to be
negligible at larger connectivities, but the transition at ⟨𝑘⟩ = 1 (see discussion of ER model) will
be slightly blurred by this method.

7.3 s p ec ia l geometr i e s

There are a couple of special network structures that have been investigated as an example for
possible future research, to shorten the notation, we use 𝑤̃𝑑 = 𝑤𝑑

𝑁 :
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r ing There is a circular dependency between all 𝑁 firms. In our example (fig. 30 and
fig. 30), each firm 𝑖 has a debt cross-holding𝑤𝑑 of exactly one other firm 𝑖 → 𝑖+1, with
𝑁 → 1.

𝑤𝑑

𝑤𝑑𝑤
𝑑

𝑤
𝑑

𝑤
𝑑

𝑤 𝑑 𝑤𝑑

𝑤
𝑑

un i form A fully connected networkwith equal crossholdings is called uniform in the following.
This case has already been studied as the limiting case of the ERmodel at 𝑝 → 1 above.
It is included here as comparison to the other network types. A

star One firm (called center) has a debt cross-holding with all other firms which have
no direct edge between each other. The risks of both type of firms obviously differs
and the Greeks have therefore been plotted for both separately. Below, the network
structure of cross-holdings for debt which will be used in the following, are shown.
The network is split into the view of the central and the view of the remaining firms.
This is done to emphasize the partitioning of the network into two different types of
firms.

𝑤̃
𝑑

𝑤̃𝑑
𝑤̃ 𝑑

𝑤̃𝑑

𝑤̃
𝑑

𝑤̃𝑑

𝑤̃ 𝑑

𝑤̃𝑑
𝑤
𝑑

𝑤𝑑
𝑤 𝑑

𝑤𝑑

𝑤
𝑑

𝑤𝑑

𝑤 𝑑

𝑤𝑑

The Greeks for all three cases have been plotted in fig. 30 and fig. 30. Since no difference has been
observed between networks of different sizes only one is shown here.
Interestingly, the ring network remains unchanged under increase of 𝑤𝑑, while the risk (we use Δ
as a measure) is amplified at lower spot prices for all other networks. The transition to lower risk
is also shifted to lower spot prices for increasing 𝑤𝑑, an example of a diversification benefit.
In fig. 23 the value of the firms as function of the external assets is show, as well as the total impact
of change to the external assets 𝜋:

𝜋𝑖 = 𝔼 ⎡⎢
⎣
∑

𝑗

𝜕𝑣𝑗

𝜕𝑎𝑖,𝑇

⎤⎥
⎦

− 1 (178)

= 𝔼𝑍 ⎡⎢
⎣
𝑒−𝑟𝑇 [𝐵 (𝐚, 𝐱 (𝐚))]𝑖𝑘

𝜕𝑔𝑘 (𝐚, 𝐱 (𝐚))
𝜕𝑎𝑙

𝜕𝑎𝑙 (𝑍)
𝜕𝑎0,𝑗

⎤⎥
⎦

− 1 (179)

= 𝔼𝑍 [𝑒−𝑟𝑇 [𝐵 (𝐚, 𝐱 (𝐚))]𝑖𝑘
𝜕𝑔𝑘
𝜕𝑎𝑙

⋅ 1] − 1 (180)
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Figure 23: equity, recovery value, value and 𝜋

While 𝜋 can be understood as a risk measure as well (since it measures the impact of change in
assets at maturity), the Greeks — specifically Δ — is proposed as a better measure, since it does
depend on the change of asset price depending on the spot price. In fig. 30 and fig. 30 we can
see, that 𝜋(𝑆0) has the same shape as Δ but does capture the transition less accurately for star and
ring networks. Especially the center of the star network suffers from the approximation 𝜕𝑎0(𝑍)

𝜕𝑎0,0
= 1.

7.4 er networks

The goal of this section is to quantify the effect of the phase transitions in the ER model on the
Greeks (specifily Δ as the primary risk measure). Each firm 𝑖 is has ⟨𝑘in𝑖 ⟩ = ⟨𝑘out𝑖 ⟩ = 𝑛𝑝 counter-
parties for debt cross-holdings, each with a weight of 𝑤𝑑

𝑘𝑖
. If not mentioned otherwise, the average

debt value will be fixed in this section to a value at which about half of the firms are expected to
default. For the following simulation we use 𝑁net samples = 5000 and 𝑁samples = 500. The external
assets are drawn independently from a log-normal distribution as before.
Fig. 24 shows the advantage of debt cross-holdings: the solvency region is shifted to lower spot
prices. Furthermore, the network reacts more uniformly (i.e. for increasing connectivity, the firms
default more similarly) for large connectivities, as can be seen from the steeper slope. As expected,
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Figure 24: Greeks, value and solvency as functions of the spot price for different connectivities. Parameters:
𝑁 = 40, 𝜎 = 0.15, 𝑟 = 0, 𝑇 = 1.

this is a result of an increased value, see also fig. 24. In fig. 25, the Greeks are shown as functions
of the connectivity. One can easily observe a transition at 𝑆0 ≈ 0.5 for 𝑤𝑑 = 0.6, when the firms
enter the solvency region (compare fig. 24) in all Greeks. Note, that for barely solvent firms under
strong debt cross-holdings (in fig. 25, the green lines at 0.5 < 𝑆0 < 1.0), Δ exhibits non monotonic
behavior. This maximum in risks stems from the tradeoff between increasing contagion proba-
bility due to more available conenctions and increased value leading to lower default probability
(see above). Before the increase in connections can lead to enough diversification benefit for the
firms, the contagious effect of only a few connections increases the risk, leading to a maximum
(in case of the parameters above at ⟨𝑘⟩ ≈ 2). Only strong debt cross-holdings will drive such an
effect, since the contagion of defaulting firms is not strong enough otherwise. This can be seen on
the left side in fig. 25.
Fig. 26 shows the Greeks as functions of the connectivity, again confirming the risk lowering ben-
efit of increased connectivities. The contagious effect of the network is far less visibile here, since
the larger connectivities have a bigger impact on the overall change in shape of the functions. How-
ever, the exact effect of contagion even at large connectivities is not obvious, since it clearly does
not vanish but is merely obfuscated by the increased firm values. An introduction of default costs
into themodel could give insight into this phenomenon, since one could then tune the propagation
of defaults through the network. The extension of the model is left for future research.
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Figure 27: ∆ and 𝜈 for fixed 𝑟 = 0, 𝜏 = 1, 𝑑 = 1 and varying volatility and values of debt cross-holdings.
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Figure 27: Θ and 𝜌 for fixed 𝑟 = 0, 𝜏 = 1, 𝑑 = 1 and varying volatility and values of debt cross-holdings.
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Figure 28: ∆ and 𝜈 for fixed 𝑟 = 0, 𝜏 = 1, 𝑑 = 1 and varying volatility and values of equity debt cross-holdings.
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Figure 28: Θ and 𝜌 for fixed 𝑟 = 0, 𝜏 = 1, 𝑑 = 1 and varying volatility and values of equity and debt cross-holdings.
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Figure 29: ∆(𝑆0) and 𝜈(𝑆0) for differing networks sizes with 𝑁net samples = 2000 and 𝑁MC = 100



66 erdős rény i r e sult s

0.0010

0.0005

0.0000

wd = 0.2

0.003

0.002

0.001

0.000

k
 ¤p

pr
ox

 0.
2

wd = 0.6

0.003

0.002

0.001

0.000

0.004

0.002

0.000

k
 ¤p

pr
ox

 1.
0

0.004

0.003

0.002

0.001

0.000

0.004

0.002

0.000

k
 ¤p

pr
ox

 1.
8

0.004

0.002

0.000

0.008

0.006

0.004

0.002

0.000

k
 ¤p

pr
ox

 2.
6

0.0 0.5 1.0 1.5 2.0 2.5
S0

0.006

0.004

0.002

0.000

0.0 0.5 1.0 1.5 2.0 2.5
S0

0.015

0.010

0.005

0.000

k
 ¤p

pr
ox

 3.
4

s for N = 5 s for N = 10 s for N = 20 s for N = 40

0.04

0.03

0.02

0.01

0.00
wd = 0.2

0.10

0.05

0.00

k
 ¤p

pr
ox

 0.
2

wd = 0.6

0.15

0.10

0.05

0.00

0.4

0.3

0.2

0.1

0.0

k
 ¤p

pr
ox

 1.
0

0.15

0.10

0.05

0.00

0.4

0.2

0.0
k

 ¤p
pr

ox
 1.

8

0.20

0.15

0.10

0.05

0.00

0.6

0.4

0.2

0.0

k
 ¤p

pr
ox

 2.
6

0.0 0.5 1.0 1.5 2.0 2.5
S0

0.20

0.15

0.10

0.05

0.00

0.0 0.5 1.0 1.5 2.0 2.5
S0

0.6

0.4

0.2

0.0

k
 ¤p

pr
ox

 3.
4

s for N = 5 s for N = 10 s for N = 20 s for N = 40

Figure 29: Θ(𝑆0) and 𝜌(𝑆0) for differing networks sizes with 𝑁net samples = 2000 and 𝑁MC = 100
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Figure 30: Θ(𝑆0) and 𝜌(𝑆0) for different network topologies with 𝑁MC = 5000



8PROGRAM

During the course of the thesis, a simulation was implemented (the code is available here [Stobbe
2018b]). In this chapter I will give a short overview of the general structure and dependencies.
While the reimplementation in Julia is likely the better choice in order to reproduce results or
possible extensions, only the original code will be discussed here [Bertschinger and Stobbe 2019].
The simulation code consists of a back-end written in C++, that is accessed through a number of
Python scripts. The C++ code consists of five distinct parts: graph model generators, network val-
uation and network Greeks computation, Monte Carlo accumulators and statistical analysis tools,
local front-end (in order to run the program without the Python front-end) and testing toolkits.
The Python scripts consist of example simulation runs. All figures in this thesis can be directly
reproduced (or are mostly already contained in examples), using the files in the “scripts” subdi-
rectory.
In fig. 31, the code structure is shown as a dependency graph on the data accumulation code
(which accumulates different kinds of statistics from samples). The BlackScholesNetwork.hpp

Figure 31: Code structure as dependency graph of the data accumulation class

contains the valuation algorithms for the network (i.e. fixed point iteration of 𝑥 = 𝑀𝑥). The prob-
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ability distributions1 from which exogenous assets and adjacency matrices should be drawn are
specified in the NetwSim.hpp. This functionality is encapsulated in a class, that is exposed through
a Python API. Results and corresponding statistics are accumulated in Sampler.hpp and stored in
a data structure, defined in Results_BS.hpp.
The source code is compiled using cmake, producing an executable for testing purposes and a
shared library that can be used with a standard Python import statement. Compilation flags for
cmake control, whether internal MPI parallelization during sampling is used.
Several external (but commonly used) packages are needed in order to run theses scripts. For ex-
ample IPyParallel is used in order to provide parallelization over different parameter sets. The
dependencies of the code include

pybind11 Header library, exposing the top level functions that handle the setup of the sim-
ulation and extraction of the results from C++ to Python

eigen3 Internal data storage of vector valued quantities, exposed to Python through Py-
Bind11 without additional copy operations via Numpy arrays.

trng Threadsafe pseudo random number generator, supports MPI and can sample
from all distributions required for this thesis except the multivariate student-T
distribution

easylogging++ Automated logging and error reporting support, including performance timer
and automated log file generationwithminimal performance overhead. Logging
is also supported for the functions exported to the Pythonmodule.

numpy This is the only required library on the Python end, as simulation results are
returned in form of Numpy arrays.

Since valuation andGreeks for any given set of parameters are often computedwithin seconds, the
parallelization defaults to the scripting stage and used to computed several models with different
parameters at the same time to avoid synchronization overhead.

1 More specifically, the algorithms to generate samples, since the exact distribution may not be known (see previous chap-
ter).



9
SUMMARY AND OUTLOOK

In this thesis I have implemented and tested a numerical model for the quantification of systemic
risks in financial networks. The limits of one firm and infinitely many equivalent firms have been
discussed and used as verification of the more general network model. The code, computing valu-
ations for more general networks has been tested against theses special cases. For the analytically
inaccessible network structures, numerical results on the basis of the Erdős Rényimodel have been
obtained, providing insight into more realistic network structures.
There are several possible extensions of this project: Instead of generating random networks with
symmetric firms, one could consider community structures or special topologies, possibly resem-
bling real world networksmore closely. Furthermore, one can relate other knownmethods for risk
in financial networks to ours. The analytic considerations have already beendiscussed [Bertschinger
and Stobbe 2018], but a comparison of simulated quantities could also be insteresting from a nu-
merical performance standpoint.
As of now, our model only uses a single, fixed maturity, uncorrelated volatilities and European
options. A more general model could be relatively easy to define, in cases where only the term in
the expected value changes and the implicit function theorem trick is still applicable, the calcula-
tion of the Greeks still remains valid. One example could be inhomogeneous contracts between
firms (i.e. multiple maturities). The overall structure of the program remains the same under this
extension, but the fixed point calculation has to be carried out at multiple maturities, leaving the
existence and uniqueness unclear.
Another unrealistic feature of the current model is the neglect of default costs. This additional
strain on the network under stress could make certain network topologies more viable than oth-
ers.
comment
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